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r^T 19o'2. n. pnmphlet, entitled The Computation of an Orbit, from Tlirrfi Complete 
OinermtionSf was published, uiuiui the authoi'iiy of the Xavy De|>uiuueiit, £ur tb« u&e 
of the Anufiean Epkmnem and Ihuiiisal AbtuMoc, the object of which was to esiserpt 
ftatn varioos parts of Gauss's JlieoHa Moiiu, and to anrange in proper order the naBier- 
ouB detafls which combine to form tius complioated problem. To these were added an 
Appendix eoniaunnj^ fhc il-^iiHs of Prafeatsor BInoex^s investigBlliMis, Oeber (hm Ansmth- 
mfifatl dmr dopptUfn Bahftbeslimmung' am dertsefhcn ttrei geocentrischcn Oeriem (Ab- 
hmtUmigen der Akademie der WisMemehafien «w BerHit, 1S48), aad ako ytoimmjit Vaafr^ 
Oiaphic DeUoMtions of the Corves showing geometricaUy the roots of Gadsb's Eqoa- 
rion IV. Aitiole 141. 

After this pamphlet was completed, the opinton was expmaed by eeientific friends 
that a complete translation of the T^eorta Jl&tef should be undertaken, not only to meet 
the want« of the Am<frivan Ephem/rrijs, but fhoso also of Astxouonier* pencmllyi to whom 
tbie wotk (now become very rare and costly) m a ataiiiiHiid aud permaueut authority. 
This uodertakiug b-An beeu ptuticuUurly uitiuunged by the Smithsonian Xhstitutum, 
whieb has signified its high estimato of the impovtanoe of the work, by contribnting to 
its publication. And by the antliority of Hon. J. C. Dobbin, Secretary of the Na.vy, this 
Translation is printed by the joint oontribaliMiB of the Nautical Almanae and the Smith* 
MHoIan Institution. 

The notation of 0.\Vi>S hae been strictly adhered to througliout, and the translation 
lim been made as nearly titetal a» possible No pains bain: been apaied to securt: typo- 
graphical accuracy. All the enata that have been noticed in Zach'S JlfiMUrtKefte Gurre- 
spomdenz, the BerH»er AstronomisiAe* JaArbueh, and the AstrotmniKhe Ua^riehtm, have 
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been corrected, and in addition to these a oonaiderable nnmber, a list of which will be 
found in GomA^ Aftronomu-nl Journal, that wen ^Movered by PnBauof CnAUviixKr 
of Xh<i Uni^orl Strifes Naval Academy, who has exa!nin!>(l t)t« fornmTas of the body of 
tile work wjiii great earc, not only by comparison wiili Uiu origimil, hut by iiKlependcnt 
veriilciitiuu. The proof'shccu have also been carefuUy read by Fiai&sntit PmiM^^ of 
Chapel mil, Nortli Gaioluia, and by Vb. BiWKis and Pfofeasoi Wirlock of the Nantioal 
Almanac office. 

The AppentKx contains the rcsnlts of the invnrtagatilona of Tirofesflor Enckb and 
Frofi^-isor Pbirc^ from the .^^ppendix of the pampiilet above lefened to, and other mat- 
ters which, it is luipnd, will bo fount! intcrestinf and useful to the practical computt-r, 
anuMig wtiioh luts sevwai viiilu»yt> bdik» : A Tabie for the Motion iu a, IVuaboIiai (torn 
LnVsBiuBB'B AnmUet de U Obtervatoire Bnpirial de Pitris, Bessxl^ and "PoeasLfa 
Tables for Ellipses and Hyperbolas closely resembling the Parabda, and a oonTemeot 
Table by FiofesBor Hvbbaiu) for iaoilitating the ose of Gadbs'b formulas for BUipoes and 
Hyperbolaa of wbieh the ecocntridtiea aie neaily equal to unity. And in the form of 
notes on thdr appropriate artides, useM fonnnlas by Bb8BEI« Nioola^ Euckb, Gavbb, 
«ri(l Pkiece, and a smnirwry of the formulas for computing thu ofbit of a Comet, 
with the acoompauying Tahk, fmm Ol&sm's jWumdhmg- ueber die hklifefff und be- 
guemtU Mttkode die Bak» ebtei Qmetm tu bereeknett, Wdmar, 1647. 
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PEEF ACE. 



Apter the laws of pliincbuy nmtron were diacovcTed, the genius of K%sn<nt 
was not witliDut rcsoLU'Ct«i i'oi' deriving,'- fioiii obst'iviitioiis the cloiiifiit:^ of mo- 
tion of indiviilual plsnftts. Trcno Bkaiu-- by whom practical astronomy had 
been carried to a Hogrce of perfection before unknown, hiv! observed uU the 
plauels throujfh a. long wm-Ics of ycn.rs witli the gre,i.i(?.st f;arc, and with so 
mitch pprscvermice, that there renuiined to Kjipleti, the mo.st woi-thy inheritor 
of miok a repository, the tronbh- only of stdectiui^ what might gccm united 
to any special purpose The meaa luotiosui of the pltinet» aiready deteiv 
mined with great piecision by meana of very andent observatioiiia dimiimhed 
not a little ibis labor. 

Astronomera wbo^ snbi^qnently to Khplir, endeavon*^ to detennine stiD 
more accurately tiie orbltis of the planets with the dd of more recent or 
better observation^ enjoyed the same or even greater £id]itie& For Hie 
problem yma no longer to deduce dements wholly mdmown, but only 
slightly to correct those already known, and to define them within narrower 
limita 

The principle of xmiversal gravitation discovered by the iUustriotui KEWifon 
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opeiioil n RoM entirely new, and showed that all the heavenly bodies, at 
leaM those the motions of which aro regulated hy the attraction of the sun, 
must nocewftrily. coiifuiui to the sanm lawK with a slight inodifioiition only, 
by whit'h Kwlkk had found the fivf* planets to he governed. Kt;i'i,i;r., rely- 
ing upon the evic'eiK-f of observations, liaxl announced that the orbit of every 
planet is an cllip--*?, in which the areas are de,*icribed uniformlv- ;>l>(>nt the 
iun oecnpjnng one focn? of tlie ellipse, and in such a manner that ai <liIJer- 
ent ellipses tii@ timeH of revoludou are in the gesquialteral mtio of the mmi- 
axes^major. On the other Tmnd, T^vwrov, starting from, the pvui'-iii'-' of 
aniTecaal gravitation, demonstrated ^ priori that all hodlets controlled by the 
attractive force of the sun must move in com'c aectiona^ of which the planets 
present one form to iw, namely, ellipsee, while the remsiinlng format parabo- 
las and hyperbolae^ most be regarded as being eqimlly poadble, provided 
there may be bodies encountering the force of the sun with the requisite 
velocity; that the sun muet always occupy one focus of the conic section; 
that the areas which the same body describee in difiFbrcnt times about the 
sun are proportional to those times; and finally, that the areas described 
about the sun by different bodies, in equal fune% are in the subduplicate 
ratio of the semiparameters of the orbits: the latter of these laws, identical 
in elliptic motion with the last law of Kepler, extends to the parabolic and 
hyperbolic motion, to which Kbpue&'s law cannot be applied, because the rev- 
olutions are wanting. The duo was now discovered by following which it 
became possible to enter the hitherto inaccessiblo labyrinth of the motions of 
the comets. And this was so successful that the single hypothesis that their 
orbits were parabolas, sufficed to explain the motions of all the comets which 
had been accurately observed. Thus the system of universal gravitation had 
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paved tiie waj to new and most biiUiank trinmplift in aiiiilju»; and the 
oomct^ up to Hiat time wholly unmanageable, or soon breaking from the 
restraints to which they seemed to be subjected, having now submitted to 
control, and being transfonned from enemies to gueet^ moved on in the 
paths marked out by the cdcnlos, ecrnpulously conforming to the same eter> 
nal laws that govern the planets. 

In determining the parabolic orbits of comets from observatJon, di£BcaI- 
ties arose far greater than in determining the elliptic orbits of planete^ and 
priocixMiIly from this source, that comets, seen for a brief interval, did not 
albird a choice of observations particularly suited to a given object: bat the 
geometer was compelled to employ those which happened to be furnished 
him, so that it became necessary to make use of special methods seldom 
applied in planetary calculations. The great Newton himself the first geome- 
ter of hia age, did not disguise the difficulty of the problem: as might have 
been expected, he catae out of this contest also the victor. Since the time 
of Newton, many geometers have labored zealously on the same problem, 
with- various success, of course, but still in such a manner as to leave but 
little to be desired at the present time. 

The truth, however, is not to be overlooked that in this problem the 
difficulty is very fortunately I^sened by the knowledge of one element of 
the conic section, since tin.' uiuj<n-a\ls put C(|»al infinity by the veiy 
assumption of the iiiiniboliL- orbit. I^Vn, nil {•a.vuholas. if position if nog- 
lcet«.>rl, fliflbr among llit'inst'Ivt^s only by tlie grealLH- or les8 rlistanoo of the 
vertex from the focus; whilf conic scctioTi«t> gfncrnlly L-onsi(lrTo<l, iulmit of 
ioiiiiiUjlj greater variety. There exi.-^ted, in point of fiiet, no suiTicIent reason 
why it should be taken for granted that the paths of eomete are ejMctly 



Xii PREKACK. 

parabolic: cm the contarary, it must be regarded as in the highest degree 
improbable Chat nature should ever have &vored such an hypothesis, ^ee, 
neverthelefl^ it was known, that the phenomena of a heavenly body moving 
in an eUipse or l^jpcrbola, the m^jor^ajds of which is very great relatively to 
the parameter, differs very little near the perihelion &om the motion in a 
parabola of which the vertex is at the same distance from the focns; and 
that this difibrence becomes the more inconsiderable the greater the ratio of 
the axis to the parameter: end since, moreover, experience had shown that 
between tlie observed motion and the motion computed in the parabolic 
orbit, tliiTc romaiiuMl tliiltTCiiooB sciii'Cely over gioiitur tiiaii those wliicli might 
mMy be alt.ributvi.1 to i:>rrors ol' ob-jervatioii (errors quite consiib'i-nblc in 
most easier) : astrotioiuei-s have thouj^ht piu)ji_i to retain tfie paraboln, nml 
very pvojirrly, bocauw tliere n.w. no mt^ans ■whatever of a#^'ertainin.i^ «atifi- 
faetoiily what, if any, are the flHIercncw Iroiu ii ])aiabola. Wo miit^t e.\oepl 
the et'lebratcd coinot of IlAT.m", witich, (k'>:*.'ribin,!j; a vi_My ehjii>i;atefl ellipse and 
frequently observed at it.s return to the jierilHrlion, revcnleil to m its periodic 
time : Imt then the mtyur-axw being tlim known, the computation of the te- 
maining elements is to be conmdered as hardly more difBcult than the determi* 
nation of the parabolic orbit. And we mukt not omit to mention that astrono- 
mers, in the case of some other comets observed for a somewhat longer time, 
have attempted to determine the deviation from a parabola. However, all 
the methods either proposed or nsed for this object, rest upon the usHinnption 
that the variabiim from a parabola is inconsiderable, and hence in the trials 
referred to, the parabola itaelf, previously computed, famished on approximate 
idea of the several elements (except the major-axis^ or the time of revolu- 
tbn depending on it), to be corrected by only slight changes; Besides^ it 
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must be acknowledged, that tite nrhole of these triaU hardly served in any 
case to settle any thing 'with, oertahity, i^ perhaps, the comet of the year 
1770 is excepted. 

Aft soon aa it wtm ascertained that the moUon of the new planet, diecov- 
ered in 17S1, could not be reconciled whli tlio juunbolic lijpothe«da aatrono- 
jiiers iindorlook to adapt a circular orbit to it, whic-li is a matter of simple 
and vavy ea.\y calciilution. By a happy accidonl the orbit of this ]>lanet had 
but a Hinall eoccntrioity, in cuuseqiience of whieii tlie elemeiit.s re!<uhiiig iVora 
thft circular ily{K>thl^^<iH Huflicod at lo;»st for an approsiaiatioa on which coidd 
be based the defcenuination of the elhptic eleiiients. Tliere way a concur- 
rence of BCVeml other wry favoralih; cironmBtancea For, (he tilow motion of 
the planet, and the very imall iuciination of the orbit to the plane of the 
ecUptic, not only rendered the caloidations much more simple, and allowed 
the use of special methods not suited to other cases; bni tliey removed the 
apprehension, lest the planet, lost in the rays of the sun, should subsequently 
elude the search of oLservera^ (an apprch^eion wh\ch some astronomers mi^^t 
have felt, especially if its li^t had been less brilliant); so that the more 
accurate determination of the orbit might be sa&ly deferred, until a selection 
could be made from observations more Sequent and more remote^ such as 
seemed best fitted for the end in view. 

Thua^ in every case in which it was necessary to deduce the orbits of 
heavenly bodies (torn observations^ there existed advantages not to be de- 
spised, suggestinj^ or at any rate permitting^ the application of special 
methods; of which advantages the chief one waa, that by means of hypo- 
thetical assumptions an approximate knowledge of some elements oould be 
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obtainod before the computation of the elliptic elements v/Ba eommenoed. 
Notwithstanding tbis* it eeems somewhiLt strange that the general problem,— 
7h delamme the oriH af a heami^ hodgy wdhout tmif h^pcihetieal aamn^fUon, 
from oitmndma not mbracwg a great period tf fime, md vat aUamtg a selectim 
te&h a view to the appSeaHon ef tpeded methods^ was almost wholly neglected up 
to the be^nuiug of the present century; or, at least, not treated by any one 
in a manner worthy of its importance; ranee it assuredly commended itself 
to mathematicians by its diflOculty imd elegance, even if its great utility in 
practice were not apparent. An opinion had universally prevailed that a 
complete detennination from observations embracing a short interval of time 
was impossible, — an ill-founded opinion, — &r it is now dearly shown tliat 
the orbit of a heavenly body may be determined quite nearly fh>m good 
observations embnuuug only a few days; and this wiHiout any hypothetical 
aasumption. 

Some ideas occnired to me in the month of September of the year 1801, 
cii^agcd at the time on a very diflerent sulgect, which seemed to point to 
the solution of the great problem of which I have spokm Under such cir- 

euufstiUicfS we not iinfretiiieiiLlv, for ft>n,r (if heinif too much h-d n.wjiy bv 
an attractive invo'tif.fiitioii, Mitli i iIj' iwsoL-iatioui* of idfius. wlik'li, more att«n- 
tivdy considered, might have proved most fruitful in n'tsults. to Im- lost from 
neglect- And the eame fate mi-rh* h;\v<' bcfallon oonct]>tioivs, had tho^' 

not happily OccurrtKl at the n > t j inpiuoiis inoineut for their preHervntioii 
nnd encoiinijji^ment that could hav<.' been >><.-locte<l. For jast about tliis time 
the report of the new planet, discovered on the firftt dtiy of January of that 
year with the telescope at Palermo, was the subject of univeml conveisatioD; 
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and soon afterwards the observations made hj that diatinguished astronomer 
PiAm from the above date to the eleventh of February were published. No- 
where in the aunak of astronomy do we meet with eo great an opportunity, 
and a greater one could hardly be imagined, for showing most strildngly, the 
value of this problem, than in this crisis and urgent necesmty, when all hope 
of discovei'iug iu the heavens this planetary atom, among ijmomeiable small 
Stan after the lapse of nearly a year, rested solely upon a sufficiently ap- 
proximate knowledge of its orbit to be based upon these veiy few obsorva- 
lions. Conld I ever have found n move seasonable opportunity to test the 
prncticnl vsiluu of niy conceptions, than now in employing thoin I'or tho do- 
t«miiiiation of the oiiiit of tiie i)li»nc't. Cerp*. whicli during these forty-one 
(1av8 had descnbed n '^cocenlric arc of only three degri^f^---. find after the 
laji-;' ('f ;i vf'nr itiu^t lie looked for in a region of the tn';ivi-us very remote 
from liiat in which it was last wen ? This first applitialion of the method 
was made in the month of October, ISOl, and tlie firnt clear night, when 
the planet was sought for* as directed by the nnmberg dednc<>d from it, re- 
stored the fbgitive to observation. Three other new planets, subefqtieirtly 
disoovered, fumiahcd n(^w opportnnitiee for examining and verifying the effi> 
denoy and generality of the lueikod. 

Several astimnomeiffii wished me to publish the methods employed in these 
enlcuTations immediately after the seooiul discovery of Ceres; but many 
things — other occupation^ the desire of treating the subject more fully at 
some subsequent period, and, especially, the hope that a further prosecution 
of this investigation would raise various parts of the solution to a greater 
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degree of generality, eimpUcity, and elegance, — prevented my complying at 
the time with tbeae fiiendly solidtations. I was not disappointed in thia ex- 
pectation, and have no cause to regret the delay. For, the methods first 
employed have undergone 00 many and rach great changes^ that scarcely 
any trace of resemblance remains between the method in which the orbit of 
Ceres was first computed, and the form given in thia work. Although it 
would be foreign to my purpose, to narrato in detail all the steps by 
which these invesUgatious have been gradually perfected, stiU, in several 
instances, paxtieularly when the problem was one of more importance than 
usual, I have thought that the earlier methods ought not to be wholly sup- 
pressed. But m this work, besides the solutions of the principal problems^ 
I havi! ^iven many things which, during the long time I have been en- 
g:i^ud upon the motions of the heavenly bodies in conic sections, struck 
me as worthy of attention, either on account of their analytical elegance, 
or iiioro cHpedally on account of their practical utility. But in every case 
1 have dcvot«tl gi'calci' care both Lo the Bubjecta and lUelliuLlH whicU tu'u 
peculiar to myml^ touching lightly and bo far only as the connection seemed 
to require, on those previously known. 

Tlu! whole work is divided into two parts. In the Kwt Book are de- 
veloped tlie rehitkms betwocn tlie (|uiuilitiL'S on which (lie inuliou of the 
heiivenly bodies about the mn, aecording to tlu; laws* ol' Kf.i-i.r.ii, dopond.s ; 
the two iil'&t sections C0mpiL<Ne thofiC relations m »vijeh one j)laee only i.s 
considered, and the thiivl and louitli sections tho,se iu which the relations 
between severnl phices are coirsidei-ed, 'I'li ' » hitter contain an explanation 
of the eomnum niethoda, and also, and more partienlarly, of other metliodsi, 
greatly prefeiuble to them in practice if i am not mistaken, by means of 
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whicli we pan ftom the known elements to die phenomeoa; the fomer treat 
of many mocit importiuit problems which prepare the way to invene pro- 
cessea Siwe these Yeij phenomena result firom a certain artificial and intri- 
cate complication of the demente, the nature of this texture mnst be thor- 
onghly examined before we can nndertake with hope of auccess to diaentangle 
the threads and to resolve the £ibric into its constituent parts. Accordingly, 
in the First Book, the means and appliances nn ^ vuvided, by means of which, 
in the second, this difficult task is accomplished; the chief part of the labor, 
therefore, consists in thi% that these means should bo ];n-operly collected to- 
gether, should be suitably amu^;t^il9 and directed to the proposed end. 

The iiK>re important problems are, (br the most pej% illustrated by appro- 
priate examples, taken, whevever it wan posisiblo, froiii uctunl obBervalions. 
In tills way not only i* the efficacy of flie mPtliods more fully est^bli-jhecl 
and thoir use more citjuily shown, but also, care, I hope, ha-i l:>een taken that 
nK'xpericnct'd (computers sboviTd not be fleterrctl from the study of these; ruIj- 
loels. which undoabtcdly cuusllLuUi the riokest and moit aticaoUve part of 
theoretical ast ron om y . 

GonniraBH, Uardi 28, 1809. 
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GETiTKnAL BELAHONS Bi:TWEEN THOSE QUAMmiES BY WHICH THE 
WmOTSS OF BODIES ABOUT THE SUN ABE DSFBIED. 



FIRST SECTION. 

sjiLjLXKinB I'mujsaKk bimplt so vwmcm m isn osMt. 



1. 

In this work we shall consider the motious of the heavenly bodies so far only 
as they are controlled by tlic altmetive ibrce of the sun. All the secondaiy 

planeb arc tluivcfore ex<'1'.!'^ 1 frum our -1;'m. \hr\ pciturbaiions which the 
primary planets oxort upon ea«h other are exciuded| as i» niso all motion of 
rutatiuu. We regard tha moving bodkii thcmsclvea as mathematical pointy and 
we assume that all motions are performed in obedience to the following lawa^ 
which are to be received as the bans of all discuasion in this work. 

I The motion of every heavenly body takes plaoe in the same fized 
plane in which the ccnti-o of the mm h -situatctl, 

n. The path denneribeU by a body m tk conic sectiou haviag iU ibeus in the 
oentre of the sun. 

IIL The motion in Hub path is snch that the areaa of the spaces deecribed 
aLout the sun in difiEerent intervals of time' are proportional to those intervals. 

Acooriiin^';ly, if the times and spaces are expressed ia numbers, any space what^ 
ever divided by the time in which it is deecribed gives a constant quotient. 

1 
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IV. For diftoronl liofrics moving nljout the sun, tlie squan^f of fliose q\iotk>nts 
are in the conipoimd lutio of the panuiietei-s of their orbit«^ wul wf tlie sum of the 
uuiis^s of tLo 3un aud Utc uioviug bodI<2& 

Denoting, therefore, the parameter of the orbit in which the hody moves by 
2p, the mam of this body by ft (the inaea of the son being put —1), the area it 

describes about the sun in the time ^ by iff, then ^^^^^^^^ wHI be a constant 

for all heavenly bodies Since then it is of no importance which body we use 
for determining this number, we wiil de. i > i i frutu the motion of the earth, the 

•moan distiince of wliltli from the sun w e .shull ;trlo[jt for the unit of fH^taiu-H ; Hio 
mean solar day wiil itlway» bts our uuit of time. Dtutiting, moreover, b^' ;i tkiit 
ratio of the circumference of the circle to the diameter, the area of the entire 
ellipse described by the earth will evidently be n ^p, wluoh must therefore be 
put = ifff if by < is onderBtood the ndereal year; whence, our oonatont becomes 

" — . In order to asoertain the numerical value of this constant, here- 
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after to be denoted by k, we will put, according to the latest determination, the 
adereal year or ^=365^663835, the mass of the earth, or fjL=.^^^= 
0.0000028192, whence results 

log2» 0.7981708684 

CompL log ^ 7.4374021852 

CompLlog. ^^(14'^) . . . 9.9999993878 

log* 8.285581 IJH 

It^ 0.01720209895. 



2. 

The laws abovB Ktat&d diSat from those discovered hy our own Ki;i'ler 
in no other respect than this, that they arc given iu a form appUcablc to uU kiuds 
of conic sections, and that the action of the moving body on the sun, on which 
depends the factor v'(l-{-ju), is taken into account If we regard these laws M 
phenomena derived from innumerable and indubitable observation!^ geometry 
shows what action ought in consequence to be exerted upon bodies moving about 
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the earn, in otder that these phenomena may he continuallj produced. In this 
way it is found that the aotion of the mm upon the bodies moving ahout it i» 

exerted just as if an aftrafitlve force, tlio hitciislty of wIiicTi is ix'ci])rocaI!y 
proportional to the equaipe ol' the distance, i^houlU uirge tlie bodies towards the 
centre of the aun. IF now, on the other hand, we set out with the assumption of 
such on attractive force, the phenomena are deduced from it as ueceaBary 
consei^uenoes. It is auffieient here merely to have recited these laws, the con- 
nection of which with the principle of gravitation it will be the less neccasary to 
dwell npon in this plaefe, »nce severfil authors snb^oqnenllv to tlie eminent 
INisw'iON have treated this subject, and among them the iliustrious La. VhAOs, in 
that most perfect work the Mdcanique C^este, in auoh a manner as to leave 
nothmg further to be deaied. 

3. 

luq allies into the motions* of the heavenly boflics,s(j far as they take place in 
conic sections, by no means demand a coniplele llieoiy of tiiis cia^s of curves; 
hut a sduglu geugi^ GL^iuitiuu rather, uu wiucli all uUiers can ha Laiit^U, wiU answer 
our purpose. And it appears to be particularly advantageous to select that one 
to which, while investigating the carve described according to the law of attrac- 
tion, we are coud noted as a characteristic equation If we determine any place 
of a body in its oi bit by tin- fi'i-t inf>'»" :>; >/, from two right liii<!s drawn In tbe 
plaQ« of the orbit tntersecling eaeb other at right aagle^t in the centre of the 
sun, that is, in one of the fma. of the curve, and &rther, if we denote the distance 
of the body from the sun by r (always positive), we shall have between r, 
the linear equation r-j-cc^-i-/)^ — }^, in which «, ft y repre^nt constant quan- 
tities, y biMng from the natnrc of the case always positive. By changing the 
position of the vii^ht \hw^ to wliicli x.//. are rofurred, llii.s position being essentially 
arbitrary, pruvidtiU uoiy the liueti cuutiuue to intersect tmsU other at right iuigki% 
the form of the equation and also the value of / will not be changed, but the 
values of a and (t will vary, and it is plain that the pontion may be so determined 
that /J shall become = 0, and «, at leasts not negative. In this way by putting for 
ft leepectively e,p, our equation takee the form r-^ex=p. The right line to 
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which, the distances ^ are referred in tbia case, ia caiDed the Am ^ <g>sida, is the 
smifarameter^ « the eamtriei^} finally the oonio section is distinguished by the 
name of dl^e, parabola, or hjfparhola, according as « is less tiian unity, equal to 

•unity, or gn-jiter than unity. 

It is roiulily perc<»tTOd that the po^ttou of the line of apsides would be 
fuUy deteruiiuoU tho uonditJons mentioned, with the cxccptiou uf the ^nglo 
case where both a and were =0; in which case r is always whatever the 
right lines to which are referred. Accordingly, since we have e=0, the 
curve (whic:li will l>e a circle) is according to our dofiuition to he assigned to 
the dii.ss of eDipses, but it \\a^ tlils pe(^uli;(nty. il::it 'ho poijilion of the ap-^des 
remains wholly arbitmiy, if indeed wc ciiooj^e lu c^tc'ud that idea to such a case. 



4 

Instead of the distance s let us intmflnee the angle v, contained between the 
Unp of n.psidpH and a straiglit line drawn from tho sun to IIh! jvlaoe of tlio body 
{ihe rmlius md«r), mid Urn angle uiay (jomm&uce at that jpui t of the liae ol' apsides 
at which the distances x are positive, and may be supposed to increase in the 
direction of the motion of the body. In this way we have ;r=roostf, and thus 
our formuk becomes npfimv' ^"^^ which immediately result the following 
oonduaions: — 

L For V — 0, tho value of the radius vector r becomes a minimnm, that ie^ 

s= ' poiut is caHeJ iLi; jjciiheliou. 

TT. For opposite mines of r, thi^r*; are eorrpppoTi<1ing cqnaT TaTttPs of r ; con- 
seq^ueutly the line uf api^d«($ divides the conic section into two t^qual part& 

in. In the ei^s, v increases continuously from f until it attains its 
miucimum value, ^zTt* «p^tfi'<»h corresponding to f =180^; after aphelion, it 
decreases in the same manner as it had increased, until it reaches the perihelion^ 
corresponding to r=: 360*. That portion of the line of apsides tcrnunntod at one 
eztiemity by the perihelion and at the other by the aphelion is called the m^or 
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axia; hence tlie scrui-fms major, called also the mean distance, = |-£-^; the dis- 
tance of tlic niii^rlb point of tlie axis {iAe centre ^ the eB^) {torn tiie fbcus wQI 
be j"!^^ = «'f> denoting by a the semi-axU nuyor. 

IV'. On the other hand, the npht'llon in its proper M^nsr ts wnnting in the 
pamliolii, but r m incr^aaed iadeliuiteiy a& & apprtxicL&s -j" 1^*^ ; o^' ~~ ISO". For 
= + 180° the value of r beeomca infinito, which 8how« that the curve i» not cut 
by the line of ap«ddes at a point opposite the perihelion. "Wberefiire, we cannot, 
with strict propriety of languago. sponlc of the mi^or axia or of the centre of the 
curve ; hut by an exteuslon of the formiiliL<i foiinil in the eTHpHe, accordinj,' to tho 
L'stalilislied usage ot^ analyiH, an inlinitf v;iluo is lussiuiied to (he major axis, and 
the CMUtrc uJC Urn cui-ve is pkced at an iiiiiuito di^auce iroin the focua. 

y. In the hyperbola, lastly, t> is confined within stiU narrower litnifas, in &ot 
between v= — (180* — y), and» = -|-(180' — y), denoting by y the angle of 

which the cocdne =j. For whikt v approaches these limits, r increases to 

infinity; if, in fitct, one of these two limits should be taken for the value of r 
would 1 1 I u : infinite, which ^ows that the hyperbola is not cut at all by a right 

h'ne inelinod to the line of apsiflcs above or helow hy an angle ISO* — ic. "For 
the vaiueii lkui> exduded, thai iu to .siy, tVoiu 160" — to 160' -J- our furiuula 
asagns to r a negative value. The ri^ht line inclined by such an angle to the 
line of apsidea does not indeed out the hyperbola, but If produced reversely, 
meets the other branch of the hyperbola, which, as is known, is wholly sepaf 
rated fiom the firf<t hraneli and is convex towards that focus, in whieh the ^un ia 
situated. But in our iiivestigntioHj whieh, tin we have alreaily said, reats upon the 
aiiiium^tiuu ihiiL r id kkkuu poidLive, vvti idiuJl |>ik>y no regard to that other branch 
of the hyperbola in which no heavenly body could mov^ except one on which 
the sun should, according to the same laws, exert not an attractive but a repulsive 
force. Accordingly, the aphelion does not exib^ properly speaking, in the hyper- 
bola also ; that point of the reveiso branch which lies in the line of apsides, 

and which corresponds^ to the values ?' = 180'', r= — HMght be consid- 
ered as analogous to the aphelion. If now, we choose alter the manner of the 
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ellipse to call tilie value of the expreselon j- ^ - ^ -, even here vrhere it becomes 
negative, the semMud!^ major of the hyperbola, then i\m qnatitity inrllcatcs 
tilt! dl«taBee of the point just incntioiicfl fiom the perihelion, ami at the 
game tiiue the pondtion opposite to tliat which occurs in the ellip^. In the 
mme way ^ ^ distanoe from the focus to the middle point between 

these two points (the centre of the hyperbola), here obtains a negative value on 
account of its opposite direction. 

6. 

We call the angle v the 6rue mmuify of the moving l)0<1v, whicTi, in the 
jmmbola is confined ivifliin the limte — 180' and 180", in the hyporlwla 
between — (180° — auU -f- (liSO"— - »^), but which in the elUpise runs through 
the whole circle in periods constantly renewed. Hitherto, the greater number of 
astronomers have been accustomed to count the true anomaly in the ellipse not 
from the perihelion but from the aphelion, contrary to the analogy of the parabola 
anl In prr^rtlr?. 'ivh'»"f. the a])hclion is wanting, it is ncccfs'arv^ to bcf^in from the 
perihehon ; wo have the lens hesitation hi lej^toriiig the analogy anion^r all classes 
of conio sectioned that tho most rec<^it Ercuch a^trouomerii huva by thtsir uxamplo 
led the way. 

It is frequently expedient to change a little the form of the expression 
»•= i^fqgy ? fbUowing &nn8 will be especially observed : — 

r— P — P 

r~ P 

(1 +•) oo«»^*> + (1 — •) Oif^p' 

Acoordmgty, we have in the parabola 



r 




in t^e hyperbola the following exprea^^ion i^ particularly oouveuient^ 

''=2oo.i(»+'f)«»i(.-ifr 
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6. 

Lot tw proceed now to the compftTi,*on of the motion witk tlio time. Putting, 
as in Art. 1, tbe spam demnhed about the auu iu the 'time i = ig^ the mass of the 
moving body = /i> that of the sun being taken = 1, we have g = kt^p\ fi). 
The difierential of the space — i rrdv, from which there leoulta it^p^{\ -\- fi) 
^ /rrdVf this integral being 80 taken that it will vanish for < = 0. This integra/- 
tion must be troiited dillt^rontly for difltn'ont l<m<ls of conic sediona, on which 
aOf^onniw shall now consich-r <!iu'h kind ■•suparalely, beghmmg with the ELLI1*.SE. 

Since r in datoriuincd from, v by mcuus of a. il'octiau, the douomimtor of wliick 
oonsigte of two terms^ we will remove this incoatvenience by the introduction of a 
new quantify in the place of v. Voi this purpose we win put tan i v V = 
tan i E, by whipb the 1a$<t formuhi fur y hi the pi-cceding article gives 

Moreover wc have — and consequently dp = ^J^^^^l 

lience 

and integrating, 

jt<^«^(l_|_^) = — ££_-(^— edni?) +Constant. 

Ajjjcoi'diugly,if we place the beginniog of the time at the perihelion passage, where 
»:= 0, E= 0, and thus constant — 0, we shall have> by reason <yi — « , 



In this equation the auxili^ury an^e E, which i» called the eeeenfrie anmafy, 
must be expressed in parts of the indhis. This aogl^ however, may be retained 

in degrees^ etc., if « sin J? and ^'^ ^^a"*"^^ are also expressed in the same manner ; 

a' 

these quantities will be expressed in seconds of arc if they are multiplied by the 
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nmnber 206264.81. We can dispenae with tbe multipUcAtion by the huA quan- 
tity, if \ve employ directly the quantity I- ox-prvasei In aeoonda, and tiiva put, 
uistL'iid of tlie ynlue before given, k = mW\i$1Q], ' f uhich the logarithm := 
3.3500066746. The quantity ^ ^<^+f) exprCBSod iu liiis mamier is colled the 



mean tmamafy, whicli tliercfore incronsos in the ratio of the time, and indeed every 
day by the increment 
the mean anomaly by if. 



day by the increment i^L^^Cl^, called the mean daify nudum. We ahall denote 

a* 



7. 

Tl)r<--. tliL i). nf the pcriliclinii. the true anomaly, the eccentric anomal}^, and tlic 
mean anomaly are ~ 0 ; ulLcr Uuit, tliu true anomaly inci'cui^ing, tL^ (leucuti'ui 
and mean are augmented also, but in tiuch a way that the eccentric continues to 
be lees than the true, and the mean lees than the eccentric up to the aphelion, 
where aU three become at the same time = ISO" ; but from tliis point to 
the jicriliclion, tlio eccentric is always greater tlian the true, and tlic mean 
greater tluio tli« ecceutric, until in the perihelion all three heeoinc = '^W, or, 
which amounts to the same thin^ all are again ~0, And, in general, it is 
evident that if the eccentric £ and the mean JIf answer to the true anomaly v, 
then the rrniric 'MO' — JS and the mean 360' — M correspond to the true 
"fif>° — }'. TJit? diner(>nc(! hotween the true and moan anomalies r — J\f. r iriHl 
tihe eijimiim &/' iJm eeinif^ which, consequently, in pomtive from the perihehou 
to the aphelion, is negative from the aphelion to the perihelion, and at the 
perihelion and aphelion vanishes. Since, therefore, v and M run throu{^ an 
entire circle IVom 0 to SfiO' in the same time, the time of a mv^h rcvclutioa, 
wlilcli is also called the perimHc time, i.« ohtained, expressed in dayi), by dividing 
360" by Hie mean daily motion t^+>*> ^ it jg apparent, that for dif- 

foreut bodies revolving about, the sun, the squares of the periodic times ore pro* 

portional to the cnbcs of the mean dlstanfey, m fiir as the ma^ee of the bodies 
or mther the iutiquality of their massif can be neglected. 
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a 

Iiet us now collect together those relatiomB between the anomalies and lliu 

rn<liua vector winch Joserve puiilculai" iitiontiou, the fieri'.-, t"nn of wLIcli will 
present no difliculties to any one moderately skilled in trigonoiuctrical suudyHi!?. 
Greater degoucc is atttuaed in moAt of iinise £jrinuln.s hy iutiududng iu Lhu 
place of the an^e the eine of which e. This an^e being denoted by we 
have 

M) = oo6y, ^(1-|-«) = C09(45 -.i(p)v'2, 
V(l - 0 = (46*+ 1 f) )/2, = tan (46» - * 9), 

The ibilowmg are the principal relations between a, p, r, e, 9, v, M. 



m r=fl(l — «co8^) 

Ttr „i n cos p -I- 1» (YM ^ — e 

I -)- f CO-' I' 1 — — < OUS Ji 

V. «nii?=V*(i — cosi;) =8i^l*t.■i/-l^=l^- 



VI C0S*.ff=Vi(l+C0B^)=CO8|l»J.i±/ _ 

= CO. J If y/^^^i^^ = cos 4 • y/ j^p^ 
VII. tani-£?=taiiii»ttta(4&- — if) 



r<antr 



VilL abi^s='^^-^ = 

Ji ri eoa 9 

K. rcost> = «(coB^— «)=:2<icofl(|2'4-l9 + 45°)ooB(* J— 49--4&') 

XX an i(9-|-J?) = eoei98in«y/^=ooBl9Binj?^^ 

2 
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d. 

If a ijcrpcndicnlar U t frtfl from any point whatever of the ellipao upon the 
line of opsitJiw is «?xt:cn(]e<I in tlio opposite dlrcption until it mecis the cin.-lo 
4!eserihe(l with the radiui^ (t ulH^ut ihd centre of th& eiUptte^ then the iuclinatioa to 
lha Uuu o£ a^^ea uf tim4« m^m which oorrespondB to the point of intersection 
(undentood in the some way as above, in the case of the true anomaly), will 
be equal to the eccentric anomaly, aa is inferred without difficulty from equation 
DC of the preceding article. Further, It ia evident that rein v is the diitance of 
any point the ellipHC- from the line of apmdo?, which, rfne© by equation Vlll. it 
= « otte «^ liin Jj, will be gr<'at<*st ffnr E— 00 , that is in the centrw of the elliiMe, 
ThiF wriftatest distance, which —acQ^m=i^ =^Jaii, i&cisRiiH thu mui-tuh mwji\ 

^ ' cos ^ • . ' 

in tlie fucuii of the cllijp^ that ia for y = 90", this distance is evidently ~p, or 
equal the semi-parameter. 

10. 

The equations of article 8 comprise all that is requisite for the computation 
of the eccentric and mean n i imlies from the true, or of the eccentric and true 
frcmi the mean. Forniulii VII. is roimnonly employed for deriving the eccentrio 
from the truei nevertheless it is foe the most part preferable to make use of 
equation X. for this purpose, espedally when the eccentricity is not too great, in 
which case J? can be computed with greater aconracy by means of X. than of 
YIL Moreover, if X is employed, the logarithm of sine J? required in XIL is 
had iinniodiat^dy by moans of YIIL: if VIL were nsed, it would he neccs- 
'■iiwy to take it out from the tables; if, therefore, this logarithm is ulso taken 
from the tables in the latter method, a proof in at ouce uLtiuuud that the Citloula- 
tion has been correctly made. Testa and proofi of this sort are always to be 
highly valued, and therefore it will be an object of constant attention with us to 
provide for th@m in all the methods delivered in this work, where indeed it can 
be oonvententl y done. We annex an example completely calculated as a more 
perfect iUustratioii. 
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Given v = 310» 6S' 29''.64, y = IST r.87, log r = 0.3307640 ; «, ^, M, 

9.3897262 
9.8162S77 



log flin 9 . . 

log 0089 . . 



lo^ (l-{-#COB») 

logr . 



log cos" if 



log sin V 



log sin } 9 



logfflni(« — E) 



9.2060139 wkenoe e ooe v = 0.1606993 



0.0fi-i7197 
0.3307640 



0.3054837 
2.0730448 



0.4224889 



9.87«2740 «* 
0.0825r)98.5 



9i^4^^14Ldi» 
9.0920395 



8.9379536.5«, hence \ («— jr)s=— 4«68'22'.94; 



» — = — 9" 56' 45«'.88 ; E=i 820" 62' 15*'.62. 



Further, we have 
log« . . . 
log 206264^ 



9.3897262 

5.31{12f.l 



log e in swjconrlf) 
log wi.E . . . 



4.7(141613 
9.8000767?f 



. . . 9.«135543» 

. . . 9.0865224 
. . . 9.H000767» 



log — Stil V 

log Cos f . 
log sin A' . 



4 50422S0ijyhence«)iinir' in seconds ^ 31932^.14 = S** 62' 
12''.14 j and Jf^ 329^ 44' 27 ".tiO. 

The computation of E by formula VIL would be ae ibllows: — 
}v=155°27'44''.82 logtaniv . . . . 9.6694579» 

45^ — i9=37''53'd9''.065 ]ogtan(46'>— i)>) . 9.8912427 

log tan J E , . . . 9,6607006« 
whence iE= lt&'2& and 320* 52^ 15« 62, as above. 



* Th« lc(t<» « affixed to ft kgaflilmi %^fiea lliat Ow nimil^ 
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IL 

The invene problem, oelebtated under the title of Bapta'* pnNemf that of 
finding the tnio nnomaly and the radius vector ftom the mean nnoinalj, i» much 

morf frequently nstjcl. Astmitoiru-i-.s are lu the Iiabil of piiitiuj^ the equation of 
the centre ia lk@ ^rm of on iuliuit^^ eteries procsaenliiig iLCcording to the ,sitio!i< o(° the 
angles M, 2JK, 3M, etc., each one of the coefficients of these tones heuig a series 
exteodbg to infinity according to the powers of the eooeutridty. We have con- 
sidered it the leas iiecL^i-isavy to dwell upon this formnla for the equation of the 

ei.iitii', wliu'li iiuvoral Jiuthors have devulopoil, l)t;caai»t', 111 OUT Opiniuti, it if by 
no incjiiiH so well fililterl to [.DU'ticul use. e>'peeially ahouM the oooentricity not be 
very sQiall, as the indirect method, which, therefore, we will explain somewhat 
more at length in that form which appears to ns most convenient. 

Equation XTL, B=:M-\-aeml!f which is to be refierred to the class of tran- 
scendental equation^ and admits of no eolation by means of direct and complete 
methods mnFt be solved by trial, beginiitng with any approximate Talue of J?, wlntih 
is eorrt^cted hy suitable meihodb repealed often enough to satisfy the preceding 
equation, that is, either with all the accuracy the tables of sines admit, or at least 
with sufficient accuracy for the end in view. If now, these corrections are intro- 
duced, not at random, but according to a safe and established rule, there is scarcely 
nny p.<-<pn{ial dj^flnclion botwocn ^■■ll-b an indirect nicfliod and tlie solution by 
serifii^ exc«»pi that in the fbrrtiei" Uje fu-st value of tlie unknown quantity ii^ in a 
measure arbitrary, which is rather to be coiiiiidcied au advantage since a ViUue 
suitably chosen allows the corrections to be made with remairicable rapidity. Let 
us suppose e to be ui approximate value of JS, and z expressed in seoonds the oor' 
rection to be added to it, of sucli a value as will satisfy onr equation ^=e 4" 
Let ^ 8iu h. in «?conds, be roniputod by logarittmus, and when this is done, let the 
ckuige of the lii>g £>in« Ibr the uliauge of 1*^ in a itself be tiik«u from the tables; 
and also the variation of log « sin « for the change of a unit in the number e un e ; 
let these changes^ without regard to signs^ be respectively X, ft^ in which it is 
hardly neoesaaiy to rcimark that both logarithms are presumed to contain an 
equal number of decimals. Now, if c approaches so near tho correct value of ^ 
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thai the dumges of the logarithm of the aiiie from a to « and the changes of 
the logarithm of the nmnber from etana to ema(B'^s), can be r^arded aa 
uniform, we may evidently put 

the upper rign belonging to the first and fourth quadrants^ and the lower to the 
aeoond and third. Whenoc, rioce 

«+«= J!f+««ix(e-|-ar),we have*=Sj^(Jlf-|-«ffln« — «), 

and the correct value of J>or 

I -\-z — M -1^ c 9'n«ij^(ilf-j- csia* — 

the agns liolng ck'U>rniiiu>d by tim iLbovc-moiif.ionocI ooiKl'ition. 

Fioally, it In nmdily peixieived that we have^ wltiiout regsi'd to the 8ign% 
ft:l = l:eoo8e, and therefore always Jl, whence we infer that in the first imd 
last quadrant Jf-\- emn» lies between a and and in the aeoond and third, 
«-(-« between e and M-\-emxit, which rule dispenses with paying attention to the 
f'gns. If the assumed value • difEevs too much from the truth to vendor the iVn e- 
going consuli-rotions arTmisnWp. at lenst a much more siiUnWc v.iliio will he found 
by iiik method, with which the isame op«r»tiun repeat^, uuue, or several 

times if it ehould appeajr necessary. It is very apparent, that if the difference 
of the first value e firom the truth is ri^rded as a quantity of the first order, the 
error of the new value would be referred to the ticcond order, and if the operation 

were fiirtln'r T^poatpfl, \i woi;!'^ lie redueed to the fourth order, the elu'htb ordci , 
etc. Moreover, the leas the eccentricity, the more rapidly will the succeasivi^ 
eonections converge. 

12. 

The appioxiiuate valtu- of E, witli which to begin the calculation, will,in uio^t 
caaes^ be obvious enougU, piuiicularly where the problem is to be solved lor 
several values of M of which some have been already found. In the absence 
of other helps, it is at least evident that /<! must fell between M and M± ' . (the 
eccentricity « beings expressed in seoonda, and the upper ngn being used in the 
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first and second quadnuita, the lower in the third and fourth), vhere&re, either 
My or its valae increafled or diminiflbed bj any estimate whatever, can be taken 
for the first value of JE It is hardly iioceasary to observe, tliat tlie first calcu- 

laflon, W'lioti it is commfinceil with a value having no protonsion t'l ^f^onracy. cloos 
not require to be strictij exact, and that the sinaUer tiables ^ ai-e nbuuduutl/ suffi- 
cient lloreover, for the sake of convenienoe, the valaea selected fi>r • ahoold be 
such that their uaee can be taken from the tables without interpolation; as, for 
example^ values to minutea or exact tens of second^ aooording as the tables 
usei] proceed by differences of minutes or tens of seconds. Every one will be 
able to detcnnine witliout nA-^istuiM'o the modificatiuns these precepts andei]gO if 
the angles ace tixprci^d accordiug la tiu^ now duoimal diviaou. 

la. 

ExxMOjtk. — Let the eoctiuti'icity ih& mxsia m in axtiole 10. Jlf= 332*28' 
64*.77. There the log c ia aeoonds is 4.7041518, therefore «= 50600'= li'S'SO*. 
Now since E here must be less than M, let us in the first calculation put e = 326% 
then we have by the smaller tables 

logsmc . . . . . 9.747Sdn, OhMg»ftri'. .. MiwiiM«i-»A 

log 0 in seconds . . 4.70415 

hence C sin e =— 28295" T Sl'^o". Ol-n^of l»,iutilmilbr.miltrftheia1>te*«Alili«» 

differing firoms .... 1 22 40 — 4960". Hence, 

"WTiercfore, thecorrected vdtie of S'ljecomes .!{24"3V'20" 20' fn" = 824''16'40*', 
with wiii<ih we repeat the CttlcuIiitLait, making use of larger iiibies. 

lognnc . . . . 9.7663068ft J. = 20.25 

log< 4.7041518 

44704571a /»=147 



* Such M thoM the Uloatriaus LAi,Ain>s fiin^hel. 
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ain £ =— =— 8" 12'2S".18 

M-\-0fant .... 824 16 31 .59 
differing (rom «... 8 .41, 

This difEerenoe being multiplied hy 1^-^—^^^,^^ gives 2^.09, wBonoe, finally, the 

corrected value of ^ = 324'>16'8r.59— 2".09=: 324'16'29^.60, which is exact 
mthin 0^01 

14 

Tlic equations of article 8 furnisli several methods f(»r deriving the true 
anoiimly and the xodius vector £rom the eccentric anomaly, the best of which we 
will explaitt. 

L By the common method v is determined by equation VU, and afterwards 
r by equation n.; the example of the precedmg article treated in thta way 
is as foUow£^ retaining torp the value given in article 10. 



ijF=162»8'14''.76 log< 0.3897263 

logtittii.ff. . . . 9.50821 98« log cos ir . . . . 9.S4%o07 

log tan (15" — i9) . '.l.8;»12427 872393859 

log tan i i; .... 9.dl6l>771n ecost- =ai73531.5 

I » = 157* SO* 41 ".50 log;o 0.3964837 

r=S16 123 .00 log (1 -j- c cos p) . . 0.0694959 

l^T 08259878. 



tL The following method is ishorter if several places are to be computed^ 
for which the constant logarithms of the quantities ^i»(l-j-«), ^a(l-^^^ should 
be computed once for alL By equations V. and VL we have 

from which ^ v and log y'?- are easily det^-'niiined. It w true In general thiit if we 
have P.-'m Q — A, rcosQ^B, Q h ohtained by iiriean>s of the fonnula tan 
Q = ^, ami then i* by thi%i* = -r-^, or by i* = '^o' ^' P'^^f^ble to ufi»e 
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the {bmer when sin is greater thnn 000 Q; the latter when cos Q Is greater than 
Hin Q. COminonTy, flie pvolt'oTTi^ m which oquiit.ions of this kind o<?onr (svioh aa 
present themsolvea rno^i Ireq^uently iu Um wurk), iuvulvt:» ili<d eondlUuu iLat P 
8h<mld be a positive quantity; in this cam, the doubt 'whether Q should be taken 
between 0 and 180% or between ISO" and SQQ", is at once removed. But if cnicb 
a condition does not exist, this decision is left to our jndgmenL 
We have in our example e =1 0.2453162. 



logainl^ 



logv'«(l + «) 
Hence 

log t*m i v' >" 
log emitter ■ 
Ic^oosltr . 



9.48fi70S2 
0.2d8»d93 



log cos i E 



log/aCl— «) 



9.9785434 » 
0.1&01020. 



0.1286454 
9.9656516n 



whence, log tan i f = 9.6169V71 n 

9 = 316 123.00 



log v r .... 0.1629939 
logr 0.3259878 

UL Tu th^st; niGlLod^ \vc add a tliiird which in nhnoist equuJl^ aaay and expo- 
ditiooa, and is much to be preferred to the fodmer if the greatest accuracy should 
be required. Thu% ris first determined by means of equation ni,and after that^ 
V by X. Below is our example treated in this manner. 

t 0.38972G2 loL'sin^ .... 9.7G0336Cii 



log 0O8.£^ 



9.9094637 



log^(l_;coBJS^) . 9.9517744 



0 cos ^= 



9.2991899 
0.1991544 



logaiui^ . 



9.8145622H 

9.0920395 



log a 0.4224389 

log (1 — « emU) . 9.90<i54$8 
logr 0.8269877 



• J?) 



S.9066017» 



4'37'33".24 



log sin 

t,™ ^ — 15 G ..48 
v=316 123.02 



Formula Vlil, or XL, is very convenient for verify the calculation, par* 
tiouUrly if v and r have been deteiratoed by the third method. Thus j 
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log^eiuii . . . 9.S62T878« logsinJi'y'^ . . . 9.8146622« 

log COB 9 . . . . 9.9866224 log cob 1 91 . . . . 9.9966567 

9.8493102W 9.8112189ft 

hgmnv . . . . 9.8493102» logani(0-|-^) . . 9.8ll2189>i 



15. 

Sinc^ as we hove eeea, ihe mean anoiiuilj M is completely deteraiined by 
means of v and 9, m the same manner why M and tp, it is evident) that if all 
these (jiianiUIos are regarded «.« variable together, an equation of coiulilion ought 
to exist botwoen their differential variatioiiH, ttie Itivei?tigation of whieh will not 
be »u|»^'iiuou& By diiliireiitiiitiiig fir;^ cqitaiiou VIL, airtide S, we obtain 

dS d» , 

by di£ferentiating likewise equation Xlt, it becomes 

d Jf = (1 — « cofli?) sin C0B9 d 9. 
If we eliminate dir firom theee differential equations we have 

or by substituting &r siu 1 — « cos^ their valueti from equattoos YXIL, IIL, 

djif= -j:!L_dt»-^:i^±^d9, 

or laady, if we ea^press both ooeffioients by means of 9 and 9 onlyi 
dJf- n "'^^ di>- "^"".r^T dy. 

(1 -)- 1 co§ !')■ (1 -j-et-oRpy * 

Inveri^ely, if we consider « as a Amotion of the quantities 9, the equaUou Im 
this £orui; — ■ 

at.=««~i£dif+^±^^2^^^d«, 

or by introducing E in^t^^ad of 0 

d» =^^2^ d Jf + ^ (2 — s cos J?— * *) sin J?d 9. 
'3 
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The rodiuB veotor r u not fully cletenniaed by » and ^, or hy M and 9, but 
depends^ besides these, upon pora; its differential, therefore^'will oomaist of three 
parts. B7 differentiating equation IL of article 8, wo obtain 

d» — :7-v^ da». 

By patting here 

— — 2 tun (p d w 

pa ' ' 

I which follows from the diftereutiation of equation I.), and oxprcsssing, in coi»« 
loi inity with the preceding article, d v hy means of d J/ and d f, wc have, after 
making the proper reductions, 

— = —-{-- tan ysm I'd is — -oos^ooevd^, 

dr — ^ da-\-a tan ^' sin v<\3l — a cm (f cos v d 

Finally, these formulas, as well as thof=o which wc developed in the prcccdinf* 
article, rest upon the sup|iosttiua that v, f, and M, or rather, dv, ^if, and dMf 
are ezpresaed in ports of the radius. therefore^ ve choose to express the van- 
ations of the an^es 9, and M, in second^ we must either divide those parts of 
the formulas whioh contain dtf,d9,or d J<^by 206264.8, or multiply thusu which 
contain il t; d j>, d a, hy the same iiuiuher. Consequentl y, the fonuiilLts of the pre- 
ceding article, which in this respect are homogeneous, will require no change. 

17. 

It will be satisfactory to add a few words concerning ihp: invc«tip^''tion of the 
graded equoLion lb$ ceidre. In thti first places it h uvidunt in it'^lt tliat the dil- 
ference between the eccentric and mean anomaly is a maximum tor S— 90*, 
where it becomes — e (expressed in degrees, etc.) ; the radius vector at this point 
= Of whence v = 90° ft and thus the whole equation of the '^SOtBTSsttp^e, 
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wbicbf neTertibdess, is not a mosdmnm here, since the difference between v and 
E may still increase beyond <p. TUt iut difference becomes a maximum for 

Hy—.E) ^ 0 or for Av — AE. where the eecentricity is dearly to be regarded 

as constant With this assamption, ^incc in general 

do _ dJg 
mav mJ* 

it is evident tbat we should have an « = nn ^ at that pomt whcvo f lie diflerenoe 
between v and J? is a maximam ; ^vhonce we have by equations Vm., Ill, 

r — tt coBff e cosjfc' =1 — cm (p, m cos E^-\-i«A i f. 
In like manner oosf>=: — tan |^ is fouuil; fur which reason it will fidlow* that 

t>:sQ0*-{-aicsintani9», ^=90" — arcsintan^y; 

hence wgnin 

so tiiat th« whole cipatiun ol the centre at thits poiut bi^comes 

2 arc sin tan i 9 -|- 2 sin } 9 cos 

the second tem being expressed in degrees, etc. At that pointy finally, where 

the whole equation of the centre is a moxiiauni, we musthave dif=d jl^and 

so aooording to artide 15, r—a^WB<p; hence we have 

l—a»^a Tt 1— i/«M« 1 — cfi?* tiin-W 
eOS«= ^, C08JK= ^ — 

by wliich. Ibruiiila L' can be dctcrmiiwd with tli«^ greatest u^urucy. J2 being 
firand, we shall have, by equations X^XU., 

equation of the centre = 2 arc un eanS. 

We do Tjot f^clay here for an expression nf the greatest equation of the cfntro hy 
means of a iSeries proceeding according to tlt« powers of the eccentricitic-^, which 
sevcml anthors have given. As an example, we annex a view of the three 
maxima which we have been considering, hr Jnno, of which the ecoenttici^, 
according to the latest dements, is assumed = 0.2654990. 



* It it not mis&i^y to G4t{i]iider Qkim nuLiaa wbich lio hdviciax tkc aphcliuu Hud perUi^Uoa, 
beomse Ihej erideotly diflto in the signs ool; from those vliicli are utonted between (he perihelion and 
•pheliaa. 
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18. 

In the PABABOLA, the ecoentrio anomaly^ the mean anomaly, and the meau 
motion, become = 0 ; here therefore these ideas cannot aid in the oompariwii of 
llie motion with tlif" tinn-. In tlio parabola, liowuver, there ia no ueoeasity for an 
auxiliary angle in iiitograting rr(\ i> ; for we have 

and thus, 

/rrd.»=ipp{iBuiit' -\- i tan* ^ «)-]- Constant. 

If Hne time i.i sup]ioi?cc! to commence with the perihelion passage, the Constant 

= Oj therefore we have 

tan J»H-ltfln« itrr=^^ii^^±^, 

by means of which formula, f may be derived from v, and v fiom ^ when p and 
j» are known. In the parabolic elements it is nraal, instead of p, to make use of 

the i-adiiH vector at the perihelion, which is J />, and to neglect, entirely the mass 
fi. It will •?r,"o!y f vep be p<»wible to flclenninc the maA<i of a bod^', the orlni of 
which computed as a paxabdia ; and indeed all cotneta appear, aceordiug to the 
best and most recent observations, to have so little density and masa^ that the 
latter can be considered insensible and be safely neglected. 

19. 

The solution of the problem, from the true anomaly to find the ^e, and, in 

a still greater degree, the solution of the inverse probVm, can be grently fiMirfvi 
ated by means of an auxihairy table, soch as is found in mouy ostvouomical worka 



Sect. 1.] 



TO POsmoN nf the okbtt. 



21 



But the Baikerinn is bj &r the most oonyenient^ and is also annexed to tho 
admuBUe work of the celebrated Olbbbs^ (^Mhandka^ UBer die ladliette wtd 
hegum^ MdJiodc elk Bakn dim Comdm su iercrhieti : Webmr, 1797.) It cootaina, 

nnfler the title of tho nuwi mr'f»'<m, tho valno of tlio cxprcrssum ?•> tan » -f" '^^ 
ttiO'^ i^l>, ibr all true auoiiuilic'a lur evecy five loiuutai from 0 to 180". 11* 
therefore the time oorrespondiog to the true anomal; v is requiredj it will be 
neceaeary to divide the mean motion, taken from the table with ilie arguments, 

by which quantity is called the meem da^ nutton ; if on the contrary the 

true anomaly is to be computed from the time, the latter espreesed in days will 
bo multiplied by in order to get the mean motion, with which the correspoud- 

log aiiumaly may be taken I'rom the tabk. It rurther evideui tbal the ^una 
mean motion and time taken negatively correspond to the negative value of the v ; 
the same table therefore answers equally for negative and positive anomalie& If 
in the place of ji>,Hve piofor to imn the porlbelion difitanoe ip=:j, the mean daily 
motion is expressed by k>t^^^ jn which the constant factor Ary' 2812.5 — 

0.912279061, and its lognritlim m 9.9601277069. The anomaly v being found, 
the radius vector will be determined by means of the fonnulft already given, 



20. 

By the diflerentiation of the equation 

tan i » + 4 tan* i tr= 2a;r-», 

if all t^e quantities v, i, p, are I'egarded .is variable^ we have 
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If the yamtioDB of the anomaly v are wanted in seconda^ both parU also of 
dv must be expreaaed in tiiia manner, that i«, it Is necesBary to take for it the value 
3648M88 given in article 6. Ifj moreover, ip=giB introdooed iaatead of j>, the 
formola vrill have the fiollovrittg form: 

rr rrrfiq 
in which are to be vued the constant logEurithnu 

log it V 2 3.7005215724, ^og&i^i^ 3.8766128315. 
MoreoTer the differentistion of the equation 



^ = l2+tan|erd», 



fiuniahea 

or by exprefisuig d v hy meana of d< and dp^ 

gr=^(i_«f«"^^)dp+*ife^^d<. 

r \p a rry ju / ■' ' rr 

By Bub^tituting for ^ it.-< value in p, the ooetHoieiit of dp IB changed into 



but the ooeffidect o£ dt becomes ^ From this there results 



or il' >Ye intxoduce fiaep 



d y - COS t' d <7 4- 



Hie constant logaiiHim to be naed here ia log£ ^ | = 8.0850664436. 

21. 

In the H7PEBB0IiA,4p and £ would become imjagiiiary quantities to avoid 
which, other auziliajiy qnantitiea most be introduced in the phKse of them. We 
have already deatgnatcd hy if the angle of which the conne —\t we have 
fonnd the radius vector 
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For v= 0, the factors cob ) (v — yr), and emi(v-\~ in the denontinator of this 

friifttion become equal, tTie £;ecOnd TSinBhes for the greatest poeitivo yalue of V, 
and the first for the greatest negative value. Pnttui^ therefore, 

wKo— 1») _ 

we (ihaU have « = 1 m perihelion ; it mil increase to infinity as v approaches its 
limit 180* — ^ ; on the other hand it will decrease indefinitely as 0 is sapposed 
to return to its other limit — (180* — ; so that redprocal valn v^ it, or, what 
aniQiint^ U) fTie snTn<> thing, values whose k^arithms are oompiementaty, corre- 
spond to oppotilte valueii of v. 

This quotient « is very conveniently used in the hyperbola as an auxiliary 
quantity ; the angle, the tangent of which is 

cnn be mndo to render the f^tmo ^^crvico with almost equal elegance; and in order 
to picauf ve the analogy with tiio ellipse, we will deaotc this angle b^' J Jl lu 
tlus way the following relatioos between the quantities v,r,UjI'axe eedly brought 
together, in which we put a = — if bo that i becomes a poative quantity. 

L S=^ootaa*v' 

JL rss - ^ -— - — - 

l-\-e cos o 2oc«§(p — ^p) cmy{v-\-tfi) 

•y ^ 1 /„ [ 1\ 1 -f- co« cos t> (>-J-(xnp 

my '\ 2 DOS i (f — V) eoe i (y-f xp) — l^elmv' 

By snbtnoHug 1 fbom both sides of equction V. we ge^ 
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In Uie eame nuamcr, by adding 1 to bofh udes, it becomes 
VIL o^iv^r=co»iF^^:^f^=cosiFf^. 

= H« + 1) >/ = J (« + 1) \/^^. 
Bj dividing YI. hy VH we ^ould reproduce HI : the moltiplication prodaces 

— lyjcotiui (« — \) — I Jtanw (m — ^^^). 
From the combination of the equatiiHja IL V. wre eaisily demed 
IX. rco8» = *(*— ^) = i*(2e— »— i), 

x.r-KJy-i)=»»(*(«+=)-2). 



22. 

£y the differ>9utiu.tioii of the foriuulii IV. (rcgurdiog i^' as a ooustaut quoutity) 
we get 

^* = i (tan * (ir + y ) — ten |(» — y ))d f = d »} 

hence^ 

rrdr := f dw, 

(( tan «;> ' 

or hj flubatitnting tor r the Tulne taken firpm X. 

r r di» = J J tan ^ (i ff (1 + jij) — i) d tt. 

Afterwards by integratuig in nidi a manner that the integral may vanish at the 
periheHon^ it becomes 

/rri» — HtAmj>{ie(u — -) — logu)=kt\'p\{l-\-fi)=l-tUia\f'^&^{l-^ft). 

The logarilLm h^rc is tho hyperbolic; il' wc wish to use tho logarithm from 
Bxigg'g fijsteiD; or in general from thu ejsteoi of wiiieh the modulus !=sk, and 
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the maae fi (which ire can asBuiue to he indetormmable for a body moving in an 
hyperbola) is neglected, the equation aasomes the following fbnn: — 

XI. ill*— lOgH = -^y 

or by introdiiciug i', 

X « taa J*— log tan (46' + i J') = 

Stipposing Brigg'fl logaritlims to be user!, we> li.ivft 

log X = 9.e.377S431 1 .% lo- ). k = m.33n:)7 ')27 ; 
but a little <;rf ali>r precision can bo attained by tlio nmuediato application of the 
h}q>crb(>lic logarithtm The hyperboliclog&riUiuis of the taiigeute are luiiml in 
fieveial collections of tables, In those, fbr example, which Scudlkb edited, iuid &Lill 
more eztonriTely in the Magmua Oatum Triat^uhr, lagarithudcw of Bekjamdi Ubsdt, 
Colognei, 1624, in which they proceed by tens of aeconda. 

Finally, formula XI. sIiowh that o)>po.sitc values of t con-o^pond to reciprocal 
Taluee of If, or opposite values of /':ind i\ on which account ecjual parte of the 
hyperbola, at equal diiilauctis kam. the periheliou. on botii iodet^ are described iu 
equal times. 

23. 

If we should wish to make use of the auxiliary quantity « for finding the 

time from the true anomnly, its value m mort conveniently determined by means 
of (M^uatiou lY. ; afterward«, Ibrmula IL give^< directly, without a now calculation, 
p by means of r, or r by means of p. Having ibund «, fomula !XI. will pve the 
qnantlty which is analogous to the mean anomaly in the ellipse and wiD be 

dcuuti i by A", froni which will follow the elapsed time after the perihelion trannit. 
Since the fir^t term of >V, that i-^ ^- ' ^*jr~^ ^ may, by means of formula VIII. be 
WSsAe =^^^^, the double cutnputation of this quantity will uH'iwer fur testing 
its aocuruuy, or, if prefeirud, iV can be exjireHt^eil w ithout % as foUowa : — 

XII. jr= , ..^Tl'^li ,-log ^i^ ^ T^i . 

4 
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Eean^.—hei « 1^618820, or Y = 3r35'0*; v^lSm'^, ]ogr = 
01.0333685. TLcu iLe computation £otttfPfh,Ifff,iaaa fiiUoiro : — 



log ros i {v — 11') . 


. 9.mi706) 


benoe, log u . . 


. 0.0491129 


log cos -f- V) • 


. 9.0150577 » 




L1197289 


log** 






1.2537928 












. 0,3746356 






log cotai^ 1^ . . 


. 0.2274244 














. 9.4312985 


TIm fldnr odoalatlMi. 


lots T 


log (tin — 1) . . 


. 9.4044793 




. 9.5093268 


CompL log « . , 


, 9.9608871 


log X . . . . . 


. 9.6377843 


logX 


. 9.6377843 


CompLlogain^ . 


. 0.2147809 




. 9.7999888 




8.793131)5 




8.7931395 


Flret tevin oi'Jf= 


0.0621009 






log »=s 


0.049 1129 
















7.87336581 




















. L1434671 








18.91448 



24. 

If it hoA been decided to carry out the calculition with hyperbolic log-arithin.'^ 
it is bnei to employ th^ auxiliary quantity J*, wnich will W dotemiuiiil hy aqiM/- 
tion m., and thence If by XI. ; the eemi-parameter win be computed from tbe 
radius vector, or invenely tbe latter from the former by formula YUL; the 

second ptu t ol'.LVcan, if demred, be obtained in two ways, namely, by meain t)f the 
fomiulti by p. lop; tun {A!')" -f- i ^'), "'ifl by this, hyp. log cos i (i» — y) — hyp. log 
000 i (v -f- Mor(;over it m apparent thtit bere where X = 1 the quantity 2f 
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will come out greater in the ratio 1 : than if Brig^s logBiithms were used 
Our example treated according to this method is m follows : — 



log ion } Iff . . . . 


9^318179 








9.2201009 








8.7619188 


|J'=3''18'68'.12 






n.1010188 


















Chyp. log cm } (p — v') 


— 0.01342266 


f tan F= . , , , . 




C. hyp. log coa V' ) 


(i.rJ()509H0 


kyp. log tan (45° -^iF) 


= 0.1130S6GG 


Diflbrence .... 


= 0.H30&Cti4 


J^^^ 


. 0.024J91972 


log 


. 8.4759676 


log* 


, 8.23558141 


Diifercacc .... 


. 7.3321914 






log< 


. L14S4661 






i— 


13.91445 



25. 

For the flolotion of the inverse prohleni, that of determining the true anomaly 
and the radias vector from the time, the auadliarj quantity ti or J* must be first 

deriveil from N—XklT^lhy mojins of oiiuatiou XI. The .solution of this tnuir 
seeTidtmtaL etjuatloa will be perfijmuid by trml, oud mu be tihurteood by deva;c9 
uuulugonB to those we have descnbed in article 11. But we sofifer these to ysiss 
without further explanation ; for it does not seem worth while to elaborate as 
carefully the preoepts for the hyperbolic motion^very rarely perhape to be exhib- 
ited in celestial space, as for the elliptic motion, and besides^ all cases that can 
.potwibly oeenr may he solved hy nnnthcr method to bo given below. A^ftcr- 
wards I* otit will be fuuiul, Lhetioe v by formula ill, and subsequently r will be 
determined either by IL or VHI.; » and r are still more conveniently obtuned 
by means of formulas VI. and YH. ; some one of the remaining fbrmoLu con be 
called into use at pleasure, for verifying the ealoulataon. 
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2a 

Ex am/ik. — I^titainjng fi)r e and I ibe sfuue valuei in the preceding example^ 
let < = 63.41236 : v and r arc required. Usng Briggs'a logaritfaana we haye 

log< 1.8156598 

logX^-rs .... 6.0702758 

VigN 8.7859350, whence 0.06108614. From this H i» 

«etui timt tli@ eqiiattoa = /. e tan # log tan (45** i is satisfied by 
26''24'2T*.66, whence we huvt;^ by formula lit, 

log Uii i i' . . . . ij.i^530120 

log tan iv' • • • • 9.5318179 

logtan^f .... 9.8211941, and thas = 33^31' 29*;89, and 9 = 
67''2'59'.78. Henoe, there foUowi^ 

O.logoo«*(» + v) . 0.21374761 moooo-ro 

Clogcoa* v-y) . 0.0145mf '^'''^ ^-^^^^^ 

logl. . . , . 9.9725868 ^^i^^^' + i^) • ' • «'1»»2280 

bgr OJ2008541. 



27. 

If equ.ailou IT. 18 differentiated, conadeiing v^v^yft^B variable at the same 
time, there resnllf^ 

By differentiating in like manner equation XL, the relation between the 
differential vamtions of the qnantitieB JV^ becomes^ 
AJSr 



or 



AN 
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Hcnci^ climiaating d u by me»ua of the preceding equatiou w« obtain 
dJff 



or 



^«^anv' diV_ (l + £•) . 



2a 

By difteronUatmg equation all the quantities 5 e, u, being regarded 09 
variables^ by rabstitutiug 

and eliuuaatiQg du witk tbe kelp of th» equatbu between diV^ d% d^^ given m 
the pxecediug ariiole, there reeulti, 

d,=Jd«+i*^|^di»rH-5^j(.»+i)dnv-(«_i)sm 

The Qoefficient of dif is trancfonned, by means of equation VIIL, into ; but 
the ooeffideiit of dt^, by sobfltttuting flrom ei^uation JV.^ 

u (ain y — on ») = «in (y — »), ]^ 1 n y + = "™ (V + •')> 
is changed into 

Wy liny ' 

BO that we have 

dr = 5 d J + d y . 

So fiur, moMoyer, as iV ia ooneidered a function of b and we have 

dir=fd<— ijdj, 

whidi value being snbstittited, we shall have dr^and also d«in the preceding 
artide, expreeaed by means of d^, d$, dy. Finally, we have here to repeat our 
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provloiw injuiictiou, that, if tLc varlalloiiH of the iiiigles V and tjf are coiicelvetl to 
be expre^jsed, not in paiia of tlie radius, but iu (-ccoinlti, etther all the tonus coii- 
lainiug dp,df, must be divided by 206264.8, or all the reoiaiiiiag terms must b@ 
nraltiplied by this number. 

29. 

Since the nuxilir^ry (luantltles tp, E, M, employed in the elHpse obf -rj 
imaginar}"- val :< - in ' i<' byperbola, it will not be out of place to investirfnto tth ir 
connection with the real <jnnntiti«js of wLLch we have made use : we add theieiore 
the prindpal telations, in which ure denote by t the imaginary (quantity ^ — L 
1 

gm « = c =^ • 

' cosy 



tan ( 46- - i y ) = y/i^; = .y J=l = i tan * V 
tany k ootian(46*— i y) — 1 tan (45'— i y) =- 



naif 

eoa9=j tan t^j 

y = 90'' -f- i lorr f R,'„ y -|- e«M 9) = 1»0" — i log tan (46° + i y ) 
tan i i7= i tan i = ^^""^^ 
^l^=|ootan|j?-j-|tani^i?= — tcotsai*, 

sia-E=ftani'=ifc:^ 
in 

ootan^=}cotanijP — ItanI ^rrf 

taii^=»ainP^'>i'£^ 

if =s log(ooB^-|-^an J?) = 1og^> 

or 

Jf=»log«^ilog(45«-|- 1 
Jf=f-,rinJP=.'logi»-*^^^i55|^ = — 
The logantbins in these fbrmnlaa are hyperbolia 



or 



or 
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30. 

Since none of the numbers which we tnke out from logaiitiiinic and trigo- 
nometrical tables admit of absolute predaion, but are all to a certain extent 
approxiinate only, the results of all calculations performed by the aid of these 

nuniLere can only be ap]nos!mat(;ly tnie. In most cases. Indeed, the enmmon 
tables vvlucU iucc ta^t to the »iventh place of diHuoials, that is, never deviate 
fiom the truth either in excess or defect beyond half of an unit in the seventh 
figure, fhrnish more than the requisite accuracy, so that the unavoidable errors 
are evidently of no consequence: nevertheless it may happen, that in special 
cases the effect of the errors of the tables 5s so augmenter] that we may be 
obliged to rqi<!ct a method, otherwise tht; best, and tsub.'^titiite another in its phice. 
Coiie^iof thLi klud mui occur iu th(Me cumpututioui: which, vvu have juiit (ixphuucd > 
on which account^ it will not be foreign to our purpose to introduce here some 
inquiries concerning the degree of precision allowed in these computations by 
the common tables. Although this is not the place for a thorough examimtbn 
of this snbjeet, which Is of the greatest Iinportane(! to the practl('4d computer, yet 
W6 will eoudact the iuve^d-igaiiou sufQeleiitly iki' ibi* our own objtse^ fruui which 
point it may be further perfected and extended to other operations by any one 
tequuing it 

31. 

Any logarithm, mne, tangent, etc. whatever, (or, in general, any irrational 
quantity whatever taken from the tables,) is liable to an error which may amount 

to a half unit In tho la.*t figure : we will desi-^nate this limit of error by fu, wliloh 
therefore is in the connnon tables =r 0.00000005. If now, the logarithm, etc, 
caiuiut be taken directly from the tables, but muiit be obtained by means of inter- 
polation, this error may be slightly increased from two causes. Jk the Jlrd place, it is 
usual to take &r the proportional part, when (regarding the last figure aa unity) it 
is not an integer, the next gr< atest or least integer -. and in Ihtsi way, it is ea^y 
perceived, this error may be increased to just within twice its actual amount But 
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we shall paj do attention to this augmentation of the error, ainoe there is no 
objection to our affixing one more than another deoitiial H^are to the propor- 
tional part, and it h very evident that, if the proportional part is cxnot, the hiti-r- 
poTnteil logarithm is not liiil.ilc to a greater error than Uie logflritlmis given 
duectlj ill Lho tables m far indet^il as we authorized to oonsider the chau^Ctt 
in the latter as unifonn. Thence arises amdher increase of the error, that this 
last oaBumption is not rigorously true; but this also we pretermi^^ becauae the 
effect of the second and higher differences (expecially where the superior tables 
compnted by Tm.ftK are u-^cd for trigoiioinotrical functiom) Is evidetrfly of no 
importance, and umy readily be taken into account^ if it ehouid happen to turn 
ont a little too great In all cases, therefore, we will put the mazimuin unavoid- 
able error of the tables ~ a, assuming that the ai^ument (that la, the number the 
logarithm of which, or the angle the sine eto. o'' . ' J Ii, ^ <i ^lii) i.^ given with 
strret awiiracv- B\it if tlie argument Itself i« only approximately known, (aid 
the variation rn' of the Ingarlthin, et(!. ( whioli may be defined by the method of 
diilereiiiiak) guppOfiad to corredpuud tu tiia gji'cat«j»^ eriw to which it is liable, 
then the maximum error of the logarithm, computed by means of the tables can 
amount to w -(- 

Ipvei-scly, If the nrguincmt corresponding to ft given logarithm is computed 
hy the lielp of the fail>les, tlio greatest error i? equal to that dintige in tlie argn- 
tmai which corresponds to the viu-iatiou oi in the logarithm, if the latter is cor- 
rectly ^ven, or to that which corresponds to the variation «» -|- in the loga- 
rithm, if the logarithm can be erroneous to the extent of a>'. It will hardly be 
necessary to remark that t» and ai' must be affected by the same sign. 

If Severn! 'rrnnli'ies, correct within certain limits only- '^y^ added together, 
tbe grcatfi.st errot nf tlis' suni will l)e equal to the sum of the greatest individual 
errors ailected by ttie same algaj whtjrefore, in the subtraction also of quantities 
approximately correct, the greatest error of the diflerence will be equal to the 
sum of the greatest individual errors. In the mnltiplication or diyision of a 
quantity not strictly correct, the majdmum error is increased or diminished in tho 
same ratio as the quantity itsel£ 
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32. 

Let U8 proceed now to the application of these principles to the most useful 

of the operations abovu explained. 

T. If tf aiid £ !ire Hujjposed to be exactly grven in using the forinula YIL, 
article Hot compuliiig (lie true uiiuiualj Irom the (;<;ceniria a^uiiily iii the 
elliptic motioD, then in log t^m (45" — k <^ j and log laa i the error oi may be 
committed, and thus in the difference = log tan i 9, the error 2m ; therefore the 
greatest error in the determination of the angle i v trill be 

3 tu J ^ !' 3ii>i-!ni; 
(1 lo^; tiin ^ L< •» A. ' 

A denatiug the modulus of thts I«>ga('iihmy used in this cakulatiou. The entir, 
therefore, to which the true anomaly v is liable, expressed in seconds, becomes 

200205 = 0".0712 sin v, 

it' Brijjrg's logar'diiri'^ to seven places of docimals arc employed, so that wo may 
he aiitiured uf tiit- vaiae oiv vvithia O'.UT i ii' smiUlcr tablets to live places oniy, are 
used, the error may amount to 7M2. 

n. If s coe .ff is computed by means of logarithms^ an error may be committed 
to the extent of 

T— J 

therefore the quantity 

1 — e&»Ey or I , 

will be liable to the same error. In computing, acoordingly,the logarithm of this 
quantity, the error may amount to (1 4* d) », denoting by 9 the quantify 

\ p 

talicn iK)sitively : the po^ible error in logr goes up to th@ same limit, log a being 
assumed to be correctly given. If the ecoentricit;/ is small, the quantity 9 is 
always confined within narrow limits; but when e differs but little from 1« 
l—ecotiE remains very small as long as ^ is small; consequently, d may 

6 
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increaae to an amount not to be neglected: &r this reason formula 111, article 8, 
is lees BuHable in this casa The qoantitj 6 may be ezjtresaed thus abo^ 

8 (a— r) 3*(wiBP-(-«) 

r ' 1 — «« * 

wLicIi Ibrmula shows (itill looi^e wiieu the error (1 -(-d>) <tf may be neglected. 

IIL In the use of formula X., article 8, for the computation of the true from 
the mean anomaly, the log ^/^ is liable to the error (I -h ^> so the log 
sin 1 9 mskE^ j to that of + ^ ^) w ; hence the greatest poosible error .in the 
detemunation of the angles <r — Eotv\& 

or expressed in aeoonds, if seven plncen of decinials are employed, 

(C.iefi 4- 0".024(f)tan — 

Wh(;n the eccentricitj 19 not (rrcat, and tan \{v — E) will be small quantifies, 
on account of which, thk method admito oT gruater accuracy than Umt which 
we have considered in L: the latter, on the other hand, wQl be preferable 
when the eccentricity is very great and approaches nearly to unity, where 9 and 
tan i (« — E) may acquire very oonuderaUe values. It will always be easy to 
decide, by means of our formulae^ •which of the two methods is to !)e preferred. 

TY. In the determination of the mean anomaly from the eccentric by mearia 
of formula XU., artiule ii, the error uf the qunntlty e .sin E, computed by the help 
of lo|^thm% and therefore of the anomaly itscU^ Jf, may amount to 

X * 

which limit of error is to be multiplied by 206266" if wanted ezprei<.seil in 
seconds. Hence it is readily inferred, that in the inverse problem where i*' is to 
be determined from M by trial, E may be urroueous by the quantity 

^"7°-^ , 206266*=^*''^-. 206265", 

even if the equation E — «wrE=M should be satisfied with aU the accuracy 
which the tables admit 
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Hie true anomalj therefore computed from Che mesa may be incorrect in 
two.wnya, if we oonnder ihe mean as g^ven accarately; first, on acooont of the 
error committed in the computation of >' frum E, which, as we have seen, i» of 

f-liirlit im]iortance ; second, bcciiuse t.lui value of the eccentric anomaly itself may 
be erroneous. The cftect of the latter causae will hp »?xpresiied by the product of 
th@ error committed in £ into wliich product becomes 



if seven places of deintnalB ore used. This error, always small for email values of 
c, may become very krge when e differs butlitti fi n u unity, as is shown by the 
fnlUnvt'TT t.^hlf, which exhibits the maidmiun value of the preceding expreaaou 

for ccrtuiu valueti of e. 



• 


infftihrniTi ^ntn. 


e 


BMsSniiiiiB 9mr> 


• 


imKlHmia <ctw« 


0l90 




0.9i 


1:^.78 


a98 


1>".28 


0.91 


0 .43 


0.0,5 


0 .89 


0.99 


4 J9 


0.92 


0 ..H 


o.ys 


1 .12 


0.999 




0.»3 




0.»7 


1 .50 







v. In the hyperbolic motion, if 9 is determined by means of &rmn1a lEL, 
artide 21, from F and y aocurstely known, the error may amount to 

206265'; 

but if it is eompated by means of the formula 

n vm^ w being known precisely, the hmit of the error will be one third greater, 
that i% 

for seven piace& 

VL If the qoontiiy 



. 206265" = O'.09ain«^ 



Xkt 



is computed by means of formula XI., artiole 22, with the aid of Biigg^s loga- 



rithmfl^ aasunuDg « and ume and ^ to be kiumn ezadJyi the first pfttt will be 
liable to the error 



i5 (mt — 



if it has been computed in the &rm 



or to the error 



if oomputcd iu iho Soxm 



1«<«-1)(«+1) . 
8^ » 



8(illt-|-l)<!m 



11 



or to ihii error S c w tiui J' if computed in the form ). e tan F, providod we neglect 
the error committed hi logl r,r locr ?.. In the first case the error can bo 

cxpieaat-d also by 5 e w tan F, in the second by 77-/" whence it in apparent that 

the itxcoi- is the leas>-t of all in the thii-d case, but will be greater in the first or 

second, accoitlini; as w or ^ >■ 2 or < 2, or iiccording as + 36" 52' or 3C"32'. 

But, in any ctnniif tliu ktscoiud puii of will be liable to ih*t error m. 

TIL On the other brnd, it is evident that if « or i* ia derived from N by 
trial, « would be liable to the error 



or to 



(oi±5*«tanJ')|j:, 



according as the first term iu the value of iV^is Uijed separated iuuj liictors, or into 
terma ; F, however, is liable to the error 

(to + 3 e (II tan F) . 
The upper .signs servo after perihelion, the I j.v. i liofore perihelion. N'ow if 
ia Hub.stituted here for or for the &Qeci of this error appe&ts in 
the deUuiuinatiou of Vy whioh therefore will bo 
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Irr Irr * 

if tilt! aiixiltary q;iantity w has been employed } on the other hand, if F has been 
used, this elfect becutiio.'^, 

If the eiTOr is to be expreamd in aeoonda, it is necessary to apply the iiietor 
206265". It is evident that this crrnr c»rt only be ooneileruble when ^ is a snmll 
angle, or e a little <_"-f^ntfr than 1. The following aie the gmiteHt values of thia 
third expresaioti, ibr certxiiu values of c, if seven places of deuitaak »re employed: 



• 


nuadnuun Mm* 






13 


OM 


1.1 


1 .81 


IM 


S.OS 


1.01 


S4.41 


1^1 


1064 .65 



To this oiTor arising from the erroneous vaUie o\' F or u it is neces'=aiy to 
apply the error determined iu V. in. ord«r to have the total uiicertaiuty of p. 

VllL If the equation XL, article 22, is solved by the ose of hyperbolic loga- 
rithms, J* being employed as an ausiliary quantity, the eflbct of the poesble 
error in this operation in the determination of v, is found by similar reasoning 
to be> 

where by a' we denote the greatest uncertainty in the tables of hyperbolic logar 
ridmis. The second part of tlii^^ expreeidon is identii^tl with the .second part of 
tltf I'Vyireiision gh'en in VII.; hut the liivt part in tlio latter is less than the fifst 
iu the former, in the ratio X : m, that i% in the ratio 1 : 23, if it be adudasible 
to assume that tUu table uf Ursin is everywhere esact to eight figures, or 

0.000000006. 
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33. 

Tlie methods above ti^ated, both hs the deteruiia&tioa of iLe true iuiotimlv 
£rom the time and for the detemuiuitioii of the time from the trae anomaly,* do 
not admit of all the jpreoifflon that might be requited in those conic sections of 
which the eccentricity differs but little from unity, that ia, in eUipaes and hyper- 
bo1{ts which npproaoh very near to the parabola; indeed, otiavoid^ble enrons^ 
inareaang the orbit tends to resemble the parabola, may at length exceed all 
limits. Larger tables, constructed to more than seven figures would tuidoubtcdiy 
diminish this uncertiunty, but they would not remove it, nor would they prevent 
itf; surpassing all limits as soon as the orbit approached too near the parabola. 
Moreover, the nKitliods given nljove become in this rf!«o vory troublesome, since a 
part of thetn require the use of indirect trials frequently repeated, of Vih'ch 
the tediouisness in even greater if wo woris. with th« larger tiJblcB. It ceiuiiuiy, 
therefore, will not be eiuperiluoua^ to famish a peculiar method by means of 
which the uncertainty in this ease may be avoided, and sufficient precision may 
be obtained with the help of tlie common tables. 

34 

The common metliod, ))y which it is ut^ual to i c iucdy tho&o iucouveDieucej^ 
rests upon the following principles. In the ellipM:: or hyperbola of which e is the 
eooentricity,^ the semi-par Euneter, and therefore the perihelion distance 

let the true anomnly v correspond lo the time f after thi po'-iheliooi in tbe 
parabola of which the somi-parameter = 2 or the perihelio!) distanoe = hit 
the true anomaly w correspond to the same time, supposing in each case the 
mass |w to be either neglected or equal It is evident that we then have 



♦Skwe tl)<s liiuc coatRnis Ok hebattt^cr J*, the grater Ae -ndoM of «=— £— , or b= —E. 

1—99 

die more the arm in Mm iVwill be ioonwed. 
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J H + f fo> vy ■ ( I — 'w «')- 
the iotegrals coiumeacing from r = 0 and iv — 0, or 

Denoting ^7 "> ^ ^^^7 &nner integral is fbund to be 

^( (1 + «). -{- J ( 1 — 2 « ) — j J ' (3 « — S«o) 4- f d^Stt « — 4 o') — etc) , 

t\w Utter, tuii iw-^ i Uxv? i w. JB'iom this equatiou it is easy to dctcruiiuc w 
by a and v, and also « by « and » by means of infinite series : instead of a nmy 
be introduced, if preferred, 

l^ce evidently for « = 0, or s 0, we have v = v, these series will have the 
following form : — 

«r = « + tft^ + <»i>tf" + r t'"' I- etc. 

r = w 4- (? )/ 4- <^ 4- 'Vv/" 4- ("tr, 
where t^, v", etc, will be fmictiojis of c, and w', iv \ w". functiuns of When 
d is a very small q^uiuitityttliei>e serit^s eoiivcrgo rapk<jly, aad few turmii suiEcti fur 
the determination of w from tr, or of v from ». t is derived from w, or tc from t, 
by the method we have escplamed above fi)r the parabolic motion. 

35. 

Our BissEL has developed tlic analyticnl expressions of the three first coeffi* 
cients of tlie second series and at the snnio time 'in« ndded n table con- 

aitruoted with a eiiigle argumeut xr for the nuinericul vulues ol' the twolitisti/ 
and a/', {Vvn Zaeh Mmat^ehe Cbrretpotuhm, voL XII., p, ID 7). A table for the 
first coefficient i/, computed by Sumioi^ was already in existence, and was 
annexed to the work of the illastrions OtDEia above commended. By the use 
of (Ills method, with the hel|» of Bbsssl's taLle, it Is possible in mot<t ciises to 
determine the true anomaly from the time with enlTr - rnt r rccision; what remains 
to be desiired i&duc&d to nearly the followiug purticuiuiti : — 
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I. In the mvecBe jtroblem, the determination of the time, that ia, from the 
true taumuly, it is requisite to have recourse to a somewhat indirect method, and 
to derive w from v by trial. In order to meet this incoTiToniencc; tli. first seriea 
should be treated in ihe snm<? manner a." the swont! : and sinc<; it mny lie readily 
perceived that — f ' is tlio siimo funetioti of v m 0 of te, m tbat ibe table totv/ 
might answer ibr the t»igu oul^ beiug changed, nothing more is required tiiau 
a table for by which either problem may be solved with equal precision. 

Bometime& uiirloubtedly, casee may occur, where the eccentricity diflfbrs but 
llltl*? from unity, i^uch Hint tlie general luelhods above cxplainofT may »of ap])t'af 
to viMttd flut&cieut precinioti, uot enough at least, to allow the eilect of the tbii<d 
and higher powena of d in the peenliar method just sketched out, to be safely 
neglected. Cases of this kind are poeable in the hyperbolic motion eapeoally, in 
which, whether the former methods are cho«en or the latter one^ an error of 
several seconds is inevitable^ if the common tables constructed to seven places of 
figures only, arc employed. Althongh, in truth, swch cases* rarely occur in prac- 
tice, somothing miglit a^peajr to be wanting i^' it weru nut pumbl^ in aU tui^ to 
determine the true anomaly within CM, or at least 0''.2, without consulting the 
larger table% which would require a reference to books of the rarer sort We 
hop^ therefore, that it will not s^'cm wholly jivipcrfliiouH to proceed to the exposi- 
tion of r> peculiar method, which wo have long had in use, anr! wliif'h v,i1l nlso 
iiutnmeud liaalS uu ihm accuaut, that it i^i not limited to eccentrioitiea dilTcring but 
little from unity, bat in this respect admitii of general application. 

36. 

Before we proceed to explain this method, it will be proper to observe that 
the uncertainty of the general methods given above in orbits approaching the 
foi nt of the paTabol% eea.se.s of itself when JB oat F increase to oonmderable mag- 
nit ml (\ w lircb ini^eed can take place only in large distances firom the sun. To 
tiiiow wbitih, we give to 

^^4^. 206265", 

the greatest possible error in tiie ellipse, which we find in article S2, IV, the 
toUowiug form, 
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;ii-TeL*igy^ - 206266''; 



X{1 

from vbioh is evident of itself that the error is always ctrcamscribed within 

nftFTOW limtts -when E acquires considerable value, or when cos E recedes ftirther" 
trcm, unity, however great the occcutricitj may be. Thi^s will a|>pear still more 
distinctly firom the following table, in which we have computed the greatest 
nmnerioal' value of that formula for certain ^ven values of J£y for seven decimal 

plftOflli 

E= W maaamum error = 

20 0 .76 

30 0 .31 

40 0 .19 

60 0 .12 

60 0 .08 

Hie same thing takes place in the hyperbola, as is immediately apparent^ if the 
ei^reeaion obtained in article 32, VIT., is put into this form, 



m^lficf»F+S,^F)^S* ,_ - l ) 206266-. 



The following table exhibits the greatest values of this expreeslon for certain 
given values of 



r 






10» 




0J888 


8^.88 


90 


1.428 


0.700 


1.88 


80 


1.73S 


0.577 


0.47 


40 


2.144 


0.486 


0.22 


AO 


2.747 


0.884 


0.11 


«0 


8.7SS 


0.288 


.0.08 


70 


5.871 


0J76 


0.02 



When, therefore, 11 or F exceeds 40' ur 60" (whieh nevertheless doe& uot eerily 
occur in orbits differing but little from the parabola, because heavenly bodies 
moving in saoh orbits at such great distances from the son are for tlie most part 
withdrawn from our nght) there will be no reaaon for foiaaking the general 
method. Vor the rest, in snob a case even the eeries which we treated in aitide 

6 
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34 might converge too dowlj; and therefore it is by do means to n m u iI il 
as ft defect of ttic method about to bo expTained, tliat il !■» tipecially adapted 
tu tboi»e oases in which Eot F has not yet iwjreased beyond modemte valuea 

37. 

Let us resome in the elliptio motion the equation between the ecoentric 
anomaly and the time, 

i?-*sini?=*^>f<l±C>, 

where we suppom £ to be expressed lu partu of tUe radiu& IlcuccfbitU, we 
shall leave out the &ctor y (1 -[-^); if a case should ocour where it is worth 
while to take it into aoconnt, the symbol i would not express the time itself after 
perihelion, but this time multiplied by V ( 1 -l~ ^® dedguato in future by q the 
perihelion distance, and In tlio place of E and an F', \vu introduoe the quantities 

i?— ami; and E—^{E— sin E) = E-^^muE: 

the cai Lful reudor wHl readily perc-cive from what follows, oar reason for selecting 
particularly these expre^tdons. In this way our equation assmnes the following 
form: — 

As long as J? is regarded as a quantity of the first order, 

^E-^^tmE—E — ^E'^^^^E'^isUs. 

will be a quantity of the first order, while - 

^— sm Jf= 4- JS*— etc., 

win be a quantity of the third order. Putting, therefore, 

4 ,1 ^ t'^ _ _i_ eto. 
will he a, quantity oi the neeond order, aud 

B=l-{-^^E*-.etc 
will differ from uaity by a quantity of the fourth order. But hence onr equation 
becomes 
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By means of the common trigoaoniotncal tablu«i, /^ i^-f'^^ may ha miA' 
put6d with suffident accuracy, but not E — sin i? when ^ is a smal] angle; in this 
tray therefore it would not be possible to determine correctly enough the quan- 
tities .1 and B. A remedy for this difficulty would be furnished by an appro- 

Jjl'iate t*ililp, from whlrh v.-r r'^iilil take out with the argument- F, fi^Ticr B or the 
logtiritliiti of B ; the nicuuH ucco^-<;u-y to the constrnctton oi such a table will 
reiuHly prtiiicut tLtimj3£lve:i to aay oue cveu moderately vciscd iu auolysk Ey 
the aid of the equation 

20 B — T 

^ A ciui be (lotcrniiiUMl, and hence t by foruuila [1] with all dcsimbU' priMiision. 

The ibllowiug k a ^pedmuu ui* suuk a tablu, which will show the Blow iuvraunb 
of log^; it would be superfluous to take the trouble to extend this table, for 
further on we are about to describe tables of a much more convenient form. 

















OjOOOOOOO 


25" 


0.0000168 


SO* 




5 


00 


SO 


0349 


S6 


8910 


10 


04 


S6 


064S 


60 


3526 


U 


22 


40 


1099 






•20 


CD 


•li' 


1768 







38. 

It will not be nsclesB to illustrate by an example what has been ^veu in the 

proi'i'ding article. Lot tlie proposed true anomaly = 100% the t-cccntricitj 
= 0.96764567, log ; = 9.7656500. The followmg is the calculation tor JS, B, 
A, and t: — 

log tiiu * » O.OVGISCS 

l**S\'rT^ ..... 0.1079027 

log tiui J i? 9.1841T92, whence i ^= 8« iVir^2, and 
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17° 22' 38^/4. To tWs value of i7 corroHporids lo^' D = 0.0000010 ; in!xt h foand 
ill parts uf the raaiusi,^;^!: 0.3032928, siaiS'^ 0.208G043. whci^ce ^E-^-^wclE 
= 0.1^141i>0, the Ic^aiittuii of which ^ d.lS01G8d, aud so log 9.1801649. 
Theoce is derived, by means of fi>riiuila [1} of the preoeding artiole, 

logj^^^ . . . 2.4589614 log'"^; T±L>(jX.y . , , 3.7601038 

logil* 9.1801849 log 4* Y.6404947 

log43S6386r= . . L6391263 log 19.98014= 1.300S985. 

19.98014 

63.54400 = 

If the same example is treated according to the common mctliofl, c m\ E m 
seoonda ia found — 59610 .70 = 16 S3'30'.79, whence the mean oaomaly = 
49'7''.85 = 3947':86w Aud hence from 

log * (i^)* = 1.6664302 

ia derived i = 63.64410. The difibrenoe, which i» here only iTirr ^^7* 
might, by the errors concurring, eauly come out three or four limes greater. 
Tt h furthcT ev' that with the help of ?ach a table fdr 1 op;- 77 even the inverse 
pvobleiu cau be solved with all accuracy, M being defctiruiined by repeated ti:ial% 
so that the value of i calculated from it way agree with the propoeed value. 
But thia operation would be very troublesome: on account of wluch, we will now 
ghuw liow an auxilinry i ili!' may be much more (-(jnveniently arranged, indefinite 
trials be altogether avoided, and tlio \v\vA(- i-nlcubitinn reduced to a nnmencal 
operation iu the highest degree ucot and c^pudiiluu^ which meeiUii to leave 
uotkiiig to he dcsir«sJ. 

3a 

It i!< obviouH that almost one half the labor whii h thMf^e trials would reqaire^ 
eould be saved, if there were a table so arranged that log />' could be inunr'ili- 
ately taken out with the argimitnt 1. Tl'iee oj)erations would then ii ii.niii; 
\h.it iuYt indirect, namoly, the dciernunacion ot A m sua Ui satii^y the et^uatiou 
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[1], article 37 ; the second, the determination of H from A and B, which vaxj be 
done direcily, either by means of the equation 

or by this, 

tiie third, tlie «ietoitaiua.tian of v kom M by m@iui« of uq^uatbn VH., article S. 
The first operatbn^we will bring to an ea«iy calouUtion firee from vague triahi ; 
the Beoond and tbird^we will really abridge into one, by inserting a new quantity 
C in our table by whloh means wo shall have no need of E, and at the same 
time we ><ljun obtain nn eloguat and convenient formula for the radius vector. 
Ench of these snhjcclH we will follow out in its proper order. 

h^'iiAi, wo will chaugii tUo iasm of equation [Ij m that tUo Barkenaa table 
may be used in the solution of it For this purpose we will put 

from which comes? 

denoting by a the coniataut 

If therefore B should be known, v> oould be Immediately taken from the Barkerian 
table containing the true anomaly to which answers the mean motion A will 
be deduced from « by means of the formula 

A — § tan' k V, 

denoting the constant 

Now. iilthough B may be finally kno\^Tt tVoni A by means of our anziliary table, 
nevertholess it o;»n be fbreseen, owing \n its '^jflTeriTig so litflo from unity, that if 
the diviaor B were wholly neglected £i-om the beginning, w and A would be 
affected witii a slight error only. Therefore, we will first determine roughly w 
and Af patting B=\\ with the approximate value of il,we will find B in our 
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auxiliary table, with wUch we uriU repeat more eicactly the same calculation } 
mosi frequently^ prodsely the aame value of B that had been found firom the 
ai>proxiniate vflliie of il will coireepond to the toIuc of J thus corrected, ^-o tliat a 
pffortJ n'pl^t^t^oIl of tlio opftmtion would be superfluouB, those casee eicoepted in 
which the value of £ may have be«u very oou8iderabl& 

Elnally, it is hardly necessary to observe thai^ if the approximate value of B 
should in any other way whatever be known firom the beginning, (which may 
always ooour, when of several places to be computed, not very distant from eaoh 
other, some few arc already obtained,) it is better to make use of {Iw at once in 
the fin-t appToxiinatio7i : in this manner the expert compntcr will very ofUni not 
have o<M»uitoa for eveu a siuglo repetition. We havt; lurived at thi^ mosjt r^pid 
approzimation from the fact that B differs from umty,onIy by a difCerenoe of the 
fourth order, and is multiplied by a very smaU numerical coefficient, which advan- 
tage, as will now be perceived, was secured by tlie introduction of the quantities 
E — sin J', •ffE-\-'^a!iiEyyn the place of and sin JEl 



40. 

Since, tot the thkd operatiou, Lbat tiio detenuiuauou of the u ue auomaly, 
the angle E is not required, but the tan i 1^ only, or rather the log tan k E, that 
operation eoidd be conveniently joined with the second, provided our table sup- 
plied directiy the logarithm of the quantity 

which differs from unity by a quantity of the second order. We have preferred, 
however, to arrange our table in a somewhat difibrent manner, by which, not- 
withstanding til© small extension, wc have <jl.t4utii-M.l a much more convenient 
interpolation. By writing, for the sake of brevity, T instead of the tan' j the 
value of il, ffy^n iu artide Ii7, 

is easily changed to 
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m which the law of progreaaion Is ohvioua Hence is deduced, hj the inyemon 
of the series 

^=l-|J + ^hil«+^il»+,i||H4*+,^V^A» + etc 
Putting therefore, 

C Trill be a quantity of the fourth order, which being included in oar table, we 
oan peaa directly to v team A by means of the formula, 

dcautiiig by f the oaustttut 

/ g + Bg 
Vl + »«' 

Tn this way we gain nt tlio same tune a very convenient computation for the 
radius yeotor. it bocomes, in fact, (articio 8, VI.), 

41. 

Nothing now remains but to reduce the inverse problem also, that is^ the 

clelermiiuition of iLe (ime from (lie true anoinalj; to a tun-r. rxptiditlous fijnii of 
compntatiun : for thin pnrpose we have iulcled to our table u uew column for T. 
T, tliere&re, will be computed first lixjui v by means of the formula 

r=J^tan^i*; 

then A and log A' are tnkon fVon our tabic witli tlio argument T. or, (which i/B 
more acvumU!^ uiid even more couveaitfiit also), (7 and log.^, md huucc ^ by 
the formula 

^— i + ir ' 

finally / is derived from A and i? by formula [1], articio S7. If it is desired to 
call iuto use the Boikcriaa tuhla kere al&o, which howevur iu this iuvci-sc problem 
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has less efkct m fitdliteting the cslcolation, it is not necessuy to paj my regard 
to A, but we have at once 

and henoe the lime by multiplying the mean motion corresponding to the true 
anomaly, », in the Barkerian table, by—. 

42. 

We have eonatracted with suffident iulnem a table, such as we have just 

described, and have a<:lded it to this work, (Table T.). Only ihc first jiart {lortutns 
to the eUip.se; we will explain, further on, the other part, whicli inchides the 
Lyp&ibolic motiuu. The argumeut of the tabk, which i^i iha ^uatttitj ^1, prucuedti 
by single thouaandths firom 0 to 0.300; the log £ and O follow, which quantities 
it must be understood are given in ten milUontha, or to seven places of decimale^ 
the ciphers preceding the significant figures heaug suppre^ed ; histl y, the fourth 
colutnti gives the qimntity T etimputed first to five, then to six figures, which 
degree uf wuammiy is quite sufficient, aiuoe ihia column is only need&d to get the 
values of log B and 0 corresponding to the argument T, whenever Ms to be 
determined from v by the precept of the preceding article. As the inverse prob- 
lem which is much more firequently employed, that is, the determination of v and 
r tvow. t solved fiUxigethcr without the help of T, we have preferred (he quan- 
tity A lor the argument of our table rather thiin T, which would otherwise have 
been au almost equally buiiahle aiguumut, ami would evijn have &icilitated a htU^ 
the construction of the table. It will not be unnecessary to mention, that all the 
numbers of the table have been calculated from the beginning to ten places, and 
that, therefore, the mmn places of figures wliicb we give can be safely relied upon; 
but we cannot dwell h<?ro upon the ansUytlcal methods used lor this work, by a 
lull tiXplauatioQ of wiiich we abould be too much diverted from onr plan. 
Unally, the extent of the table is abundantly suUicitiut iur all catic^ in which it 
is advantageous to pursue the method just eaqtlained, iduce beyond the limit 
A = ^.Zy to which answers T= 0.392374, or E=fii''T, we may, as has been 
shown before^ conveniently dispense with aztifidal methods. 
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We add, for tbe better illustration of the preceding inveettgatioiui, an example 
of the complete onloulatlon for the true uuotualy and radliiB veclur frain ilie t^uie, 
far whit'h purpose we "wWl losuiue the luitiibeib in ai lkle 38. We put. then e 
0/.H;;74ofi7, log // 9.76565(i(>, f— (;:5.o44oo, whoneo, wc first derive the comitants 
log a = U.Uji0523o7, log ^ ^ &2^^I7^04, log y =. U.002S7ua. 

Henoe we have log a / = 2.1083102, to which corresponda in Barker^s table 
the approxiinate value of «r= 99" 6' whence is obtained 0.022926, and from 
our table log .9 s: 0.0000040. Hence, the correct argument with which Barker's 

table most be entered, becomes log ^ =: 2.1083062, to which answers w = 99° 6' 



13'M4 ; after this^ the subsequent calculation is as £)1Iowb : — 

log tan* I w . . . 0.1886934 log tan 0.0692967 

log/? 8.221 73C-i logy . . 0.0028755 

logJ P rro 5298 i Comp.log(l— I il+ C) . 0.0040143 

ii= o.i>2L>vi2()0S log tao } jr 0.0761 fi65 

hence log £ in the same oiaauex aa before ; iv= oCO'O^ 

0= . 0.0000242 V— 100 0 0 

l — iA-\-0= . 0.9816833 logf 9.7666600 

l + . 1.0046094 2Comp.logcos|>' . . . 0.M838G50 

logH— i.lfC). . . . e.<)<ilfl714 

C.log|14-^jl + <7). . . 9.0980028 

logr 0.13948D2 



If the factor B had been whollv neglected in tl calculation, the true anomaly 
wwiJil h*vc cooie out aiieeted with a very sli^t error (iu &kc&^) of U"J. onljjr. 

44. 

It will be in our power to despatch the hyperbolic motion the more briefly, 
because it is to be treated in a manner precisely analogous to that which we 
have thus far expounded ibr the elliptio motion. 

7 
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We present the equation between the time t and the MudUury (pautlt^' u in 
the foUowiog form : — 

(— + A log") -r(xV+ A e) (i i« -l)-log«)=*<(^)* 

in which the logarithms are bypurbolic, and 

is a quantity of the flfst order, 

a qaantity of the third order, when log« may be conaidered as a small qnantily 
of the first order. Putting^ therefbre, 

«(»(«-:)-iog«) , A(»-;)+Al«g<' „ 
A(.-i)+Ai=«.^ ' ^ ' 

A will be a quantity of the second order, but B will differ from unity by a differ* 
ence of the fourth order. Our equation will then assume the following form: — 

i?(2(,-l)4*+A(l + 9*)4»)=«(i=i)' [2] 

which is entirely analogous to equation [1] of article 87. Putting moreover, 

T will Lti a quantity o( the »Qcond order, and by the metliod of iiiliiut«i tieries 
will be found 

Wherefbre,putting 

^ wUl be a qtiaatify of the fourth order, and 

finally, for the radius vector, there readily follows from equation YH:, article 21, 



Sbci. 1.] 



TO POSITIOM IN THIi ORBIT. 



61 



4S. 

The latter part of the table annexed to this work belongs as we have remarked 
above, to the hyperbolic motion, ami gives for the iiiv-' uur nt A (common to both 
pavt*i of iho tiible), the lojriiritliin of B iiiid the quantity C to sereti places of 
Ucciuiul.-<, (the pi-eeeding ciphers being omitted), and the quantitjr 2' to five and 
afterwards to ox figures. The latter part U extended in the same manner aa 
the former to il = 0.800, oorresponding to which is 7=0.241207, »= 2.980, 
or = 0.341, J'=±&2°19'; to extend it further would have been saperfluoas^ 
(article 36). 

The following is the avriingCTncnt of tlie calcnlation.not only Ibr the dotermi- 
nation of the time ii-om tk^ true anomaiy, but tor the determintitiun gf the true 
anomaly from the time. In the former problem, T will be got by means of the 
formula 

with 7' our table will ^ve log B and C, whence wHl follow 

finnlly t is then found from the formula [2] of the prece3hig nrtida In the last 
pii>bleia,wiU fii»t b& oomputod, the logarithms of tk« coiuitaats 

a — _^ 

A will then be determined from t exactly in the same maimer as in the elliptio 
motion, eo t\i.\* 'n fi f th<> true anomaly w may oorreepond in Bariser's table to 
the mean motion ^,attd that we may have 

A — ji tan- i tg 5 

the approximate value of ^ will be of course first obtained, the factor B bdng 
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either neglected, or, if the means are at hand, being estimated; our table will 
then furalBh the approximate value of JB, with which the work wHI be repeated ; 
the new value of B roBuliiDg in thia manner will acarody ever aofler aenaible cop- 

reetion, fnvl t1in« » «f>oon(1 ropatition of the calouhitum will not he neecf^rj. O 
will be taken Irom tliu Uhh with the corrected value of A, which beiug done we 
shall have, 

From tLk it in evident, th^t no difibreuco cuu be perceived beivveeu. iho roruaulsui 
for elliptic and hyperbolic motionsy provided that we conader /), Af and 2^ in the 
hyperbolic motion aa negative qaantitie& 

46. 

It will not be unprofitable to elucidate the hypobollc motion also by some 
t^jkauiples, §01 which purpoa« we will resume the numbers in articles 23, 26. 

I. The data are d = 1.2618820, log; = 0.0201667, p=^W5V(f: i ia 
required. We have 

2 log tan . . . . 8.4402018 log 5". .... 7.50:^8;^7o 

log?=i 9.06S6357 • • 0.0000002 

_..!±i C.log(l— IT) . 0.0011099 

T— 0.0OS18OS4 * 

log 2?— . . * . , O.'HiOndOT 
C=z ..... 0.0000005 • 

logfT^ . ♦ . 2.3866444 log^^^t^)*. . . 2.8843682 

log^* 8.7524738 logil* 6.2574214 

log 13.77684= . . US9U82 log 0.188606= 9.1417796. 

0.18861 

13.91446—/. 

n. « and g rmmmmg aa befiure, there is given 65.41236; p and r are 
required. We find the logarithois of the oonstanta, 
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log/J=:0.02olG19 
logf— !).9S(l7(i4fi. 

Mext w« liave log a^==;1..79l4y43, wLeiice hy Bmker's table the npproxiinnto 
value of »=70''5r44", and benoe A = 0.052983. To tUis ^1 m our table 
answers logi? = 0.0000207; llfom whioh, log ^' — 1.7914786, and the corrected 

value of w= 70°8r86''.86. The remsiuing operations of the calculation are as 
follows: — 

log tan ^ . . . . 9.8494699 

log y 9.9807C4G 

i€.log(14-|.A+e?) . 9.0909602 



2 log tan }w . . . 9.6989898 
log ^ 9.0251649 



logil. . . . 

^— . . . . 
log B as beibre, 

l + 4^+<7= 



8.7241047 
0.05297911 



0.0001252 
1.0425085 
a9895294 



log tan it' 118211947 

iv= ... ss'srao'.oa 

0 ^ ... 67 3 0 .04 

log; 0.0201657 

2 Clog cos I « . . . . 0.1680378 
\og{l^fA~{-0} . . 0,0180796 
C.log(l — . . 0,0046713 



}ogr 0.2008544 

Iboee -which we fonnd above (article 26), = G7''2'o9".78, log 0.2(108541, 
are leas exuot, «ud v «bould properly have £etiult«Ml — G7^'3'U".0O, viriiii which 
asBomed value^the value of t had been computed hy means of the larger table& 
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47. 

In ihti fimt ti^ctiou, ibe tnotiou of hoa.v6iily bodies in ihoii- orbits is tix^ntcd 
without regard to the poeition of these orbits in spitoe. For determining this 
positioD, by which the relation of the plaeea of the heavenly body to any other 
pr)int of .«]).ici> rnn be amigaed, there ie manifestly required, not only the poaition 
of tlif i>laiio in wliuTi tTif oiLIt lir-s willi rcrorcneo to a cort;xiii known plane {ws, 
tor 6X«.uipl«:, tlie plane of the orbit of the «ai'tb, tho ecli^Uc^ but uko the position 
of the apadeB in that plane. Since these things may be referred, most advanta- 
geously, to spherical trigonometry, we oonccive a spherical surface described 
witli an arbitrary radius, about the sun as a centre, on which any plane pastiing 
tliioii"li fhf HUH will mark a great circle, and any riglit line oirtiwii from (he 
flun, u. point For pianos and right lines not pan^iug tbiough tb» *»un, we dmw 
through the snn porallul pkucs and right lluuii, aad we conceive the great cirdeB 
and points in the surface of the sphere cooresponding to the latter to represent 
the former. The iq;»here may also be supposed to be described with a radius 
iii^niiely great, in which pai-allel planes, and also parallel right lines, are repre- 
senled in the same niatn'.er 

Elsuiept, tberetbre, tiie plane oi° the orbit coincide with the plane of the ecliptic, 
the great circles correeponding to those planes (which we will simply call the orbit 
nnd the ecliptic) out each other in two points^ which are called nodet; in one of 
these nodes, the body, mm from the >«un; will pass from the southern, through tlie 
ppHptic, to the northern hemisphere, in the other, it will return from the laftci to 
the former; the former is t^led the taemHa^, the latter the desemdiag node. Wo 
(M) 
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fix tlie poeitioDS of the nodes in the ecliptic by means of tbcir diatimce from the 
mean venial equinox {hnffihtde) counted in the order of the dgna. Let, in fig. 1, 

0 ^10 tilt' aficending tioiIo, .1 Q /> part of the ecliptic, C8i> part of the orbit; 
let iLti motions of (be m.nki aud of the beaveiii^ Uxlj bo in tli& diieciiom from A 
towards j? and from C towards it is evident that the spherical angle which 8 D 
makes with Q B can inoreoae from 0 to 180% but not beyond, without 8 ceasing 
to be the nsccD(lin<:; node: this angle we call the weUmttm of ike orbit to tlic! 
ecliptic. The situation of tbe plane of the orbit belnjjf <letemuneil by tlie lungl- 
tiule of the nolc an-i the inclinntioa of the orbit, nothiuj-f further i.'^ wanted 
^Qn^l ihe distance of the peuheiioa ll'om the a^jcciuliug nude, which we reckon 
in the direction of the motion, and therefore regard it as negative, or between 
180° and 360*, whenever the perihelion is eouth of the ecliptic. The following 
expre^'^ionH are yet to he obeerved, The longitude of any point whatever in 
the circle of the orbit h eouTrtcd from that point, whicli is distant Jnst «o fiur back 
from the ascending uod« in tlie orbit as the verual e<|uiuox m hmk £tma the same 
point m the ecliptic: hence, the hngUude of the peHJuUon will be the sum of the 
longitude of the node asd the distance of the perihelion from the node; also, the 
imte bt^fitude m orbit of the body will be the sum of the true anomaly and the 
lonf^itude of the periliellon. La.sfly, the Huui of the mean anomaly and longitude 
of the perihelion is chilled the imm kn^f^wk: this last expreauon can evidently 
only ooour in elliptic orbita 

48. 

In order, therefore, to be able to asngn the place of a heavenly body in space 

for any moment of time, tlio followinj^ things must be known. 

I. The mean longitude for any moment of time taken at will, which is e:dled 
the qmA: 6omauiai:i> the longitude it^itilf in deMguu.tcd by the same name. For 
the most part, the be^nning of eome year is selected for the epoch, namely, noon 
of January 1 in the biasextile year, or noon of December 31 preceding, in the 
common year. 

II. 1'hc> moan motion in » eertnin intcn^al of time, for example, in one mean 
eoiar day, or hi 365, 36di, or 36326 daya 
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m. The aemkudft m^'or, whioh indeed might be omitted when the mass of 
tiie body i« known or can be neglected, educe ii 1^ ..heady given by tlie mean 
motion, (article 7); both, nerertheles^ are usually given &r the sake of con- 
venienca 

IV. Eooentrioity. V. Longptnde of the perihelion. VL Longitude of the 
ascending node. VIL Inclination of the orbit 

Theae seven things are called the ekmentg of the motion of the body. 

In the parabola and hyperbola, the time of passage through the perihelion 
mn-osi 111 pliioe of the flfst clcmonf; instcarl of TT.. are given what in these 
^pcM'lus of oouic sactiou^ are aaalogouH to the uii^au duily luotiou, {em article 
ID i in the hyperbolic motion the quantity X kS~^, article 23). In the hyperbola, 
the remaimug elements may he retained the same, but in the parabola, irhere 
the major axis is infinite and the eooenkicity = 1, the perihelion distance alone 
will be given in place of the elements III. and IT. 

40. 

According to the common mode ol' speaking, the inclination of the orbil, 
which we oouut fi-oiu U tu XSO", is ualy axtuuded to 90% juitl if the augl^ tunde 
by the orbit with the arc fi J? exceeds a right angle, the angle of the orbit with 
the arc Q which w its ooraplemeot to 180*, is regarded as the in<^ination of 
the orbit; in this caae then it will be necessary to add that the motion iBrefrwfrade 
((IS If, in onr fiij^n-c, J? J2 'iintili? r^prraont a pnrt of the orbit), in orcTrv tbnt it 
iuay be distinguished trom the other case where tlie motion is oitUed d^-eci. The 
longitude in orbit is then usually so reckoned that in Q it may agree with the 
longitude of this point in the ediptiO; but thormte in the direction Q F; the initial 
point, therefore, from whic]\ lon^todes are counted contrary to the order of 
motiori in the direction qF, is just fso far dliitiinl from Si, as tlie vernul oijiuno.x 
lix>m the same <1 in the direction Q A. Wherefore, in this cast; the longitude of 
the perihelion wiii dc thii longitude of the node diminished by Uia distance of 
the perihelion from the node. In this way either fbnn of ezpre«aon is eamly con- 
verted into the other, but we have preferred our own, for the reason that we 
might do away with the distinction between the direct and retrograde motion^ 
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and use Always the same formulas &r both, while the common fbnn may fire- 
quently require doable preoeptsi 

SO. 

The most simple method of determining the position, with respect to the 

ocliptie, of any point, whfttever on the snrfuce of the celestial sphere is by means 
or iici ilii^kuice horn the ecliptic {MUmk), md the distance from the equinox of 
the point at which the ecliptic is out by a perpendicular let fall upon it, {htuf^ 
tude). The latitude, counted both ways irom the ediptic up to 90**, is regarded as 
positive in tlie iiorUu^m hemisphere, and as negative in the southern. Let the 
longluule /., and the InHtmlo fi, correspond to tljo lioliocontric place of a colcstial 
bgdy, th»t i»t U> tiic prujoctiou upun Uie c&leiUal sphere oi' m rigbt lioc drawn 
from the sun to the body ; let, also, u be the distance of the heliooentric place 
from the ascending node (which is called the argumad tf the laHfude), i be the 
inclination of the orbit, the longitude of the ascending node; there will exist 
between i, u, (), k — 8, whieh quantities will be part.-^ of a riglit-iuiglcfi spherical 
triauglei, the loiiowiug relations, which, it is easily shown, hold good without any 
restriction: — 

I. tan(X — Q) = co6ttau «i 

IL tan/) = tan»ain(l — Q) 

UI. nn/) = aintnn» 

IV. cos « = cos/) cos (I — 0). 

When the quantities t and tt are given, X — Q will he determined from them by 
means of equation I., and aflerwards j3 by IT. or by III., if does not approach 

too nc'Jir 1o 90* ; fornuiln TV. can he n^t'^l pleoj^iire for ('OiifirmIi)>r rlip i-nl- 
cuktion, Jb'ormuks 1. and IV. show, moreover, tiiat i — Q ajid « alwajs lie in 
the same quadrant when « is between 0** and 90°; X — 8 and 860* — «, on the 
other hand, will belong to tho same quadrant when i is between 90° and 180% or, 
accordhii!' to the wramoa usageiwhen the motion retrograde: hence the ambi- 
guity whicli reiaaiiis: in the (k'terminatioti of X — Q by m^"* of the tongeut 
according to tbrmuia J., is readily roinoved. 

S 
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The ibUoiving formulas are easily deduced from the combination of the pre< 
ceding: — 

Y. an (?< — J. -J- 8 ) = 2 J f* rfn n eo,* (X — Q) 
VL mx{u — i.-^ U )=. tail i i ji co» {k — Q) 
VIL sin(« — S)=tan^ttan/toofl« 
Vni. »in(» + l— fi) = 2co^ J»«n»coB(X— 0) 
IX. 8ia(«-{-il — Q] = ootaD It sin/} 008(9. — Q) 

X. «in(«-|-X — 0) = ootani*tan|?co!!»/. 

Thp angle n — ^ -f- S , vrhm t is Ins.* f Imn IH?". nr f -i- ) — Q , when t Is more 
tlum 90% colled, ncconLmg to cotamou usage, the raludion lo iha us, ia &ict, 

the dififerenice between the heliocentric longitude X and the longitude in orbtt, 
which last is by the former usage (2 +«i by ours Q ~(- tc When ilte inclination 
is small or differs but litUo IVom 1S0'\ tl>c ?amc reduction may bo regarded as a 
qniiiitity of llio Hocoiid unlor, awl in this cast- It will ho bolter to eotnpute fii-st (i 
by tlif liirrnvila III., and afterwards ?. by VII. or X., by which means a greater 
pi'i^l^ion Avill hu iittumcitl tbiui by furmulo. I. 

If a purpendicnlar ia let fall from the place of the heavenly' body in space 
apon the plane of the ecliptic, the distance of the point of intersection from the 
Hun is cal)e«l the eurtate diOanee. Designating this by /, the radrufl vector likewise 
by r, Vfi slmll have 

XI. / = roos^. 

51. 

As an example, we will continne further the calculations commenced in arti- 
cles 13 and 14, the numbers of \vliieh the phmet Juno furnished. We had 
Ibund i'lbove, the true anouudy 315 ' l'2.j''.Ol2, the logarithm of th«M'Jiduis vector 
O.S26$ii77> ouw let * la 6'44' .i0, the ilklaue^ of the petiheliou ttuiu Llie 
node =241°10'20'.57, and consequently «= 196'ir4S*.59 ; finally let Q — 
171" r 48''.73. Hence wo have : — 
log tan » . . . . 9.4630673 logain(X— Q). . . . 9.4348691 n 

log cost .... 9.9885266 log tan* 9.3672305 

log ton (X — &) . . 9~4615839 logtan/) 8.8020996ft 
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X— «== 195' 4r 40*56 jJ=: — 8"'3r40".02 

31= 6. '5 28 .98 log cob /9 9.9091280 

lofiff (1..'!25(>S77 logcosZ— 0 . . . 9,9S32H.52» 

H co^ ^ I ).li0i)1289 y,!iS24Ui;; 

log/ 0.3201 IGG log cos M fl.9824.141«. 

The caiculatiou by uieaiui of formula.'* 111., VII. would b« a» follows: — 

lugsiutt .... 9.444)4714» lugtaa^i 0.0604259 

logidni 9.8557570 log tan/} 8.8020995» 

. . . . a8012284^ ^Qgco«« 9.9824m« 

~8'Sr40'.02 logffln(it — X+0) . 7.8449395 
« — l-j-Q= 0»24' 3*34 

X— Q:=: 195 47 40.25. 

62. 

Begardiug i and u as variable c^uihiititiee, the diifereutiatiou of equation III, 
article SO, ^ves 

cotan d/} = cotan >df + cotan udu, 

or 

Xn. d/if=sb(X— C)d«-|-sin»co8CX— C)d«. 
In the same manner, by dilTerentiation of equation L ve get 

Xm. d(l— 8) = — tan/Joo9(X— ft)di + ^d«. 
F'mallj, from the differentiation of equation XL comes 

d/=oofl|Sdr — ran|3d/3, 

or 

XIV. d/ = co8|Sdr — rain i* sin (X— 0)d»— r sin/J Bintoo8(X— Q)dii. 

In tliis last equation, either the parts that contain d (" and dn are to be ilivided by 
200205", or the romainin!? ones nn- to bo innltiplie<l by thh number, if the 
chaugi^ of i suitl tt arij »uppoiicd U> b@ expressed iu Quaut«0 and seconds 
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53. 

The pofli^n of any point whatever in spaee ia moat eonvenlentlj deter- 
mined by meanii of its distances from three planes cutting each other at right 

angles. i\«suming the plane of tlie ecliptic to be omi of these planes, and flciiot- 
iiig the dkttuotie of the heavenly body from ihm plaue by 9, taken ijositiv^y un 
the north side, neguiivdy on the south, we ehall evidently have «= /tan /? = 
ranfi = rtmianu. The two remaming planeo^ which we alao shall conalder 
drawn through the sun, will project great circles upon the ^le«Ual sphere, which 
win cut the I'chptic at right finirlii.^ unJ the pok's uf wlilcL thererore, will lie iu 
die eoHplie, iUid will be at the (list.uncc of 1)0" tVom each other. We cull thiit pole 
of uacli ploiiCy 1^'iug on ihu mla ^om whitili Uia puiiltive du^taucuti ar<$ counted, 
the positive jmb. hest, accordingly, y and JP^-j-QO" be the longitudes of the 
positive poles, and let distances irom the planes to which they respectively 
belong be denoted by x and y. Then it will be readily perceived that we have 

ar=/c0B(A— iV) 
^ r cos /J cos (it — a ) oofl ( Jr— 0 ) -[- r cos /* an (X — a ) sin ( JV— a ) 

y = /sin (I — W) 
= r cm ji sin {>. — Q ) cos (iV— ft ) — r cos ^ 000 (X — Stjaiu (i^'' — tt), 
which values are traasformed into 

ar = r OOiS (iV — Q ) cos u - \- >■ of)s / .sin ( X — S ) sin t< 
ff = r(!micm(N — Qjjsin « — /•tiin(^V — Q'jvusu. 

If now the pu^itlvt; pub of tUo plaa^ of m placed in tiio attOooUiug uode, so that 
If= Q, we shall have the most simple expressions of the oo^rdinates Xyy, 9, — 

« = roos« 
y=r oostsintt 
9 = r8int(nn«. 

But, if this supposed condition does not ooour, the formulas given above will 
still acquire a fbrm almost equally convenient. the introduction of ibur 
auxiliary quantities, aji,AfB,ea determined aa to have 
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008 — Q ) = a tun 4 

COS >' sill ( jV— Q) = a cos 4 
— sin ( .V — a ) — A sin 7? 
coat cos (xV — = i cu)i£f 

(see article 14, II.). We shall theo evidently have 

x = rasin{U'{- A) 
y = ri wn (« -|- J) 
«=rflin»Biiiw. 



54. 

Tlid i'«latioiui of tlie uiutiun to ik@ ecliptic expltuoed in the preceding article, 
will evidently hold ^q^ually good, even if some other plane should Ise subistitnted 
for the ecliptic, provided, only, the portion of the plane of the orbit in respect 
to this plane be known ; but in this case the expreeaons Iongitn<]o iind latitude 
tnu*t bo fsuppres^etl. Tlic piobli.!m, llieieroie, prehcnls Itiielf: F/wn Ihc J;mtm 
pwdtim of ike plm$ tjf iAe mrbit and t^' maiimr new in r&tped U ih» p-lipiic In 
derm ihe potUim ef the plane o/iie erhtt in regpeet U the tuu plane. Let Q Q', 
n be parts of the great circles which the plane of the ecliptic, the plane of the 
orbit, and the new plane, prcg'ect upon the celestial sphere, (fig. 2). In order 
that it may be poeaOble to assign, without ainbiguity,the inclination of the second 
oivclo to the third, and th^ place of the ft^ifeudaiir not!o, one diredion or the other 
mmt be ohustsu in the third circle, anuluguui% as it wure, tu that iu Lke ecliptic 
which is in the order of the signs; let this dtreoflon in our figure be from n toward 
fi'. Moreover, of tlie two hemispheres, separated by the circle nQ', it will be 
necessary to regard one as analogoos to tlio northern hemisphere, tiie other to 
the so«them ; those hemispheres, In fact, are nh-endy distinot in theiuM'lvf.s. since 
that is always i;ugiu:d«»d m the northern, which is on the right imid to uue luuviug 
forward* in the circle according to the order of the ngns. In our figure, then, Q, 
fi, S', are the ascending nodes of the second circle upon the first, the third upon 
the first, the second upon the third; 180°— » 8 S', QnQ^nQ'Q the inclinar 



" In MMT lorfhce, that is to My, of fha apliara n^nmOei hj car tgm. 
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tione of the second to the fiiat^ the third to the first, the second to the third, 
Our problem, therefore, depends upon the solution of a spliei aal tiinngle. in 
which, from one «if!e ami Iho. iKljncfiit miulcs ttio other purts n\v to bo (toduccfL 
Wq omit, m iutiiciently well kuowu, Ihc comuiuii prctctspUi iur this tmn given 
in spherical trigonometry : another method, derived from certain equations, which 
are sought in vain in our works on trigonometry, in more conveniently employed. 
The following are them eqnatione^ which we shall make fiequent use of in future: 
a, k f\ floiiule tli«r ! i(l(>:^ of the spherical triangle^ and A,£, Cy the angles oppo- 
site to thfm vos|icftivolv : - - 

J sin^(6 — c) iHjif (ii>— 6') 

c) _ Bin^(J +g) 

Although it is necessary, £br the sake of brevity, to omit here the demonstration 
of these propositions, any one can eanly verify them in triangles of which neither 
the sides nor the angles exceed 180^ But if tin* uUw of the t^herical triangle is 

oonrnvcd in its j^rcfito^t ^'onemlitj-, so that neither the siflon nor tho an<;h's are 
oontutcrl witliin any limits whatev@f (whidi aiforda eoveml remarkable advan- 
tages, but requires certain preliminary explanations), cases may exist in which it 
is necessary to change the signs in all the preceding equations; since the former 
signs are evidently rostoroil -am soon as one of the angles or one of the sides is 

TTioroaspd or <liiniriishL'tl ilC<<y\ it will filwnys tio Nife to vctnin the signs as wt? 
have given thutii, whether the remaining parfs a^(^ to he iletennined from a side 
aud Uie adjiiccuk auglos, or irom au angle and the adjaccut &Idu^; tor, oilhor 
the values of the quantities sought^ or fhoee differing by 360* from the true val- 
ueai, and, therefore, equivalent to them, will be obtained by our formulae. We 
reeetve for another occn.-<ion a fuller elucidation of this subject : because, in the 
meantimo, it "will not bo ilidicult, by a rigorons induction, that hy n complete 
enuraeratioa of all the Gosm, to prove, that the precepts which we shall bau6 upon 
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these formulas, both for the solution of our present problem, and for other pur- 
pose^ hold good in nil coaea generally. 

55. 

Designating ta above, the longitudi' oi' tlu; n.''<:('udtng node of the orbit upon 
(lie L'clii^lio hy u . tl'o inclination by i ; also, the longitnrlc of the nscoiK^inir luAa 
of the utiw plane upon tlm elliptic m, Uid iaduiutiuii by the dutaucti ul' tue 
aoceuding node of the orbit upon the new plane from the ascending node of the 
new plane upon the ediptio (the arc n Q' in fig. 2) by Q', the inclination of the 
orbit to the new plane by finally, the arc from Q to 8' in the direction of the 
motion by J: the aides of our spherical triangle wfll be Q — a, Q',^, and the 
opposite angles, f, 180^ — i, c. Hence, according to the formulas of the preceding 
article, vm liLall have 

sin i » hill ^ ( -{- J) = sin ^ U — u) dii i 
8in|i'coal(Q'-f i^) = cosi(Q — »)8in i(t — «) 
oosit'sin i(C — J) =8in i{Q — n)ooei(i -|-e) 
oosi»'coe i (Q' — ^)=oosi(fi — n)coeJ(t — a). 

The two first tqimtlons will furnish } (8' -j-^) and sin It'; the loinainliiu- two» 
1 i a'— J) and cos i from | /| .-ukI J (S '■-./) will follow Q'.md,/', 

from sin it and } / (the agreement of which will servo to prove thv calculn- 
tioaj wili Insult t. The uucortainLj', wlnitkur -i-^) i — ^> iJjoulcJ 
be taken between 0 and ISO" or between 180° wad 360°, will be removed in tlus 
manner, that both sin it'oos It"^ are positive, since, from the nature of the case, 
must &U below 180°. 

56. 

it will not prove uopro^table to illustrate the preceding precepk by an 
esample. Let Q =172''28'1S'',7, »=34*88'l'.l} let also the new plane be 
parallel to the equator, so that a = 180°; we put the angle e, which will be the 
obliquity of the ecliptic = 28° 2r 65'.8. We have, therefore, 
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Q—n= — 7''81'46'.3 J{0— «)= — 3'45'63M5 

*-)-«= 58 5 66.9 i(( -]-<)= 29 2 68.45 

» — s= 1110 n .3 — «)= 6 85 2.65 

logsin .] ( — «) . . S.817302P.n log cos if 8— «) . . 9.09iX)618 

lug^^iniiZ-l-e) . . . 9.686-2484 log «u i (! •—«) . . . 8.9881405 

logco.*i ii4-«) • • • y.WltilOS l<^eobi(t — «) . . . 9.9971)M2. 
t> V have 

lug ^"111 '} I mi ^ { ~\' J j S.iiQ3tittl(iH log Cits i t siu i ( Q'— J) S.iuSUI24i« 

iogsittir('os}(S2'-|-//) 8.9872023 logcos Ji'oofli(a'— ^) 9.9969960 

whemje i ( 8 '1 /) = 34r49'19'.01 whence i (O'— i)^56'4r31'.4S 
log an it" 9.0094368 log cos i** 9.9977202. 

ThiiB we obtoin |»"' = 6»5r 66'.446, i' = ir43'52''.89, 0'= 338' 60^.48, 
J = — 14° 62' 12^.42. TiTuSSiy, the point ti evidently corresponds in the celestial 

sp!i»;ri> to tlio autninnal equinox ; for wbicli reason, tLi> distance of tlio a.-joomllng 
node of the orbit on tho equator firom the vernal equinox (ite ngM tmengum) 

In order to illastrate article 63, we wOl continue this example (till Airther, 
and will develop tiie formulas for the coordinates with reference to the three 
planes passing through the sun, of ^hieh, let one be parallel to the equator, and 
let the positive poli of the two others be situated in right n.«cen,'^ion if iiiid 90°: 
let the distances from, these plancis be re^«ctively Zy g* If now, moreover, 
the distances of the heliocentrio place m the celestial sphere from the points Q, 

are denoted respectively by u, i/, we shall have — J—u -|- 14^62'12'.42, 
and the quantities which in article 63 were represented by /. N — Q, «, will here 
be 180** — fi'i v(. ThuB, from the fonnulas there given, follow, 

logasinil . . . . 9.9687197« log A sin ^ . . . . f).56.'^8nr,8 
)oga<3MA .... 9.5516380ft log&ooe^ .... 9.D5[)5319» 

whence il = 248* 56' 22 .97 whence = 168* 6' 64'.97 

logrt 9.^9S792a log A 9.9920848. 

Wii have tiu»n:ibre, 
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* = «r an («' + 248» 55'22''.97) = ar wn (« -}- 263* 47'35''.39) 
y = 4r ain (i/ -I- 158 5 54 .97) = ir rin (» + 172 5S 7 M) 
8 = ertim u =ertaa{u-\- 14 52 12 .42) 

in wlik-h log e = log sin i = 9.3081870. 

AuoUier solution of ths problem here treated is tbuud in l^m Zaeh's MonaiUcAe 
Carretpondemt B. IX p. 385. 

57. 

Aooordlngly, the distance of a heavenlj body from any plane paiseuig through 

tlic Mill can Ijc reduced to the fonn itr idn (0 -j- K), v denoting the true anomaly ; 
k will h, till- 4nc of flic inclinnt'OTi of Hio orbit to this plane, /T lui" distance 
oT the pcrihc^liQa ii'um the ascseudiug node oi^ th^ orbit in the same plane, isu iar 
as the position of the plane of the orbit, and of the line of apudes in it^ and also 
the poution of the plane to which the distanoes are referred, can be regarded as 
constant^ k and JT idll also be constant In mah n cn.se, however, that method 
will be more froqiiently called into n^' in which the third assumption, at least, is 
not allowed, cvou if tho perturbations should bo neglected, which alwai>'^ atloct 
ikti iiriii and &ccuud to a certain extent. This happens as ui'ieu as iha dL&taucoii 
ore referred to the equator, or to a plane cutting the equator at a light angle 
in ^ven right ascension: for einoe the position of the equator is vanable, owing to 
the preoesdon of the eqttinoxcxi and moreover to the nutation (if the true and not 
the rntmn position should be in que^'tion), in this caw also i" and will be subject 
to change^ though undoubtedly alow. The computation of these changes can be 
made by means of differential formulas obtained without difficulty : but here 
it may be, for the sake of brevity, sufficient to add the differential vaxiationB 
of/, Q' mi J, ao far as they depend upon the changes of A — n and c. 

d/sain«dnQ'd(a — n) — cosa'dc 

d^=^^d(8-«)+^'d.. 

Finally, wh^ the problem uuly that several places of a oeletttial body with 

9 
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respect to suck vamUe planes may be computed, ythich places embrace a mod- 
erate interval of time (one year, for example), H v31 generally be moat oon- 

vcnicnt to calculate the qttantitics a, A, B, c, C, for tlie two opodus betwecm 
which they &U, and to deri¥@ from them by etmplo iaterpoktion tho changes for 
the particular times propoBei 

58. 

Our fonnnlaB finr distances from given planes involve « and r; when it is 
necessary to determine these (^lantltles first from the time, it will be poeeible to 
abridge part of the operations still more, and tliua greatly to lighten tl>o lalior. 
Thetid difiUnoes can be inuuediately dmved, by moans of a very simple tormula, 
firom the eccentric anomaly in the eUipse, or from the auxiliary quantity 1* or « 
in the hyperbola, so that there iriU be no need of the computation of the tme 
anomaly and radius vector. The exprt>s!<ion k r ( v -f- K) is changed j 

L For the eB^$e, the symbols in article 8 being rutninod, into 

ait cos 9> cos KmaJS-j-ai £'{eoAJS — «). 
Determining^ therefore^ ^ X, by means of the equations 

«S cos 9 cos JT = i 008 i 

— e<fkmn fT— — el 8in/^ = l, 

our exproaaion passes into I sm [E L)-^ l, in wliich 4 A ^ will be constant, .so 
&r as it is adnuanble to regard JE^ « as constant} but if not, the same prect^pts 
whioh we laid down in the preceding article will be sufficient for computing their 

cIiangcB. 

Wi" rir1(!,forthe sake of an example, the trnnsformation of the expre;^«ion for 
'X founci in article 56, in which we put the longitude of the perihelion = 121° 17* 
Z^'A, 9 =. 14 ia'3r.97, log a ~ 0.4423790. The distance of the perihelion &om 
the ascending node in the ecliptic^ therefore, = 808° 49^ 20^7 — V} hence 
£'=212*S6'5r'.09. Thuswefaave^ 
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log Oil . . 

log sin JT 

log n COS 
iogeo&IC . 



0.4411713 log/siuZ 
9.7315887n log/ cos £ 



0.1727G0O» 
0.3531154» 



9.9254698 » lyg/ 
logi 



213"25'5l".30 
0.4816627 
9.5632352 
+ 0.3667929. 



n. In tiie hyperbola the Jformula krAvL^f ^ K), by article 21, passes mto 
X-\-fiimF-\-vaeoF, if we put ehkfmE=\hkim^ fio&K=fik, — hkmnK 
=v; it is aJao, evidently, allowable to bring the tame expression under the form 



|J = 1 (v + 1») =— I «J * sin y ) 

y = I (v — |t) =— J am ( jr+ if). 
in. In the parabola, where the true anomaly is derived directly from flH> tim<>, 
nothing would remain hnt to sub^itnte for tlie rarJiTis vector its vnlno. Tlitis, 
denottag the penheMoa distance by q, the oxpre^^iuu mx K) becomes 



The preeepta for determining dklauce^ i'rom planes paii^g thfough the sun 
may, it is evident, be applied to distances from the earth; horo, indeed, only the 
most ample caaes usually occur. Let R be the distance of the earth from the sun, 
Zthe helioOentric lon^tade of the eartli (which differs 180° from the geocentric 
longitude of the sua), lastly,^', T, Z, the tliatances of lha earth from three planes 
cutting each other in the sun at right angles. Ucm if 
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X. The plane of ^ U the ecliptic itself, and the longitudes of the poles of the 
rouiaining planee^ the distances &oax which axe X, T, to? rcepcctively 2f, and 
iV+gO-jthra 

X^i?cofl(i;— if), r=i?mi(X— JV^, Z=Q. 

n. If ihe. plnne of is parallel to the equator, and the ri^t ascennons of the 

poles of tht> rLMnalilin;? [ilaiK;'?, from whioli tin ;li = tnnfo« nro .V. V. n re TCSpectlTely 
0* and yO*, we fhall JiiiV(% (lonotiuir by t the oLiiquii,) oi tlie eoliptifi^ 

XssMoosL, F=/{oos88inZ^ iTs ifainssinZ. 

The editot8 of the most receat solar inhhf^ the illastxions Voh Zaoh and m 

L.\>ii»Ri-; fii-.st begau to take accouat of the ktitudu of the sun, wlncli, produced 
by the perturbafcioiia oi' tlie other planets and of the moon, can sea*"!"-'''' nti^oinit 
tu one seci^iuL Denoting by H btie iielioceiitiic i&tltude of thi? i^anh, wiat h will 
always be equal to the latitude of the sun but affected with the oppoate sign, we 
shall have, 

b 0n« L I la OaMO. 

X=McmJ^iX)9(L—^^ \ Z=i?coe^cosZ 

It will always bo »ifc io substitute 1 for cobJ9, and the angle expressed in parts 
of Uiu tm^m for mn 

The ooSrdinates thus £>und are reSaiTed to the cmitre of the earth. If {, f\, ^, 
are the distances of any point whatever tsa the tiarfaee of the earHi fiom three 
pianos drawn .through the centre of the earth, parallel to those which were drawn 

through, the sun, the dktances of thv^ point from the planes pas^Iii;^ tJironvrh the 
gun, will cvldon^ly be A'-j- Y -\- r;, Z -\- t: the Vidue» of thii coordinates i^, ([, 
9Xii vtti>iiy uetennijQcd in botii o&tm by the following method. Let^ be the radius 
of the terrestrial globe, (or the sine of the mean horizontal parallax of the sun,) 
X the lonptude of the point at which the right line drawn from the centre of the 
earth to the point on the Bur&ce meets the celestial sphere, the latitude of the 
same pointy a the right asoenmon, d the declination, and we shall have, 



r= J? cos Bmi{L—N) 

E=}lsmB 
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Ja. Quel. 

^ sss ^ cos ^3 sin (i — iV) 



b Cm IL 

I — o oof" 5 COS a 
»j — (> cos d fflu a 



Tbk poiat of ilie oele&tial uphere evidently oomi^oiids to the senitli of the; 
pIao« on ih» sui&ce (if the earth is regarded as a isphcro), wherefore, its rigki 
afloenaion agrees with the right ascenaion of the mid-heaven, or •with, the sidereal 
time converted into degrees, and iU declination with tlie elevation of the pole ; 
if 'f- rliould be worth while to take jiceoiiiit of the? sphtn-oidnl figure of t1 f> r-n th, 
it wonl<l iu" necessary to adopt for J the cvrreded elevation of the pole, and lor 
^ the truii di&tanco of the pl^c fiom the c(iiitrc of the earth, which uixs deduced 
by means of known roIeB. The longitude and latitude X and |9 will be derived 
from a and d by known ndea, also to be ^ven below : it is evident that X ooin 
ddes with the longitude of the nomgeimal, and 90° — ^ with, its altitude. 



Tf 5*, .% s. denote the distaneea of a heavenly body from three planes cutting 
eadi other at right auglea at tiife sun; X, Z, the dit^banees of the earth («iither 
of the centre or a point on the snrface), it is apparent that * — X^y — T^b — Z, 
would be the distances of the heavenly body from three planes drawn throu^ 
the eai tli pnralk l to the former; and these «ti« *n.n<tf><i would have the same relation 
to the distance of th« bodyfrom the earth and Us iftmenlm //^<tv,* (that Is the place 
of its projection m the celestial sphere, hy n. ri^hf li-ne dra wn to it from the cartli), 
"Vvhich x,^, £,have to itn dhiLiiiCu Hum thu sun anu ihe helioccntiic place. Let J 
be the distance of the celestial body from the earth; suppoee a perpendicular in 
the celestial sphere let fall from the geocentric place on the great olide which 
corresponds to Ihe plane of the distances <r, and let a be the disbuK ? of the 
intersection irom the positive pole of the great circle which corresponds to tlie 



* Til tljc liivHtl' r sense : for propeify <bii «xpreiaioo refen to tbut «mq in which the right line ia 
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plane of ibe diatanceis if; Mid, finally^let i be the lengik of this perpendicular, or 
the distanice of the geocentric place from the great cirde oorreBpondlng to the 

distjuii-i's ?. Th«Ti *iviU bo tlie geocentric latitude or flfclhintion, ncroiilliiix nj^ the 
ylniiv ui' ihe diitauces s in the ecliptic or the equator ^ on the ot>kcr baud, u-j-If 
vrlll be the geocentric longitude or right ascension, if ilT denote^ in the former 
case, the longitude in the latter, the right aeccasion, of the pole of the plane of 
the distanoefl «. WhereforcL^we shall have 

» — X=^oofl jcOBa 
ff — . Y=iJ<xebtin» 
» — Z mat. 

The two first eqiintions ^nW ^ve a ni\^ J cog J; the latter quantify ('which must 
be positive) combined with the third equation, win give b and J. 

61. 

W« h&vii given, iu tiie precediiig aLiiule^ lixn eatjiest method of deteiuuiung 
the geocentric place of a heavenly body with respect to the ecliptic or equator, 
either free team parallax or affected by it, and in the same manner, either free 
firom,or afiected by, nutation. In what pertains to the natation, all the difference 
will dcjicnd iijitjn this, wtu^tlier wo adoj^jt tJje mean or true pOBitiou t)f (Ito equator; 
as in tlie l'otu>!^r c;"!i:', \vc should count tlio longitudes iVoni tho rncan eo|uino3£, 
in the laltt^r, from tiiu true, ju^t ^ hi Lku one, the meuu oblli^uit,^ u£ tlic ecliptic 
ia to be used, in the other, the true obliquity. It appears at once, that the greater 
the number of abbreviations introduced into tho computation of the oodrdinatea, 
the more tiie preliminary operations which are required; on which account, the 
fiuporlorify of the uietliotl aLo% e e.\])lainerl, of i^cnving tho coordinates iiinnedi- 
liuui tbt» «oc4inLiiu auoumly, will show ibsell' ©specially when it iiEi nece&iary 
to determine many geocentric placea But when one place only is to be com- 
puted, or very few, it would not bo worth while to undertake the labor of calco- 
lating 80 many auxiliary quantities. It will be preferable in such a case not to 
depart from the common method, according to wIh'cTi the true nnoinaly and radius 
vector are deduced from the eooentxic anomaly; hence, the heliocentric place 
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vditi respect to the ecliptV; herro, tbc jzT'ocontric lougtturlo fiinl J ititml ■ ; -iw] 
beuce^ finallj", the rigiit a^censiou and decimation. Leaii auy Uxmg diould seem 
to be vanting we will in addition briefly explain the two last operatiooa. 

62. 

Let X be the heliooentrio long^tnde of the heayenly body, § the latitude ; / the 
geocentric longitude^ i the latitude r the distance from the aim, J the distance 
from the fiarth; lastly, let Lhe tlie hellooimtrio longjiud*; of the cartli. B the lat- 
itude, jfi ila distancii from the sun, Wheti we eanriot put 7? ~ 0, our foiiaulaif 
luixy u,bo he applied to the case bx wiiieh tlie heUoceutrie iUid geoc«*ntric places 
are referred, not to the ecliptic^ but to any other plane whatever; it will wily be 
neceaaaxy to sappreaa the terms lon^tude and latitude : moreover, acoount can 
be Lmmedintdj taken of the parallax, if only, tiie heliocentric place of the earth 
is referred, not to ihe centre^ bnt to a point on the sur&oe. Let us pui^ moreover. 

Now by referring tiie place of the heavenly body and of the earth in apaoe to 

three planes, of which one is the ecliptic, and the i^econd and third have their 
pole? in longitude M and iV-)-90% the following equationa immediately present 

r' COS (X — iV) — JH cos (Z — N) = J' cos (/ — 
/ am (J. — ilT) — ^ sm (Z — xT) ^ sin (J— JT) 
/tan/J — ^tani9 =i/iani, 

in whioh &e angle N is whoUy arbitnuiy. The fint and second equations will 
deteimme directly I — IT and J', whence i will follow fiom the third; firom h 
and J' yon will have J. That the labor of calculation may be as convenient as 

pospi'Me. wo (Ictt i ininc the arbitvftry ftTigle N in the three following waya: — 
L a J putting N=jLfWQ ^all make 

^wi{X—L)=l», 5,coa(X— X)— 1— ft 

and / — In -g, and will be ibund by the formulas 
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J_ P _ Q 

iZ' ~Mn (/— Z) ~ oob(I— X) 

.r 

taii«=:^i- ^, 

J? 

IL Bj putting N= wc sliall make 

Bin (A — ii) = i', 1 — ^ cos (i. — ii) = ^, 

and we shall have, 

"7 " wn A) ~ CM (/ — ]Q 

tanjS — ^\xBiB 
tan$= . 

"7 

ITT. By putting if=s i j and J' will be found by means of the 

equations 

taa(/— i (J. 4- Z)) ^ ^Ji- tan { (J. — X) 

«InO-i(A+i)) o(m(/-J(X+£)) ' 
and nftoiiraidfl by means of the equation gnren above. The logarithm of the 
fraction 

10 conveniently computed if ^ ifl put = tan C> >vhence we haye 

In this manner the method IIL for the detenninatiom of 7 is somewhat shorter 
than I and II.; bnt» fbr the renuunmg operation^ we conader Hie two latter 
preferable to the former. 
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63. 

For an example, we continue fiiither the cftlt'uLitlon (lairu'd to ilie lielio- 
ef'iitru! pliu'ft in article 51. Fjet the heUocentric longitude of emtli. 
24' id 4i^".0o = A and log i( = 9.9980979, correBpotul W tUat. pWe; we put 
the latitude = 0. We have, therefore, 31 — £= — 17° 24' 2(r.07, log Bf=Jt, 
and thua, according to method IL, 

Iog(l— G) . . . 



log sill 0. ^L) 
logoofl(X — Z) 



9.6729813 
9.47d8653n 
9.9706445 



logP 
logQ 



9.1488466ff 

9.740842 1 



Hence i = — 14*21' 6'.76 

log^ .... 9.7546117 
logten/9 . . . a80209g6n 

log tan i . . . 9.0474879« 
4 = — 6»2r55'.07 



whence 
whence log/f 



9.6526258 

0.4493926 
0.5506076 



S62»34'22'.23 
. 0.0797288 



log COS i 9.9973144 

log^ a0824139 



Accoiding to method lH, from log tan ^ 9.6729813, we hsve C = 13'6'.31, 
and thua, 

logfan ( 4r>»-)-5) . . . 0.4441091 
lojrtaii i (J. — Z) . . . 9.18489.?8« 

logtonl^ — ii — 4Z) . 9.629002!) « 
;_il__iX = — 23° 16''.79 1 ^j^^^g ss^WZr^S. 
JX+iZ= 15 37 39.015J 



64. 

We farther add the folltmmg remarks concerning the prohlem of article 62. 
L By putting^ in the second equation there given, 

jf^y y^L, jv^=4 

10 



there results 

ir am (A — Z) = ^ am (/— A) 
/Bin (X— i) = ^am(/— L) 
^ sin (/— 1) = R' an [I— L) . 

The Urat or the second eqoation can be conveniently naed for the proof of the 
calcalation, if the method L or II of article 62 has been employed. In onr 
example it is as follows : — 

logain(X— Z) . . . 9.4758653« 8r46'26'.82 
logy 9.7546117 

9.7212536>i 

log sin (/—i;) . . . 9.7212686 » 

XL The son, and the two points in the plane of the ecliptic which are the 

Iii oj(?ction8 of tlic place of the lioavcnly body and the place of the earth ibrm a 
plane tnnnglc, the skies of whicli an; .f, Jf. anti tltP opposite aTif»'les, either 
X — L,i — Xj Of £ — k, k — 4 iiud ISO' i- 4- ^/ from this the 

relations ^ven in L readily follow. 

Ill The sun, the trae place of ilie heavenly body in space^ and the troe pltice 
of the earth will form another triangle^ of whieh the sides will be JfS,r: i^ 
therefore, the angles opposite to tlicm respectively be denoted by 

S,T,m''—S—T, 

we shall have 

mS mnT miL{S+T) 

The plane of this triangle will p^^ject a great eurcle on the (^ele^tlal sphere^ in 
whifli win be situated the heliocontrie phico of the earth, liio hcliocenliio place 
of the ijtsavtealy body, and its guocenlric place, and in Biich a uiauner that the 
distance of the second ixom the lii&t, oi' th& third ikxm the second, of the third 
from the tirat, counted in the same direction, will be respectiTely, StT,S-\^ T, 

TV. The Ibllowing di£R»^tial equations are derived £rom known differential 
variations of the parts of a plane triong^^ or with equal fitcility dom the formu- 
las of article 62: — 
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t! .'f^—r' !sin (/. — /J rl >. 4- cos (i. — d/ 

di= ^-^ ^dX + ^^^d/J + -^(tan/J — co6(X— /)tmiJ)d/, 

in wMch the ienuB which contain d / d are to he multiplied h;|r 206265, or the 
rest are to be divided by 206265, if the yariatiom of the angles are expressed in 
seconda 

y. The iiivciiise probloiu, iiiut m, the determinatioii of the h^lioeeutm isimi 
the geooentrio place, is enljrelj analogous to the problem solycd above, on which 
account it would be Buperdaous to pursue it Airther. For all tiie formulas of 
article 62 answer also for iliut problem, if, only, all the quantitieB which rulaie to 
tin: lu'TiociMitric place oi' llir Ihi 'v being chatigcd for analogous ones rcfciriiig to 
the geocentric pkcti, L-{- ibU uud — B are eubtttituted reiipectively for L and li, 
or, whioh is the same tiling if the geocentric place of the sun is iuiitui.d of 
the heliocentrie place of the earth. 



65. 



Although in that case where only a very few geocentric places arc to be 
determined from ^ven elemente, it is hardly worth wliile io employ tdl the 

dpviws ahovc pi'ven, by mearis of wlitch we cnn paAs direoll y from the tfcontric 
aiioiuiily to tlte geocentric longitude and ktitudi^ and so also to the right a^ceu- 
aon and declination, because the saving of labor therefrom would be lost m 
the preliminary computation of the multitude of ansiliary quantitieB ; still, the 
combination of the reduction to the ecliptic with the computation of the fi:oocon- 
tric lonptude and latttiuh; will aflffnl im !i(lviinl;igo not fo be desplHed. For if the 
elliptic itfiolf Is asHiuncd for tlic plsnH* <A' tbf cooriliniLtes z, and (he pul»^ of 
the plauub uf the coordiiiaUi» ii^y, uru piiu-eil lu 00' -|~ the oouidiiiates are 
very eM«lj determined without any neceatity for au3ri1iar\' (quantities. We have, 

jr=: J2'cos(ir — a) X- — x=.j'(iQs.{i — -8) 

F=^Bm(i— a) 
^= Je'tan^ 



£ ^ r cos a 
y=:r costsinu 
«=r8in»ain« 



r=^fiin(/— 8) 
* — ^=^tan4. 
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When i? — 0, then JBf = B, Z= 0. AocordiTig to these fbnnulaa our example is 
solved aa follows : — 

Z— a = 21S»13'(r.82. 

logr a3259877 logiT 9.9980979 

logcosu 9.9824U1» Jo- cos (X — ft) . , 9.9226027a 

log Bin « 9.4 154714 » log .sin(i,— Q) . . 9.7384353n 

log* 03(t84iiis» logX 9.9207006n 

log rain « . . . . 9.7714591» 

log cos* 9.98f5266 

logsin* 9.35o7070 

logy . . . . . . 9.t6y9Si)7« logZ 9,7S65S32» 

log« 9.1272161n Z= 0 

Hence foUorre 

log(*™jL) - . . 0.0795906« 
log(y — r) . . . 84807166« 

whence(/— a)=s 18r26'8S*49 l=z 362*34'22'^2 

logj' o.nrorsss 

logi«ni 9.0474878n »r= w. 6 21 55 .06 



66. 

Tim rigkt aBcenwou luiil dtidiuiktiim uX any point wLatevef in tlie celtietial 
sphere ate derived flrom its longitude nnd latitude bj the (solution of the spherical 
triangle which is formed by that point and by the north polos of the ecliptic and 
equator. Let « be the obliquity of the ecliptioj / the longitude, i the latitude, a 
(be ri^^it ascension, 9 the declination, and tiie aides of the triangle will be e, 
90" — /). 'J(t — d ; it will he proper to t^ike foi' the angles opposite llie MHwnd 
&sk<l tluiHl hidc'^ UO' Uf 90 — if {ii connoiv0 the idea of the spherical triiuigle 
in it<« utmost generality) ; the third angle, opposite c, we will put = 90^-^.£l We 
shall have, therefore, by the formulaa^ article 54, 
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an (45' — i t5 j sin 1 (^+ «) = am (45' -\-il)an (45° — J (« + *)) 
ton (45*' — } <>) COS i + o) = 009 (45° -I- i ooa (45° — > (e — *)) 
CO? (45" — ifi)fmi [E — «) := cos y 45 ' -|- i A) sin (45" — iJ i » — 
COB (45'— I tf ) COB i a) = am (45" + i /) cob (46'' — *(« + *)) 

The fin^t two rquafloiis will -rive l{E^<x) find .«in (45' — i (V) ; tlic lust tmt, 
} ( J? — « ) !( ad cos ( 1 5" — 1 iV I ; fV( .in i ( | « ) ami H E — a) will be bad c, and, 
at tlii£ tituiiti tdiue, J^/ from (4i>' — i or coi>(4u" — h d), Uie agreement of 
which will Bcrve for pioving the calculation, will be detennined 46* — k^, and 
hence d. The detenninataon of the angles l{E-\-tt), k{E — a) by means of 
their tati;^eiiiH h not sul^ect to ambiguity, because both the sine and cosine of the 
angle 45 ' — i iV nui.st ht positive. 

'Eie diilerotitialH of the quantities a, from the changes of 4 ^> ^ found 
according to kaown principles to ha, 

o« = 5— a' * 

dd= COB ^coflj d /-|- sin .^d 

67. 

Another method is required of solTing the problem of the jneeeding artide 
firam the equatiouB 

cos c sin / = sin I tan i -f~ ^'^B ^ 

i''-:=:oos«aind-|-ein«coB&sin/ 

00£ It CO.- i — eos a cos 9 . 
The aiudliaiy an^ 4 is detennined by the equation 

tan4=: -r-T, 
ami' 

and i¥e ahaQ have 

inn ^ = mn a tan (a -(- 4), 
to which equations may be added, to test the calculation, 
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This ambiguity in Ike detemunataon of a hj ihe aeoond equatioa is removed by 
this conuderationi that cos it and oofi/musb have tliu same idgn. 

Tliis method ia less e!q)cditious, if, bcsfcfcs u and d,£ oIbo y» re4][uired: the most 
«(iuveiueui ibrmula for detemiuin^^ thijs angle will then be 

_ maemint mat^tml 

But J? cannot be correctly computed by this formula when ± cos dif&m but 
little from unity ; moreover, the aanbigulfy remains whether £ ahould be taken 

between 0 ami 180^, or between ISO'' and 360'. T1m> ino<)nvf^"ilenee 1% i-,ire1y 
of any importance, particularly, since e&tceme preckioii in tim vnlue of £ is nut 
required for computing differential ratioe ; but the ambiguify is easily removed 
by the help of the equation 

oofldco8deiin^= coas — mnitmdf 

which shows that £ must be taken between 0 and 180% or between 180° and 
360% aocording as oosa is greater or less than sin 6 andt Haa teat is evidently not 
necessary when either one of the angles i, d, does not exceed the limit 66° 82^; 

for in that case wn E is always positive. Finally, t]i«» snnic cqnatron. In tlK> ease 
above pointed out^ can be applied to the more exact determination ol A', il' it 
appears worth while. 

68. 

The solution of the inverse problem, that ia, the determination of the longi- 
tude and latitude from the li^t ascenuon and declination, is based upon the same 

.sijlK-riojil friimgle ; llie formulas, therefore, above ffiven, will bo adajtleil io llvis 
pui'pueie by the mere iuiuixiUtuige of i wiUl d, tuul uf / witli — ». It will not be 
nnaoceptable to add these formulaa also, on account of tbcir Ixcqucnt ; 
According to the method of artide 66, we have, 

sb (45' — 4 J) sin } — Q = cos (46* -f- i « j i,in (46° — i (« -|- (V)) 
an (45° — * i)co8 i (,»— ^ = ain(46» + } a) cos (46° — i {t — d)) 
oos(45°-. U)mni(E+i)^ sin M5' -f- J a) mn (15' — I fe — d)) 
cos (45° — *i)co8A(J?H-0 = coB (45* + 4 o) eos (46" — * (e + * )) . 
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As in the other meiliod of aitide 67, we will determine tlie aoziliaiy an^e ^ 
bj the equation 



and ve diall hare 



«in «' 

omC 



taQ( = inn/tan(C — e). 
For proving the calculation, may be added, 

^''=—ssn- = — s^taiT — • 

For the determination of in the aame way as in the preceding article^ the fHA- 
lowing equations will answer: — 

n Ui) f <'^>=i u e. cos I 

OOBJ» = — J — = r— 

eoabooadaaI!=Goa» — ain^Bind. 
The diiOferentials of 1, 2, wiU be given by the fbnnulM 

(1/=:: i— f\a ~\ ,- rl d 

(V>S 0 COS o 



We will compute, for aa cxamplu, the lonpinde aud latitude from the right 
asoenmon 855''48'45'.80=a, the deeUnation-— SMT'SS'^sdjand the ohUqnii^ 
of the ediptic 23* 2r 59*^6 = «. We have, therefore, 46* + i « = 222' 51'62'.65, 
46» _ J (a +d) = Sr 89'42'.87, 45° — i (e — d) = 28» 62'17''.87 ; hence also, 

logoo8(15'-|-}a) . . 0.8G50S20» loj;«n (45^+ i «) . . 9.8320803 v) 
log sin (15 ' — !](* + *)) 9.VS00418 loggin (45'^ — i [t —d)) 9.GS3SH2 
lo-eos(4.j'— i^t'-f d)) 9.8^85222 logeo5(45'' — i («— «^)) a.942aa72 

logma{4b' — i/>)>ani{E—l) . . !».6511238« 
Iogain(46' — ii)co8 4(i,'— . . 9.7 750376 « 
whence } {£— I) = 216>66'S^.89 ; log sin (46° — i = 9^723171 
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logcos(45°— i»)Biiii(j?+0 . . 9.516491&1I 

whence i 2Ull " 3L>'4y".y4 : log cm{lo''~- i (>) — d-S'l'mdid. 

Tliorofore, wo have = i^ti" 2<6f bb'M, I — — 7' 25' I o^-dG, or, what amoimts 
to the aame thiu^ i; = 66**2d'5€i*'^8» l^ Wi'M'WM; tlte tuigle 4a' — 
obtained from the logarithm of the eiiie, is 48°10'58''.124 &om the logarithm of 
the oofiine, 48* 10' 68^.17, firom the tangent, the logarilimi of which is theiT difieF^ 
enoe, 48* lO'SS'.M } hence * = — 6' 21'66"^8. 

According to the other method, the calculation is as follows: — 



log tan (J . . . . 0.1SOnoa2 « C. log cos f . . . . 0.8626190 

log sin a .... 8.87107f'2n loj^cosf? — e) . . 9.87SW05 

logtauC . . . 0.3173270 h)ghnic .... %m'i\hmn 

C= 64n7'r.S3 log tan/ . .... 9.1147762« 

C — e= 40 49 7 .57 /= 352»34'44''.eo 

bgsm; . . . . 9.1111232» 

logtan((— «) . . 9.9363874 

log tan » 9.0476106 » 

h— — 6*21'56".26w 

For detennining the «n>'^^- E w<> h-.w tin' double cailculaUon 

lopfsins . . . . yjj001144 lou sms (i.(iO0n44 

logcu^a . . . . 9.9987^24 logcu»^ 9.d^(i3470 

CLlogoosft . . . 0.0026859 Clogooad .... 0.0051313 

logeoaJE . . . 9.6016927 log cos J& 9.6016927 

whence E= 66' 26' 55".86. 



70. 

Something ia still to be added ooncemiag the peardSax aiid (AerraUon, that 
nothing requisite for the compotation of geocentric places may be wanting. 
We have nlre.n^y doscribedj lAove, a method, nccordinjr to whifli. the plaee 
afiected by parall^ that is, oocmtpoudiiig to amy point uu ihut Kurikcse of the 
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earth, can be determinecl fliixwfly with t1»c greatest facility j Imt as in the com- 
mon metlKxI. given in article - tuv} tlio followinsr articles, the gpocpniric place is 
cuuuuuuly reiWred to tLu centre ot tlio earth, in wliicit vase ii u eaink to free 
from parallax, it will be neoesBaiy to add a particular method for detemuniug the 
parallas^ which is ihe difference between the two pUtoea 

Let the geocentric longitude and latitude of the heavenly body wHh reference 
to tlic coiif re of the earth h(^ 7., ^ ; tlie Siiiue with n^speet to nn v yxmii whutever 
on the surface^ of the earth be /, b : the distmce of tlio bofly from thi> f< ntrc of 
the earth, r; Iroui the paiut on the suriUce, J ; liisti^, let the luugitudu L, aad the 
latitude B, correspond to the zenith of thi» point in the celestial sphere, and let 
the radios of the earth be denoted by It Now it is evident that all the equations 
of article 62 will be applicable to this place also, but they can be matcriaUy 
iiluM M ■ ■ ^iiiet! in this jjlace R expi-ewe^i a quantity wliidi nearly vanishes in 
coniparlson with r anrl J. The same equntions evidently will liold jrood il' l,f,L 
denote light ascensions Imte-ad of longitude^, wad jt{,^,i>',d£cliuatiomi instead of 
latitudes In this case / — A, b — ^, will be the paraUazes in right ascension and 
dedination, but in the other, paxaUaxes in longitude and latitude. accord- 
in^y, S is regarded as a quantity of the first order, / — X^i — fi,J — r, will be 
quantitte.ti of the same ort^er; and the higher orders bdng neglected, from the 
iomnila« of article 02 will be rearlily derived: — 

n. J— /J==^?5«L^(tan/Jooe(X— i)-t«n.5) 
m. J — r=— J?co«J?Mn;j(cotanjJoofl(3L— i) + tMi;&). 
The auxiliary angle 6 being so taken that 

tand = 



the equations IL and lU assume the following form : — 

^ fl _ Xm Bm^— L) an (fi—fi) gain J sin fg— g) 

11 
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Further, it is evident, that in I and n,, in order that I — X and b — fi may be 
bud in aeoond^ &r iZ, must be taken the mean painUiuc of the bud in seconds; 
but in m, for R, must be tak^^^ tlie Hnmc p.nr.tUax divided by 206265". Finollj} 

wh™ it ts rcqtnro<i to cletorminc in tlio inverse problcni, the plaoc fioo from 
paralliix I'lom the place affecte*] liy it, it, will be admissible to iise J, 4 ^, instead 
uT i; kf{if ia. th,0 viilues of the piuulhuo;'!^ witUout lo^ia q£ precisioii, 

.Efomple. — Let tiie right ascennon of the sun ibr the centre of the earth 
be 220°46'44".65=A,the declination,— 15°49'4:S'.94~/}, the distance, 0.9904311 
=r; and the sidemil time at any point ou the snrf v c of tlie earth expiesised 
in rlogroes, 78^ 20' 38" = /., the clcvnri«n of the polo of the point, -t-r 27'r.7".... B, 
the metui m\&r pamllax. 8".6 = li. 'ilw. phiva of the Bm. u& scou li°oui tlm poiiil^ 
and its distance from the smuif ore rcquu'cd. 



logi . . 




. . 0.93450 






. . . 0.93450 


log COS j? . 




. . 9.84693 


log mn B . 






c.logr . . 




. . 0.00418 


C.logr . . 




. . . 0.00418 


C. log cos f-J 




. . 0.01G79 


C. log sin ^ . 




. . . 0.10817 


Ia j' :-'iri : }. — 


L) . 


. . y.78508 


log SID {('J — 




. . , 9.77152« 


log ii — a) 


• • 


. . 0.58648 






. . . u.(>(>tiatiM 






-f 3".8ti 






. — 4".64 






220«46'48'.51 


h = 




— ISMS' 48'.58 






. . o.ooro6 






. . . 0.66636 a 


log cos (X — 




. . 9.899091* 


logcot(/3- — 




. . . 0.1.1522 






. . 0.10Y97« 






. . . 9.9i»582 


d = 




127" 5r 0* 


logr . . 




. . . 4.68557 






— 143 46 44 


log(r — -J) 
r— ^ = 


• 


. . . 5.48297b 
—0.0000304 



0.9904616 

71. 

The aberratiou of tlie lixeri slaif, and also that part of the aben'atiun ol com- 
ets and planets due to the motion of the earth alone>, arises Sram. the fact, that 
the telescope is oanied along with tiie earth, whUe the ray of light is peaang 
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along its optical asds. The observed place of a heavenly body (which, is called 
the. apparent, or affected by aberration), is determmed by the direction of the 
optical ajds of the teleeoopc; Kot in such a tray, that a ray of light proceeding 
from the body on Us pnfli inny impingo upon both cxtromit ies of its axis: but this 
direcUoii rlifTcT^- frnm the true direction of the ray of light in space. Let us con- 
sider two momeutij ot time 4 i'f wheu ih& j»y uf light toucliiis the anterior ex- 
tremily (the centre of the object-glass), and the posterior (the focua of '^e object* 
glass) ; lot the position of these extretnities in space be for the fiiBt moment a,b; 
for the last moment Then it is evident th»t the etruig^t IIir- u6' in the true 

cljrc<'*'"n of the ray In space, but that the siruigbt Tine ab or (which tuny be 
regarded as parallel) corresponds to the apparent place: it is perceived without 
difficulty that the a.ppjxisii.t ploeu doii» not dupuud upon thu luiigth of the tube. 
The di&rence in direction of the right lines ^o, is the aberration such as exists 
for the fixed stars: we shall pass over the mode of calculating it, as well known. 
Tlii.s diifenmce Is stiU not the entire aberration for the wandering stars: the 
pi h fiif example, whilst tbe'ray wliirh h>ft it is refi;'>»''TT the earth, itself 
ch:inges its, placey on wiiiuk a^uouut, tlie direction uf thi& ruj doc» not cor^^pond 
to the true geocentric place at the ^e of obeervation. Let us suppose the ray 
of light which impinges upon the tubo at the time t to have left the planet at the 
time T; and let the position of the planet in space at the time T be denoted by 
P, and at the time / by jt : lastly, let A be the place of the anterior extremity of 
the axis of the tube at tlic time T. Then it is eviMent tha^ — 

1st. The right line AP shows the true pLice oi the planet at the time T', 

2d. Tha right liue «/» the ti'ua pl»>e at thu tium I ; 

3d. The right line ha or £V the apparent place at the time ^ or f (the differ- 
ence of which may be regarded as an infinitely small quantity) ; 

4tL The right line b'a the same apparent place freed from tiie aberration of 
the fixed stars. 

Now the jioints P, «, 5', lie in a straight line, and the parts Fa, ah', will be 
pr opoi tioiittl to tht» iutoi'valii of time t — T,f — if light qiuv«.'» with imi- 
form velocity. The interval of time f — t' is always very smaJl on account of 
the immense velocity of light; within it) it is allowable to consider the motion 
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of the eatih m reotllkear and its velocity aa uiufonn: so eieo A,a,</ viU lie in a 
straight line, and the parts Aa, will likewise be proportional to the intervals 
/ — Tff — t. Hence it is readily inferred, that the right lines AP, I'tl are parol- 
lei, artf! thorcrore tliat tho fii"st an<l tlilnl pTaee;? fiw idt-iif iail. 

The tiuiie ^ — T, wlLbln wbieh the light traverses the muMi diiiUuuMi of the 
earth from the mm which wc take fbr unity, will bo the product of the distance 
Pa into 498'. Li this calculation it wHI be proper to take, instead of the dis- 
tance Pa, either PA or fa, since the difference can be of no importance. 

From tlu'se principles follow tliree methods of dctiMminlng the apparent place 
of n planet or rniwi any time i, of which sometimes one and sometimes 
iuiuther may be preferred. 

I. The time in which the light is pfusing firom the planet to the earth may be 
subtracted from the given time; thus we «ball have the reduced time T, for which 
the true place, computed in the usual way, will be identical with tibe apparent 
))laio for For roinpuftn;:,' llic roducfiofi of tTi<> finic /■ — 7', It Is roqulrfte tO 
know Iho (liHti^iifu from tlie I'lirlli; u;('iionilly, convt^nicnt licips not ho v\"5itnt 
iiig iui' Lkih pui'pose^ as, lor example^ uu epLeuturi^ liuiiLlly culculuted, uthci'wLiu it 
will be sufficient to determine, by a preliminary calculation, the true distance for 
the time t in the usual manner, avoiding an unnecessary degree of preciuon. 

n. The tnio place and distunce may l)o computed for the iiistant /. and, 
from tliisi, the reduotiou of tltc tinn? / — 7', nnd Jicnon, wi'flr the help of the (Jaily 
motion (in lungituik and latitude, or in right luceusiou tttid declination), tbe re- 
duction of the true place to the time T. 

IIL The heliocentric place of the earth may be computed for the time t; and 
the helioeentrio place of the planet for the thne T: then, from the combination 
of ttif^e in tUe UHiial way, llie geoct'ntric place of the planet, which. hi< icnscfl 
by the abei i-Mti'in of the iixed bliUD ^to be obtained by a well-known method, or 
to be taken irom the tables)^ will furnish Und apparent place sougiit> 

The second method, which is commonly used, ia preferable to the others, 
because there is no need of a double calculation for determining the disttmcc, 
but it labors under this inooir n. i it cannot be used except several 
places nPiir caeh other arc caU'clittc!. or i\\<- kimwn r-"M» ohsci vation; otherwise 
it would not be admissible to consider the diumal motion as given. 
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The diaadvantage wiili which Hhe first and third methods are incumbered, is 
evidently removed when aevend places near eaoh other are to be computed. 
For, 88 mmi m Hie diatance:^ are known ioi' mme, the distances next following 
may ht^ dcKlacod very eonvcnioiuly and with sufficient aeooracy hy means? of 
familiAr niothods. If 'fir distaiu't! iy known, the nictliod will ho genendly 
preferable Ui (lie third, r>ecau^ it docti nat r<jq^uir<r the tUjcrratiuu of Uic ^XBd 
stars; but if the doable calculation is to be resorted to, the third is recommended 
by thi% that the place of the earth, at least) is retained in the second calculation. 

What is wante«^ for the inverse problem, that is, when the true is to be derived 

firmi llie fjppanMit. pln^^i'. rcndfly suggosts ihself! x\ocnrrl'T-' fo -nrthnd I., yon will 
retain the plnce itrioU' uiu-lianged, but will conv(^rt the tutu; i, id wiiicU thit givtsU 
pkce corresponds as the apparent place, into the reduced time jf, to which the 
awne will correspond as the true place. Aooording to method II, you will retain 
the time t, but you wiU add to the given place the motion in the time i — T, as 
you would wish to reduce it to the time t-\-{i — T). According to the method 
HL, you will t'oirurff the givm pla<^e. froo frorn the ahertation of the {\xM «fat8^ 
as the true pkce tor the time T, but the true pkce of the earth, amwermg to 
the time ^, is to be retained as if it also belonged to T. The utility of the third 
method will more clearly appear in the second book. 

Finally, that nothing may be wanting, we observe that the place of the sun ig 
affected in the isaine manner by aherralimi. the place of a planet: but since 
both the <listnm'«' from the earth aii<l thi? diurnal motion are nearly (constant, the 
sLberratiou ItsulT has an. aiuio&t cormtaut value uqual to the mcim motion of 
the sun in 493*, and so = 20^.25; wMch quantity is to be subtracted from the 
true to obtain, the mean longitude. The exact value of the aberration is in the 
compound ratio of the distance and the diurnal motion, or what amounts to the 
some thing, in th«> mver-<e ratio of the distjince ; whence, the mean vidtie must be 
duuiuished in apogee hy and ineniaiied by the muiic amount in perigee. 
Our solar tables already include the constant aberration — 20".25; on which 
account it will be necessary to add 2(r.25 to the tabular longitude to obtain the 
true. 
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72. 

Certain problenu^ which are in fteqttent tue in the detetmination of orbits 
of planets and comets, -mH bring tliis aecdou to a close. And first, we wiU revert 

to tlx; paniTTax, from wTiIcli, Ju arliok- "70. we t>liowtffl how to fioe the oh*ei ve<l 
place. Such a rerhictioii to tlio centre of tlie earth, wnce it supposes the thstauctj 
tiui yilmici L-iiui thu cailk Uiha at linatil appiuximatiilj kuowu, ciumut. ha umie 
when the orbit of the planet is whoUy unknown. But, even in this case, it is pos- 
flible to reach the object on account of which the reduction to the centre of the 
earth is made, suice t<evenil formulas acquire greater simplicity and neatnesB 
from this centre lying, or being 5iin>|>o«e(l to lie, in the plane of the ocTIptie, 
tUtui they would iiave ii' the obgetvatiou should be refi^rred to a point out of the 
plane of the ecliptic. In this regard, it is of no importance whether the obser- 
vation be reduced to the centre of the earth, or to any other point in the plane 
of the ecliptic Now it is apparent, that if the pomt of intersection of the 

plane of the ecliptic with a Ftralght ^^n<^ drawn from the planet through tlui true 
place of obs<L'rvation be chos.: ,". the f.Ti-crvHtion n>qi)iix>s no reduclioii whatovci', 
siucd tku planet may be jjccn jn tiie same way troni ail puinte of thi^ line;* where- 
fore, it will be admisfflble to substitute this point as a fictitious place of observa> 
tion instead of the true place. We detonnine the situation of this point in the 
fbSowuig manner : — 

Let X be the longitude of the henvenly body, (i the iHtitude, J the distance, 
all reieited to the true place of ob^orvatiou on the aurlaee of the earth, to 
the zenith of which corresponds the longitude ^and the latitude b; let, more- 
over, n be the semidiameter of the earth, L the heliooentrio lon^tude of the cen- 
tre of the earth, B its latitude, R its distance firom the sun; lastly, let X' be the 
heliocentric longitude of the fictitious place, its distance from the sun, J -{-if 



* If ttio nfi'0*t ItOCUiHcy jilioulcl be wuafcd, it wn?>l>1 li" np^f-^Hnry to iutd to 01' sublincl ffom llic ftiv*eii 
time, iLe iutervitl uf lime lu nluiili %l4 jtMiwo Crom thp iriip pliii i; of uUservitiioa to iLe ti«^Uuu% lirir i'lvta, 
Hn latter to the fonner, if we ara traating of pbcea afleded bjr aberiatiaa: but Ok dillierBiioe oan 
aeaicBljr be of anj impartaiige imleM the latilnde sbould be very amalL 
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its distance from the leaventy "body. Then, y denoting an arbitrary angle, {he 
fbSowmg equfltiona are obtained frithout any difiBcully: — 

JT COB (Z'— JV) +d cos /J CO* (X — JV) ^ li cos B oo^ (X — W) -|- « cos * cob {l—N) 
R sin (L'—N) -\-9ooi»^^{l—N)^Rw&BmL {L—N) + w cos* am {l—N) 

dimfi = RaaxB-^ It mn.1. 

Putting, tlicrcfure, 
we shall have 

H JT cos (L'^If) = £ oofl f oca {L — JIT) -f< n coai cos (I — JV) — f* coa (1 — JIT) 
m. jrBm(i'— il^ss:i?coeJ?9m(X— JV7 + ffoo8*8an(;— JV)— /tHn(l— 
IV. *=-C^. 

From eqnatioiu II. and DX, oan be deteimined J2' and L\ from IV., the mter- 
-val of time to be added to the time of obaerration, wBch in aeconda will be 

= 4f(3 d. 

'i'ht!«3 nqiri/'MtiH an" »'xiM'.t and general. auT ^vi^^ lir> Mppllc4iljle tlierol'orc when, 
the piano of the equator being mibstitutcti lor tijc plane of the e<'lij)tic, Z, X', /, X, 
denote right a,«ccusiou% aud H, h, ^ d&cikiA\lom. But iu Uiu coms which we axe 
spcciall J treating that ia^ when the fictitioos place must be situated in the ecUp- 
tio, the smaHneas of the quantitiea B, L' — 2^ still allows some abbreviation of 
the preceding formulm The mean 8olar parallax may be t».kon for n \ B, for 
mi B; 1, for cos ^, and phr> fo« r-o'<(i' — X); Z' — Z, for sin f — Z). In this 
way, making N~ L, the picicdiiii^ ronnulaa asBome the loHowing form : — 
L f* = (ii^-^jisinfi}cotan^ 
n. Jf^ R-\-ncmicm{l — Z) — ft oos (X — L) 

j^, ^ ;r «M i sin (/ — L) — n sin (i — L) 

Here B, rr, Z' — Z are, proper] v, to >>f> <'x-piVM«"f1 in pn:-tv- of flu- rn'lin" ; hnt it 18 
evident) tliat ii' t^ose angles are expressed in Heciiuds, tiiu eq^uatious L, ILL can be 
retained without alteration, bnt for 11. must be substituted 

W » _i_ « cos /' ccxjt (/ — L) — ~.Z) 
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Laatly, in the formula HL, R may always bo xmA in place of tlie cleuomiuator K 
without sensibTe error. The reduction oS the time, the angles b^ng expressed 
in eecondi^ becomes 



73. 

Eziurqjle.—J^i l^ZU'WW, = — r50'32* ^=24*2^, A = 46* 68', 
1 W 64% £ — + r.49, R — 0.9988839, n ^ 8*.60. The wdculation is as 

follows : — 



logje 9.999611 

log^ 9.69020 

logfijB 9.68971 

Hence log (PJ2+nnnj() . 0.8S040 
logcotan/) .... 105873n 

logf» 1.88913it 

logfT 0.93460 

iogooe^ 9.83473 

logT 4.r.^^57 

log cog (/—J) . . . 9.90010 

51^1520 
number +0.0000279 

Hence is obtained K — R^ 0.0003856 — 0.0002695, 

lognoosft. .... 0.76923 
log8tn(/— £) . . . 9.81794 

a log J? 0.00032 



0.08749 



log U.93460 

log on i 9.86.S.'lO 

lognauA .... 0.797&0 



log^ 1.88913i> 

logl* 4.68557 

logoo(B(X— i) . . . 9.97886 



6.553.56« 
number — 0.0003577 

Moreover, wc have 

-of- 1.88913m 

logffln(X — Z) . . 9.48871n 
ClogiT 0.00032 



1.87316 



number -f- 1'..22 



mmiber-j-23'.61 
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Whence is obtained L'=Z^ 22*^.39. Unally we lutve 

log^ 1.88918» 

Clog 206265 .... 468667 

log 493 ..... . 2.69286 

Clogooej? 0.00166 

9.26920ft, 



^vlience the redaction of time s — and tinu is of no importance. 
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The other problem, to de<km iht ]teh'r'^''^^n'f pS'rrr" rf n hmv^ily tf/dt/ in if" frfr^ 
Jhm Hm geocentric place md ihe sttttaiim of ike jplmw qf' the orbii, is tlius £ue simikr to 
the pteoeding, that it alao dept^iiu» upon, the intenection of a li^t line drawn 
hetween the earth and the heavenly body with the plane given in position. The 
solution is moiBt conveniently obtained firam the fonnuhw of artide 66, where the 
meauini!' of tiie eymbols was as follows: — 

L the longitude of ihf ejirth, Ji the distance fi-om the sun, the latitude B we 
put =0, — oDoe the case iu which it is not =0, can enmiy he reduced to this by 
article 72, — whence jff=Jl, /the geocentric longitude of the heavenly body, b 
the latitude, J the distance from the earth, r the distance from the mm, » the 
argument of the latitude, Q, the longitude of the ascending node, > the inclination 
of the orbit Thus we have the equations 

L rcOBW — Bcob{L — Q)~ Jcoai (■oh(^ — Q) 
IT. r cos 8 sittB — J? sin (£ — Q'^^J ooa6ain(j — &) 
TU. r sin ( mx u = Jsaxh. 

MultlpTjnng equation T. by sin f Z — Q ) sin ^ . TT by — coa (Z — Q ) am 0, lH by 

— an (Z — I) fos h, and adding together the products, we have 

ro'f" sin {L — 0)8in6 — unKOoet ooe(X — &)wn^ — ain»siiita)n(X — /Jcosi=0, 

wiicnce 

IV. — eo,fe<»(ii_0)isiiiJ+sm,«m (L—l)«»V 

12 
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Multiplying likewise I. by an (/ — 8 ), n. by — cob {I — Q )^ and adding together 
Hie products, we havo 



V. r= 



J?rfn(i— J) 



'siiiiioostooi(/ — Q) — cos Klin (/—Q)' 

Tbe ambiguity in the detenninatio^ of » by means of oqnat'ion IT., romrnred 
by equation ITI., which show.-* that n ^A to l>e taken Ijctwecu 0 and 180-, or be- 
tween md 360" ac«oriliug m the lutiiiul^ ^ mmy hit positive or negative ; 
but if 3 = 0, equation V. teaches us that we most put u = 180% or « = 0, accord* 
ing as SQ (Z — I) and sin (/ — fi) have the aame or diflferent signs. 

The numencal ccmpntation of the fomulas IV. and V. inay be abbreviated in 
various ways by the introdactioa of auxiliary angles. For Mcamplei putting 

tail I-.-'/ Q^ 



we have 
putting 
we have 



tan u = """^ — * (''^ ~ ^ ^ 
liiii (/y-l- A) cos »' ' 



In Uu.' miaii inaiinm' tka ei^uatiua Y. obtaiw a> ntiaUti furm by ih& introductioa 
of the angle, the tangent of which is equal -to 

cof i tan w, or — ^ — i^ii. 

Juat US we have obtahied formula V. by th<' ''ori>i'T'.ntioaofl,IL,8obyacombin* 
tiou of tha equations IL, UXy we arrive at trio Ibiiuwuig:— 

)■— . Jg»in(£-0) . 

nun (ooe j — dn« tin Q)oolui()' 

and in the aame maimer, by fhe combination of eqaations IQ., at ibis; 



eOB i(— M Kin icon (/— Qyeataa^' 
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both of whiol), in the same manner «s Y., may he rendered more mmple by the 
introduction of auxiliary angles. The .solutions i-esulting from tto preceding 
equations are met with in V'^*'? Za^'ti Momltiche Corresponded, Vol. V. p. 540, col- 
k(;t««l and iUnstrated by an example^ ^vherefore we dispen^ with their further 
development in iMs place. bemdes w and r, the distaaoe J is also -wanted, it 
can be determined 'by means of equation IIL 

76. 

Anotiher solution of the preceding problem rept^ upon the truth aaaeried tn arti- 
cle 61, TIT., — that the hcliocentiic place of the cartli, the gcocimtric place of the 
heaveialy btxiy and ite helioceukic place at e situated in one and the mum great 
cncle of the sphere. Li fig. S let these places be respectively 7, G, H; further, 
let Q be the place of the aaoending node; 82^, 0^ parts of the ediptie and 
orbit ; GP the perpendicular let fall upon the ecHptic from 0, which, therefore, 
will be =i. Hence, and ♦Vom *ho arc P7'= // — /will be detennuied the aui-le 1* 
and the arc TO. Then In the sphcricol triangle 8// '/' arc given the Q — t, 

iUeiuigk T, and the aide 32'— X — Q, vvhuutxs will hti got the two remaining 
mdes Q.£r= u and TSL Finally we have HQ =.TG— TH, and 

JtOnT G ^_Ji sill TH 

76. 

In article 62 we have shown how to express the differentials of the heliocen- 
tric longitude and latitude, and of the curtate distance for changes in liie aigu- 
ment of the latitude v., the Inoliimtiou i, and tlie ra^^liua vector r, and subsequently 
(article 04, IV.) we have deduced from these, the variatiouB of the geocentric 
longitude aud latitudi^ i sud b : there^i'^ by & uoiulunatiou of th^e tbi'iuuk«i, d/ 
and dd will be bad expresBed by means of dtt, d^ dQ, dr. But it will be worth 
while to show, how, in this calculation, the reduction of the heliocentric place 
to the ecliptic, may be omitted in the same way as in article 65 we have 
deduced the geocentric place immediately from the heliocentric place in orbit 
Tliat the formulas may become more simplei, we will neglect the latitude of 
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the earthy which of course oca have no senfflble efiect in differential foimuka 
The following formulas accordingly are at hand, in which, iioir the sake of bteinty, 
we write oi instead of I — 8, and also, as above, J* in. the place of ^ cos & 

^(XMet> = rcosM — J?co9(Z — 0) = J 
^ ain m s=r cost sin t( — Mfaii{L — Q)ssi} 

from the diffeieniiBtian of which' result 

coaw.d^ — J'ainai.doissdS 
un (o.d^ -|-/^ooe<».dft* = di} 

tan«.dJ'-j-^d4=dt. 

Hence by #l jinirifl-ti ffl ffj 

— C0» W.«in6.dS — wm>»wn>.3y-}»*''^»«tC 

If in these, formulae, instcarl of 5, t;, c", their values are subfttifiitf'd, dw 
and wUl appear rcprescutcd by dr, diij d^ d&; aTLer Hm, on aecount of 
dJ= dai -f- d8, the partial differenttals of ^ and b will be as fdlowB: — 



L 






H 




: sin 01 nn tt -f* " * 


ffl. 




— COS w sin « uni* 


IV. 






V. 




— eosoi coeunni — sinoisinuoostsm}^'''^*'™***^^^ 


VI 


- >> 


ooaoi unttsini — sin « cos « cos i on i-^ cos « on {cost 


vn. 




nnoiidn«8inifBinj-f-sInt/ co& i cos b 


vni. 




•.an.b(axi{jL — Q — w) = 8in6 8in(X — 1), 
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The foimulaa IV. and vilL a!i i :i 1 . appear in the most conTenient form for cat 
culntinn ; hvf fhv roimulafl I, IIL, V.| are reduced to a more elegant form by 

obvious suoslitutiuu!*, as 

m.* (V)^—ooBntuiih 



Y* gj)=— ^^oos(ii— OMnJ=— ^ooa(i;— i)Bn*coB*. 

Finally, the remaining focmnlas IL,TL, VK, are oluuiged into a more ample foim 

by the in'.: (xfuf'tion of ccrtnin f»iTv??"firv angles: whifli m:>v ho mos't oonvem'rritly 
done in tiie ibllowlug mauuer. Tiie aiuoliary angles J/, j.Y, maj be detcnuiued 
hy means of the formula<s 

tauifss^^, tmJf—dumtao.i=taaMcosamii, 
Then at l2ie same time we have 

Cos* jif 1 -\- fati* cos' »■ -J- sin' u I ^ • 

HOW, since Uie doubt i-emainmg in tlie detcimmation of Mf by tJieir tangents^ 
maj be settled at pleamre^ it ia evident that this can be done so that we may 
have 



and thenoe 



ooajr 



dUU J» ft * • 



These steps being taken, the foimolas H, Vl, VQ, ace tianafonned into the fol- 
lowing: — 

U,* (—\ riin«>co? (JIf — u) 

•njA r «in « «w <««)> (JT — 



TheBe traasfbimations, ho fur aa the foituuliis H and Vll are concerned, will dt tain 
nn ono, !)ut In r(»'^] n t to foraiula YL,Horae explanation will not he suporfliiou-!. 
'Emm. Lbe subi^litutixu]. In the finst phum, of M — (M — u) iot m, iii fui-uiulu Vi^ 
there Tesdlts 

^^j^ = cos (M — t.'j ; co-i ID :-'n 3f h — «in cd - /rn-, J/ sin wn i' cob J/ co:* 

— siu(Jl/ — Mj (co3 0i C08jlfsin6-f-ein w cos i i^iu. J^eiu £ — tuii»»inJ/coii^). 
Now we have 

COB at rin JIf = co^ » COB <» sin Jf 4" bSii^ * ^ '''i'^ 

s an o COS > cos ran' t COB o sua Jf ; 

whence Ibe former part of that ejEpreadon is tramformed into 

dn$coB(jlf — u) (Bini'oOBoiBinilfBin j-{-ooB Jfcos^) 

= ain>ooB(jlf — «) (oo6«>ainiV^8inft4~*^**<^-^<^ ^) 
= oofl w sin i oos {M — «) oos — 

Idkevrise, 

cos itr == COS* M cos ilT^- Bin* «» 008 iir= 008 w COB if 4- on i» cos j sin if ; 

whence the hitter part of Ihe expiresmon is transformed into 

— sin (Jf — «) (oos iVsin 1 — BiniVcOBj) = Bin {M — «) sin ( — *). 

The expression VL* follows directly from this. 

Tlie uuxiliary ann-k M can also he used in the tnuosfimnation of fbnnola L, 
which, by the introduction of Jf, assumes the form 

T** ^li^ ' ain w sin (Jf— w) 

from the comparison of which with formula L* is derived 

— R^{L — /) sin if = r sin a» sin (if — «) ; 
hence also a somewhat more simple fonn may be given to formula IL*, that i% 

' (!^7^) ~ — ^ Hin ( /. — /) ootan ( M — «). 

Tliat formula VT."' mny be still further nl iri(lg<>(l, it is ncf'ossjirv' to introchu'e 
a u<^u' uLudlliu'j ungic. which cau be duut^ in two waysj that ii^ tiiLker by puttiug 
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. n Hwl(Jf— ») ^ lHtl(J^— 5) 

ftom which, results 

VT** _ «■ WO (if— «) 00* {N—b—P) _ rrin (.y— t) coa (M—v—Q) 

The auzifiacy aagleB Jf, P, are, moreorer^ not merely fictitioiu, and it ironld 
be easy to deognate what may oorreBpond to each one of them in the celestial 

sphere ; several of the prece<ling oquntions itiiglit oven be exhibited in n move 
elcgaiit form hy mf*fins of arcs and angles on the sphere, on wliicl) wc are less 
incimed to dwell iu ilm plaoe^ h^Gavm tiusy »xit mt tiuHiGiaut to reud&i- jiupeidlu> 
QntBt in numerical oalonlatioii, the formulas above given. 

77. 

What haa been developed in the preoeding article, together with what we 
have ^ven in aitialea 15, 16, 20, 27, 28, for the several kinds of oonio section^ 
wiUfurnidii all which is required fbr the computation of the differential varift- 
tions in ibe geoei titrio place oansetl by vimations In the indlvirloal elements. 
For the bettar iliu^-tmtion of ibese pr«cept% we will re&tune tli& example treated 
above in adicle« 13, 14> 61, 6% 65. And first we will express dl and d^ in terras 
of dr, duf di, dQ, according to the method of the preoeding artide; which cal- 
culation is as foQowB : — 

log tan w . 8.40118 logsinu . 8.40099» ]ogtan(jlf— ti) 9.41932ii 
logooe* . 9.98853 log tan » . 9^6723 logcoswRnt . 9.85562ii 

log tan Jf. 8.41260 logtaa . 7.76822 n log tan P . . 0.06370 

M = r28'52'' jV= 17y^39'50" J'= 'iTU'W 

M-^u^m il 8 M—6^m 145 P= 136 50 32 
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I* 

log am(£—Q 9.72126 
logB . . 9.99810 
ClogJ^ ■ 9.92027 

(*)... 9.6onn2 
Clogr . 9.67401 

^U) . 9.81S68 



IL** m.* 
(*)... 9.63962 log 000 «» . . 9.99986» 

log cot(JIf—M) 0.58068 « log tan 4 . . 9.04749n 



0.22030 



9.0473511 



{*♦) . . . 9.84798 log2 . . . 0,21357 
1ogriii»oofl» 9.04212» log am (IT— ») 9.40484 
Clog*- . . 9.67401 logcos(iV^-W>)9.86S01ii 

Clog an P . 0.12099 



9.63241« 



IV. 

log I . . 9.91887 
log oo8(£—{) 9.92956 
(**) . . 9.84793 

log rsinMC0B»9.76999« 
log eos(^V— J)9.9^759« 
Clog J. . 9.91759 
aiogooeiir 0.00001» 

log(j4) . 9.67518 « 

These values collected give 

Al= + 0.20589 fir -f 1.66073 d» ~ 0.11152 dt-f 1.70158 d8 
d» = + 0.03666 dr — 0.42896 d« — 0.47336 d» — OMm d Q . 

It will hardly be neoeeaaty to repeat hero what we Imve often observed, namely, 
that either the yariatknu d( d^, Uti^ Hiy dSt, aiv to [>e expir«M»d in parts of the 
radius^ or the coefficients of dr are to be mnltiplied by 206265^ if the fonner are 
sappoaed to be expressed in fleoond& 

Denoting now the longitude of the perihelion (which in oar example is 



log^) . . 8.56406 

vm. 

r*> . . . n.R.S902 
log Bin b cos ^ 9.04212?i 



8.6S174» 
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52«18'9'.30) by 17, and the true anomaly hj v, the longitude in orbit irill be 
« -|- 9 — ^ -|- 77, iinrl tlierefore d» — d »■ -(- <5 ^ — cl ft, which value being uub- 
gftitutcrl in the preceding foimuhis, d / uud di will be expresaed in terms of dr, 
di», di7, dfi> di. ^jutking, thereibr^ now ruitLaiuK^ exuiipl La its.^&i6 dr and dv, ao- 
cording to the method of articles 15^ 16, by means of the diflferential variations 
of the eUipUc elementa* 

We had in our exan^e, article 14, 

log^.=.9.90S66 = logg3 



log— 0.191i90 

log cos f .... 9.98652 



^^Ql) • • • 

2 — e cos U — 


. 017942 

1.80085 
0.06018 


log;:^: .... 


1.74067 
. 0.24072 


' ' ' 


. ai9996«» 


Hence ia collected 







. . 0.42244 


log tan 9 . . 


. . 9.40320 




. . 9.84931k 


^Qi)- ■ 


. . 9.67495n 






log cos 9 . . 










. . 0.25862j» 



dtr =:+ L61154 djtr-> 1.58475 df 
ir — — 0.47310 d M— L8139S dy + 0.80085 da ; 
trfaidi values being anbetituted in the preceding formulaa, give 

d;= -{- 2.41287 AM— 3.00331 d«/> + 0.1C488 d»+ 1.66073 dl7 

— 0.11152 df + 0.043S5dS? 

d* = — 0.66672 dAr+ 0.613:^1 d(p + 0.02925 d a — 0.42895 dlT 

— 0.47335 di-f- 0.38090 da. 



* It ifim ba pateeived, At once, that Hm oym^Hi] In {he fiHoiriiig calenla&Mi, tio k»gcx cxpfUMM 
wtr fttixUkrf at)j|(l«, bat (u In aaetlan 1) t]i« meao uianialr. 

18 
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If the time, to whioh the computed place corresponds^ is supposed to be 
distant n days from the epoch, and die mean lon^ude for the epoch is 
denoted by iSJ the daily motion by t, we shall have ilf= iV-j- n < TT. and thus 

AM— A.N-\'n'\ f —■ //. In our r^^ample^ the tmie mswer^m ti> ihc i-otripnU'd 
place 18 October 17.4l()i)7 ila^B, of the year 1804, at the mcxixiiiui of Pari*: ii; 
aocordingly, the beginning of the year 1806 u taken for tike epoch, then 
»= — 7458493; the mean longitude for that epoch was 4r52'2r.61, and the 
diumal motion, 824'.70S8. .Sub:<iiiuiing now in the place of dilf its value in 
the fomruTas just Ibimcl, (lie dillbrential (■Imnges of the geocentrio place, expressed 
by meauH ol" the changea of the elemeut.s ulone, are as follows: — 

d/=2.41287 AN— 171M»0 cIt — 0.752U rl //— 3.00651 dy + 0.16488 d« 

— 0.111^2 d» 4- O.U4ai>$ da, 
di = — 0.(jC572 d JV-f- 49.66 dr -f 0,28677 d J7 0.61Soi -f 0.02yUii da 
— 0.47835 di -(- 0.88090 d8. 

If the mass of the heavenly body is either jieglocted, or is regarded as 
known, r and a will be dependent upon each other, and so either dr or da may 
be elimlaated from our formulas. Tha% since by article 6 we have 

ra»=*V(l+;»), 

we have also 

T »T» 

in whioh fbrmul^ if dr is to be expressed in peits of the radius^ it will be neoes* 
sory to express r in the same maimer. ISros in our example we have 

logT 2.91635 

logl* 4.68667 

log! n.i7Cn9 

Clog a . . . . 9.67756 

logji 7.85657«, 

or, dr = — 0.0022676 do, and da =r _ 440.99 d t, which value being substituted 
in our formulae, the final form at length becomes : — - 
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d/= 2.41287 dif — 252.67 dr— 0 ?521 4 .liJ— 3.00531 

—0.11152 d» + 0.04385 d 8 , 
d*=— 0.66572 dJTJ SWl (Ir^ d/7 + 0.61331 dy 

~ 0.47335 d/ 4- 0.38090 d a . 

In tne developmeiui of thcac ibiTiiuiius vvu kivo sii].)po^d all Ui«! diHurimLkk d4 
d^, diV^df, di7, dip, d^dQ to be expressed in jmi» of the radiu8» bul^ mani- 
festly, hj reason of the homogeneity of all the parts, the same formolae will 
answer, if all those diflforentiaLs are expressed in seconds. 



THIRD SECTION 



SELAXKmS BETWEEN SEVERAL PLACES IN OXBH* 



78. 

The disousaion of the relaiioos of two or more jjkoes of a lieuveuly body ia. 
its orbit as well as in space, Aimiahes an abondaiice of degani piopOBltioiii% such 
aa might easily fill an entire volume. But our plan does not extend so ^ir as to 
exhaust fi uibfiil aubjeot^ but chiefly so &r as to supply abundant fiualities fbr 

the coliition of tlxo great prnhV m nf tlio flrli'i-niinntlon of unknown oiLlfe from 
obficrvat.ionH : wherefore, luigloctuig wh)it^>voi' might be too n'Tno^^ f-'-mv our rjur- 
pusti, wa Villi, ike more c^irtifully d&v^o]j every UiLug tlmt cau hi any niiinner 
conduce to it We frill preface these inqQuries with some trigonometrical propo* 
MtionBr to which, isinoe they are more commonly used, it ia neoeaaary more fir»- 
quently to wjcur. 

L Denoting by A, B, G, any angles w hatever, we have 

sin A sin ( <7— li) -f si'n /{ sin ( A — <7) + eiu CAn (n^A) = 0 
cos^ siu ( 67 — -5) + cosT? sin ( A — C) -\- cos Cam {U — ^ 0. 

n. If two quantitiea .P, are to be i leti-i ininod by equations such as 

j» sua { J. — P) — a 
pmi{B—P) = h, 

it may generally be done by means of the fbrmuilas 

p taxL {B—A) sin {S—P) = i an {H—A) — a sin {H — B) 
j» ffln (5 — ^) cos \h— i>) = * 009 {H~ A)~a cos {H— B), 

in which ^ is an arbitrary angle. Hence are derived (article 1^ IL) the angle 
H — P, and pma,{B — J); and hence P and p. The condition added is gen> 
(100) 
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erally that p moBi be a p«)sli h e quantity, wTu'Tice the ambigoify in the deter' 

minatioii of thf angV FT PUy itu'ims (jf its t^mgent is deckletl; Lut witlioiit 
tliiil (:oailil.u)n, (he ambiguity may be decided at plea.siire. In order that the 
culcLiIutiou ruay be as couvcuient as possible, it will be expedient to put the arbi- 
txmj angle M either = ^ or or — i {A-{-£). In the first ease the equa- 
tions for detenuining P and p will be 

In the second case the equationB will be altogether analogoiui ; but in the third 
case^ 

^,rin(M+*^-i») = ,-,S^) 



And thus if the uimHaiy angle C introduced^ tiic tangent of wbicb = ^^1* will 
be found by ihe fonnula 

tan (i 4 + i ^ — P) = tan (46* + ^ ) Ian I (5 — ii), 
and afterwards p hy some one of the preceding fonuolaa^ in which. 

m. It p and P are to be determined from tiie equatiom 

/) <:os (A — P) — a, 
pcoi^iB — P) = (>, 

every thing said in n. coidd be luuuedialely applied provided, only, 90" -\-A 
90° 4- J? were written there throughout instead of il and ^: that their use may 
be more couTenieni^ we can, without trouble, add ilie developed formulas. The 
general formulas will be 

p Hill (7? — .1) sm {ff— P) = — * ooe (ff—A) -\-a coh (ff^ m 
pmu{Ji—A)tMo (S— P) = bfaa (ff—A) — a an (if — -fi). 
Thus for ir=i A, ihej change into 
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p cos{A P) := It. 

For M= By thoy acquire a similar foi-m ; but int U^k{A.-^ B) thej become 

j>coa(M+IJ-P) = ,4+!_^^ , 

so tiiat fhe atmUary aagle ^ being introduced, of which the tangent = ^, it 
becomes 

tan(M+i-0— P) = tan(C— 45') cotan*(5— -4). 
Finally, if we (let-in; to <kt<jrinino p immfdif'lely from a and j without previ- 
OUa computation of tho angle /*, wc liavo tlu; lunnula 

/» sin {7>' — 1 \ 1= {<ia -\- bh — 2 ooe (i^ — 4)), 
ad well in the prestiut piubiem n» in 11. 

79. 

For the complete determination of the oonio oeotion in Its plane, ^«« thingis 
are required, the place of the ])crihelion, the eccentricity, and the aemi-panuneter. 

Tf the-se arc to be dcduccr! from givon qnnntitles dcpcnrlinj^ npon them, there 
must be data enough to bo rible to fonn three eq\iatioiifi indep<*nflfnt of each 
othec. Any radius vector whatever given ia ma^itudc and position i'uroiidied 
one eqaatioo: wherefore, three radu yectores given in magnitude and position are 
requitdte for tiie deterrainataon of an orbit; but if two only are had, either one 
of the elomenii< themselves nin»t be given, or at all evenis some other quantity, 
with which to form the third equation. Thonce arises a variety of problems 
whioh VV& will mm iuv«i$tigat0 in succeasioaL 

Let r, /, be two radii vectores which make^ irith a right line drawn at pleasnre 
firom the sun in the plane of the orbits the angles Ny If, in the direction of the 
motion; fiirther, let H he the angle which the radius vector at perihelion makes 
witli the i^amo yliaiglit line, so that the true anomahcH 3'' — IT, N' — 77 may 
answfir to the ra^hi vecton^K r, r ; lastly, lut € be the eooentrioity, and p the semi> 
paramettii*. Then w<^ have tho equations 
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i -j- e ctps ( A' — // ) 
^ = l+«oai(Jf'— 17), 

from wbieh, if one of the quantities p, e, II, is also g^ven, it will be poceible to 

flt?t<!rmtne tlio two rcmamhtg ones. 

JLet us iiiret suppotie tbe eeuii-jmnuuetof ^ to be ^vmi, aud it is evident tbtit 
the detenoination tif the quantities e and 77 from the equations 

f bo porfomed by the rale of lemma IIL in the preceding artide. We have 

aoeot'diiigly 

ten {N- n) = cotan (JT- .V) - 4^^(J_^ 
/-{-r ^ 

80. 

If the an^e H is ^ven, p and « win he determined by meana of the equations 

_ r/ (oos. (.V- ~ IT) - on. (TT— n)) 
7wb{N— II) — /cop (A"— /ij 
r ' — T 

* — rc(^:N—'il) ZTT^VIV— r/) ' 
It is possible to i-erluce tho common denoiahiatn!- in tli( =r> formnlns to the form 
a con {A — II), so that, a and vl may ha iiidcpeiuient oi Jf. Thus letting II de- 
note an arbitrmj anglei, we have 

r ooe(J^— J7)— /oo9(jr— 77) = (rooe(ir— -ff)— /ooe(Jir— JT)) oofl(Jr— 27) 

— (r 85n(iir— JT)— /sin (JT—^ff)) sin ( J— il) 

and so 

= a cos {A — II }f 
if a attd ^ are determined by the equations 

r cos (iV— fif) — / cos (ilT— .ff) = a 008 (il— .ff) 
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Li Hub wsy we have 

_ 9 »si» i ( y' -^• ^vHajsr+il!r—m 

" a&»(A — H) 

_ /— r 
*~ aeM(A — n)' 

Thefie foimukj^ are cf^ecially couveniuut when p aud « Me to be computed Sir 
Bevenl values of j r> /, Iff N* oontinuing the oune. Since for the calculation 
of the aimliaiy quantities a, J, the angle H may be taken at pleasure, it will be 
of nrlvontage to put H-= k N% by which means the formulas are changed 
into iheoe, — 

(f/ 4- r) Hhi I ( X _ if ) = _ « sIq {A — k M— * iV"). 
And 80 the angle A ibdug rlotcrmincc] by the eq^uatton 

tan (A^i If—ilT) = ^ton i (iT— -W), 
we have immediately 

The computation of the logarithm of the quantity may be abridged by a 
method already fi«quently e^huned. 

81. 

If the ecoentridty t is given, the angle J7 wHi be found by means of the 
equation 

afterwards the auxiliary an^e A is determined by the equation 

tan (4 — * A"— » JV^ = ^ tan i (iV— 

The ambiguity remaining in the determination of the angle A — IT by its cosine 
is founded in the nature of tiie case, so that the problem Qan he stutis'fiorl by two 
dlflbrenl ,<olutIoils ; wlilcli of flu^se is to bt? adopted, and whirb rcjectod, must be 
decided in eome other way ; and for this purpose the approximate value at least 
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of IT mugt be already known. After IT is found, p wUl be computed by the 

I? = r (1 4- « coa (iV— n)y =/ (1 + <t cofl (JT — J7)), 

or by thifl^ 

_ irf'«moH2r—lir)KB(iir-[^N—n) 
P ✓ — r 

82. 

Finally, let us .suppot^a iliat there are given three radii vectores /, f^, which 
make, with the right line drawn firom the sun in the plane of the orbit at pleasure^ 
the angles IT, If, IT. We shall have, aooordingly, the remaining Bymbols bemg 
retained, the equations 

(L) £ = l + <oofl(iV— IT) 

^:s=l+«0O8(jr— JZ) 

from which p, IT, e, ran ho derived in several diflereiit ways. If we wii*h to 
compute tho quaaiUty ja belbre the rest, the throe eciuations (L) may be multiplied 
respectively by sin {y — i^T), — Bin(iV* — iV), bui {JT — N), and the products 
being added, we have by lemma X, article 78, 

_ «m(jy*— JP— rin(2?'— jy)+aiii(ir— jy) 

^ iam(ir— ^8in(ir— A')H-J,-«in(ir— A)* 

This ezpreaaion deserves to be coopered more closely. The numerator evidentiy 
becomes 

= 4 sin i (JV^ — Jf) sin } (iT — JT) sin i {Jf—N). 
Puttings moreover, 

/ >■" sin (.V — N') = n,r/' sin {iV — .V) = r /ain {-X" ~ — 

it is ovidaul that i «' i ii", are aretts of triangles between the second and third 
radius vector, between tiiQ &xst and third, and bctwycn the first and ficcond. 

14 
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Hence it will readily be perceived, that in the new formuUi, 

the d^iominator ia double the ai-e^ ui' the triatigle cuutniued between the ex- 
tremities of the three radii vectores, that i% between the three places of the 
heavenly body in space. When these places are little distant from each othoTi 

tliis jiica will f\lways be a very small qmuitif ml. in i cil. of the third order, 
if — X. JV" — lA" are reganled a-? mail] (luiintities of the firyl otxler. ITciice 
it is ifailily infcrrftl, tliiit ii' ono or more of tht; quantitieis >•, <•', r", ;V, iV', are 
afibcted by oiToi's uevui' so idi^ht, a vurj gruat enoi amy thuuc« ai'i^ lu the dn' 
termination of /> ; on wUch accoimt» this manner of obt^uning the dimensions of 
the orbit can never admit of great accuracy, except the three heliocentric places 
are distant from each other by considerable Intet valH. 

As ■40011 ns rtie ^im-paiameter jp h found, c und 77 will be detomiineJ by iha 
combiuatiua of any two whatever of the equations L by the method of article 79. 

83. 

11° wc prelW to oommence the solutioiii of tbi& pi'i>blem by bhd coinputation 
of the angle JT, we make use of the following method. From the second of 
equations L we subtract the third, from the first the thurd, from the first the sec- 
ond, in which manner we obtain the three following new equations : — 
1 1 

1 1_ 

_i 1 

Any two of these equations, according to lemma IL, article 78, will |pve IT and^, 
whence by either of the <j<|uatIona (I.) will be obtained likewise e and p. If we 
select the third solution given in article 78, IL, the combination of the first cqua- 
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tion vriCh the tturd gives rise to ihe following mode of proceeding. The ausjl- 
iary an^ t bulj be determined by the equation 

-^1-1 

lUid wo shall bftve 

tan a iVH- i 4- f iV"— i7) = tan (45* + C) toa ^ (iV— iVT). 

Two otliev solntioTis wholly aimlogous to tlib will rfnilt fioin flismging tlif s<^coniT 

placo witli the (iis^t or thit^. Siiico Iht- tbiliiuks Ibl' ' lieooiiR' more cODiidiratf^rl 

J" ' 

by the use of this laothoJ, it will be better to deduce e aaU/>, by tbe luulbod of 
article 80,fh>m two of the equations (I.). The uncertainty in the determination 
of i7 by the tangent of the angle I lf-\- j iV + J N"—n miwt be m decided 
that e may become a poutivo quanidty : for it is manifest that if valnea 180^ dif< 
Jferent were talcCTi fnr Tf, erppoRit^* mines wmild rc^ulf. for r. Tlu" si(.ri> of p. how- 
ever, k fcm from \hM oncertaiuty, and thie value uf p uaauub become negative, 
unless the three given pointe lie in the part of the hyperbola away from the son, 
a case contnuy to the laws of nature which we do not consider in this place. 

That whirl), after the mor(> dlflicalt substitutiong, would arise from the appli- 
fatlon of the first luethoil in article 7S, 11., can Le more coiivciiit_'ntly oLtaliicd in 
the present ca.so in tho following manner. lA-t the fa-st of <><juti.ti<)n.* II. bo inuUi- 
plied by tiOii i (-tV" — /Vj, the third by cuo i ' — 'iV'), and kfc the piixliujl of 
the latter be subtracted firotn the former, llien, lemma L of article 78 being 
properly applied^* will follow the equation 

* {■? — U-y^— iT) — I (—7) cotan kilf—N) 

By combining which with the second of equations IL II and '- will be foimd ; thus, 
77 by the formula 

*Pattm& that H, ro th« moond fttmoln, A=z\ {IT— IT), £=iJ)r+ ^iP — J7, C=i (itT— JT). 
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r 7 ^ 

~(l— ^)cotaii \ {Jsr'—N)—^—i) cotan \ (JT—JT)' 

Hence, also, two other wholly aaalogoua fomuilas are obtained by inteidum^g 
the Beoond place with the first or third. 

84 

Smci' it is possible to detennine the whole orbit by two radii vectorcs given 
in maguiludc and position together with one eleiuant of the orbit, the also 
in which the heavenly body moves firom one radius vector to another, may be 
determined, if we cither neglect the maa of the body, or regard it as known: 
we ahall adhere to the former case, to which the latter is easily reduced. Hence, 
tnvoivc'K-, it Is apparent that two rmlii vor tfrf^ given in magnitude and position, 
together with the time in which tlie lieiivcniy body dewnibes tbo intoruioditite 
space, doteimiiw tli@ wliulc orbit But thi& probleui, to be eouaidered umung the 
moat important in the theory of the motions of the heavenly bodies, ia not so 
easily solved, since the ezptesnon of the time in terms of the elements Is tnm« 
Bcendental, «nd, moreover, very conipllcuted. It is so tnucb tlie more wortliv of 
hfmg parofiiUy investigated ; we hope, IheiefofL-. it will not be di«i<irre(-!iMe tO 
the readei*, thal^ besides the solutiua bo i^i; given hereafter, which st^eiui^ u> leave 
nothing further to be desired, we liave tliuught proper to preserve also the one 
of which we have made frequent use before the former snggested itself to me. 
It is always profitable to approach the more difficult problems in several ways^ 
and not to defpise the good although preferring the better. We begin with ex- 
plaining this older method. 

85. 

We will vetaiu the ^jfrnbols r, r, iV^ Jl^'tPf *> It vvith the mvm meaning, with 
which they have been taken above; we will denote the difierence If — N by J, 
and the time in which the heavenly body moves from the former place to the 
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latter by i. Now it is evident tliat if the approsiinate yalue of any one of the 
quantitiea^jryT?, is lEnowi), the two remaining oneo con be determined (torn them, 
and afterwards, by the methods explained in the first Be<'t!on, the time corre- 

'^<^oiii^'iv:c to thf motion from tJie first place to the wmvI 1'" thi'; inoves to be 
equal to tlie gtveu time i, the assumed value of «, Or iV, is the trnic one^ and the 
orbit is found ; but if not, the calculation repeated with another value differing u 
little from the first, will show how great a change in the value of the time corre- 
aponde to a small change in the values of «^ J7; whence the correct value will 
be discovered by ample interpolation. And if the calculation ia repeated anew 
Willi this, llie rosnlting time will eUiicr agree exactly with thfit gireti, or at lc'ii.*.t 
diilec vtii'y little i'tom it, ao thaX, by nppljiug iiew cou-^euout^ m peiiecl an agits^ 
ment can be attained as our logarithmic and trigonometrical tables allow. 

The problem, therefore, is reduced to thisj, — for the ease in which the orbit i« 
still wholly unknown, to iletcroitne an approximate value of any one of the qnan- 
titips p. ( . II We will now give a ruetliotl by whifb the value of p 5s obt»ine<l 
with Bueii accuracy that for small values of J it will require no further correc- 
tion j and thus the whole orbit will determined by the Hi'st compuia,tIuu with 
all the accuracy the common tables allow. This method, however, can hardly 
ever be used, except for moderate values of J, because the determination of 
an orbit wholly unknown, on account of the very intricate complexity of the 
proWeni, cau only be uuderlaken with oli^prvations not xovy •V-itant from each 
other, or rather wilii auch m do not involve very comudcxabk helioceutrio 
motion. 

86. 

Denoting the indefinite or variable radius vector corresponding to the true 
anomaly » — i7 by (>, the area of the sector described by the heavenly body in 
the time < will be ij\>{>d r. 'nitcirnd being extended from v — J\' to r _ .V, 
and thu% {i being token in liie moaiuug of art»i> le tV), k i.\l ji^.f[t <* d »». ^iow it 
is evident fi-om the fonudas developed by CoiES, that il' (fx cypresses any 
function whatever of the continually approximating value of the integral 
/9 s. d » taken from ar =« to «=M-f-^ ia given by the formulas 
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(y » + 4 y (u 4- M) + 9 (» + ^)) 
i./(y« + 3y(«+i^)H-3y(tt+f^) + 9(tt + ^)),etc. 

It will be sufficient for our puipofle to stop at the two fint formulas. 
By the first formula we have ia our problem, 

if we put 

^= ton (45* + ©). 
Wlierefbre^ Hie first approximate value of ^ />, which we will put = 3 a, wiU be 

\ P ^ n — S~ = a « . 

' K( COS 2 (II 

Bjf the sacoiid funnnlji wc have more exat i ly 

J i> V a V ^ J (r r 4- r /•' + 4 />' 7?) , 
deaotmg Uy if the radius vector Gorn^!^pnn<lin^ to the middle auouialjr 

} A' 4- iiY—J/. 

Now exprt'ssing jj by ini'uiis of r, U^i^^N^ iV-j- 1 ^, N-\-A aooording to the for 
inulit giveu iu iurticle S2, we iiud 

-j- ^) sin i — ^ 

and hence 

By puttings therefore, 
WO have 

Of I A v' (>• r' co s 2 n>) 

whence is obtained the second approximate value of ^ 
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vJ»=«H — T^r — a:r=« + 



if we put 

\ eotw / 

Writings therefor^ n for y^/?, jt will be determined by the equation 

which j^to^esly dtivolopcd would a^etid to iktt Mih degree We uia>y put 
ft = j ^ GO that ; is the appfoximate value of and /» a very small quantify) 
the square and higher powers of whieh may be negleobed : finom which substitu- 
tion proceeds 

(j-«)(l-^*+/*<(l-^)^ + i^(l-^))— , 

or 

(??—«) + 

and so 

Now wo have m our T^rnM^ m tTie approxinmtn valuo of .t, namely, 3 a, which 
being substituted in Uiu pt eticdin;^ formula for 'j, the corrected imlue beoomes 

Putting therafore^ 

JL-ij r - 



the formula assumes thtt form. 



;tnil all the operatioua necessary to the solution of the problem are comprehended 

itt those live formulas: — 

I. ^ =tan(45' + «) 
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8A<ooa9« 

87aitoiMt* ' ° 

If we are -willing to relinqmsh something of the precision of these fbrmulas, it 
win be poanble to develop ertall more ample ezpreeeions. Thus, by making ooa oi 
and cos2(it := 1, and developing the value of in a series proceeding according 
to the powers of the fourth and higher powers being neglected, we have, 

in whioh 4/ ifl to be ezpreaaed in parte of the radios. Whereforei, by making 

v»e have 

Tn like iuuuiier,by developing ^piaA series proceeding according to the powers 
of sin J, putting 

we have 

viL vp=(i+^^^V/; 

or 

Vlll. p=p"-{-i mn^J^r/. 

The formulas VIT. and VIII. agree with tiiose which the illustrious Euleu lias 
given in the Theoria mdm pkutdamM d madtu-iua, but futmul^ VL, with ilxsxi wLkh 
has been introduced in the Re^to'^ies et ealeult aur h wm orbUe t^fUqtte de la 
emete 1769, p. 80. 
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87. 

The following examples iidll illustrate the use of the preoeding precepts, while 
from them the degree of precision con be estimated. 

L Let log r = 0^307640, log/=s 0.8222239, J = rS4'68".73 = 27293".78, 
t = 21.93391 day*'. Then is found « = — 33' 4T'M, whence the fiirther compu- 
tation is ai» follw\Ts : — 



log^ . . . 


. 4.4360029 


ilogr/eo8 2io 


. 0.3264519 






2 log iun 1 . 


. 7.0389972 


aiogs;^ . . 


. 5l9728722 


loggV • • • 


. 8.8696662 


Clog^. . . 


. &6588840 


Clog a a . . 


. 0.5582180 


C.logooe2a* 


. 0.0000840 


Clog 006 0 . . 


. 0.0000210 




. 9.7208910 


log/} ... . 


. 6,7933543 








0.0006213767 


log2 . . . 


. o.mamo 






2 \oji cos k J 


. 9.91)80976 


l + r + 2M = 


3.0074471 


2 log tiOi 2 u 


. 0.0098320 


log 


r 047S10SO 


aiog(i— 3iJ) 


0.0008103 


loga . . . . 


. 9.7208910 


2 C log cos (11 


. 0.0000420 


ciogn + s.-j) 


. 9.9986528 


logy . . . 


. 0.2998119 


logVi» . . . 


. 0.1977418 


r= 


1.99489S2 




. 0.3954836 


21|3=: 


0.0130489 







Thisvalae of logjJ diflfers from tlio frne Tvilnc hy sQocoely a single unit in the 
Beventli place: formula VI., in tbi.s exa.mj)le, yives log / = 0.3954822 ; formula 
VIL giv«s OMHim i hmlly, fonuuia ¥IIL, 0.^0547^4 

H Let logr=0.4282792, log/ =0.4062033, ^=62»66'16''.64,<=259.88477 
dayst Hence is derived » =— 1" 2r20M4, log o= 9.7482348, /J — 0.04686216, 
y s= L681127, log y/p =: 0.2198027, log j> = 0^396054, which is less than the true 
Talue hy 183 units In the seventh place. For, the true value in this example Is 
0.4396237; it is found to be, bj formula YL, 04368780; fiwm formula VIL it 

15 
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results 0^169824 ; laatty, it ia deduced fiom fonnula TUL, 0.40&1103 : the two 
last vidnes differ so mnoh team tiie trath that they cannot even be used as ap- 
ptoximationai 

88. 

The exposition of &e aecond method will aflbrd an opportunity fi>r treating 
fuDy a great many new and elegant lelationa; which, as they assome differeait 

foriu.s in tli(; iliirereut kiuds of coulo sections^ it wiU be proper to treat separately; 
ire will bogln with the ELUl'SE. 

Let the eccentric anomalies E', and the radii vectores r, r, correspond to 
l>wo pkoes of trutj auumaly r', (uf vviiidi v u ikst in tiiuo) ; let also ^ 
be the Bemi-parameter, «=:ain9 the eccentrioty, a the seini-oxis m^ox, i the 
time in which the motion ftom the first place to the second is completed; finally 
let us pot 

t/— tp=2/, v^+ffssSJ* E'—E=^g, E'-\-E=2ay «ooe9=j^ = J. 

Then, the following eqnatioDB are eosOy deduced from the combination of for^ 
mulas v., VI, article 8; — 

[1] h sin (f - sin/. V' r /, 

[2] bm\(?-rnmF.\^r/, 
p cos_(7 — (ffos g V COS 4 >' .{\ -\- e) snn k r sin k v. (1 — e)) y' r r\ or 

[;>] I OS g = (cos/ ~\- e cos F)^ r r, aud in tho some way, 

[IJ p cos 6^ = (cos J' -j- e QOA f ) y'r/. 
From the combination of the equations 3 and 4 arise, 

[6] COB/.\^r/=(O0B^ «COB&)<l^ 

[6] eosJ'.vfr/=(co8(7 — «oos^)a. 
ESom loi-ranla IIL, article % we obtain 

[7] r — r — ^ae sin (j sin ir, 

»^+r= 2 a — 2a«cosy C08& = 2a8iu^^-|~^<^/<^yV^'''^t 
whence, 
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Let UB put 

and fhen ynXL 
alao 

in 'which the upper or lower agn must be taken, as un^ k positive or negatim 
Fonaula XIL, artide 8, fitnusheft us tiie equation 

^ =i!'~«an^ — j&r-l- « ein ^= 2y — 2 « flin^ cos 
a" 

=t2^ — ain2jf-{-2cos/sm;7^. 

If nuw we Bubtttitule in this equation instead of a ita value from. 10, and put, for 
the sake of breyitj, 

we haye, after the proper reductions^ 

[12] ±«=(/+«u»i,)*+(/+>irfiir)*(^^5;^)» 

in which tiie upper or lower ngn is to be prefixed to fli, aa sun^ is poaitiYe or 

tlcgativc, 

Wlh ii the heliocentric motion is hehreen 180° and 300", or, more genenilly, 
when cos / is u^^ative, the q^uautity m determined bj tbrmula 11 beoomes ijn> 
aginary, and / negative ; in order to avoid which we will adopt in this case, instead 
of the equaiMms 9, 11, the following: — 



[11«] 1 ii-^ ^=Jf, 

wh^ioe for 10, 12, we shall obtain thea^— 
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[121 ±.)f=-(j;_A.>j^j= + (i,_Mrft,)»pz=*»/), 

in which the doubtiui ffigm is to be detennined in the aame manner as before. 

W» ha.ve now two thiag» to occomplMi; first, to derive tlie uukuown quan- 
tity g as convenientily lui poflsible fcom the tninscendental equation 12, ainoe it 
does not admit of a direct solution; second, to deduce tlie elements tliemselTCs 
from the angle g thus found. Before we proceed to these, we will obtain 
a certain transfomiation, by the help of which the computation of the auxiliary 
qnflntHy ? or U is more cxpcrlition^ly iM^rtomiod, and also several fiirmtllas aftei^ 
wajL'd^ to be developed ar« reduced to a moni elej^t form. 

By introducing tlie anxiUar/ angle to be detennined by means of the 
formula 

y/^=tan(4$» + «»), 

we have 

^/^ 4- y/^ — 2 -}- (tiui(46- + «)—ootfln(46' 2 + 4 tan* 2 oi; 
whence are obtained 

cm/ "r "eoij?'' cm/ cm/ ' 

90. 

We -win «inHi(Ier, in the ftvst ptnf e, the case in which a value of g not very 
greaf^ is obtauied from the solutlou of the equation 12^ so that 

may be developetl m a series arranffed awonilnir to the powers of nu kg. The 
numerator of this expreaiion, which we ghaU denote by becomes 

^wa^kg — i^w^kg — \mikg — otcj 
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and the denominator, 

8 sbi> 1^ — 12 8ui> + 3 on' + eiiQ. 
WhesDOB Xohbme tiie fbim 

But in Older to obtain tb» law of progressbn of the ooeffioient^ let ua diffiieiir- 
liate the equation 

whence results 

ri IF 



puttiiig, moreover 
We have 

whence is deduced 
and next, 



g^=s#ain^. 



dX_ 8— «X<io»g _ *>-aJCa— 2g) 
d« — OtFg Sae(l— «) ' 

(2,-2**)^.==4-(S-6*)X 



therefore, we put 

jr=Kl-{His+/S4rs-|-f c*4<d««4- ei&) 

we obtain the equation 

K« * -I- (2 |J — «) * » ^- (3 y — 2 + (4 d — 8 y) 4- eta) 

(8 — 4 «) + (8 a — . 4 /}) JT^ + (8 /J ~ 4 y) «^ + (8 r — 4d) + eta 

which should be identical Hence we get 

in which the law of progreaeion is obviouB. We haTe^ Aeiefiwe^ 

This senses fOAy be tiansfortned into the followiu|{ continuoaa £ractioa:^ 
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t € 



t I 2 



, &8 



7.10 



11.13' 

I8.16' 



id. 17* 



1 — etc 

The law according to wliich the coeificieiitB 



6 9 5.8 1.4 
proceed is obvioufl; in troth, fhe teim of this series ta, when n is even, 

vhen n is odd, 

the fiirther development of this mlgect wuuld be too foruigD ixom. our pui-pose. 
If now we put 

— 2- 



1 J* 



1— eta 

we have 



Smut. 
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and 
or 

t_ «»ri*g~}(ag— »ln8y)(l— t»bHy) 

The mtmetator of this expresaion is a quantity of the aevenlih order, {he denoim- 
naior of the third order, and J, therefore, of the fourth ord^^r. if ^ is rc-m ii -1 as 
a, <]nt\vt\\.y of tho Hv-t orf!er. nnri 2: as of the soponrl onloi. Ilcnfi' It is inferred 
that this fonuula k not guit<;d to UiQ exact numerical computation of £ when g 
does not denote a veiy oooBideiaMe an^e: then the fidlowing formulas sua 
conveniently uaed finr this purpOM^ which differ fimn each other in the changed 
order of the numeraton in the fiaotional coeffidenti^ and the fiist of which u 
detiyed without diffieniliy ficom the aBsmned value of 



8J ■ 



etc, 
or, 



1 — T^ifira; 

1 — etc. 

In the third table a^TtrTpr! to this work arc found, for all values of x from 
0 to 0^ and for every thousandUi, correspoodlng values of | computed to 
seven pboes of dedmalB. Thia table aihowB at fint ri^t the nnaDneaB of I tor 



* Tlie darivatian of the bUor «qipoB«a mm lew oVruraa tHwrnfi i rm i i H on i i , to be ezpUiMd on snother 
ooouioa. 
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moderate values of gi \km, finr example for — i?=l(r, or ff = 6% yrbea 
z — 0.00196, ifl C = 0.0000002. It would be supezfiuouB to contiiiue the table for- 
llicr, since to the last teim ar=s0.3 correqtondfl g—M' 2&fOT W — E— 132° SO'. 

Thti tliird column of tho t.abl«5, whicli contiims vnlues of \ corresponding to nega- 
tive 'valnefl of 9, will be explained Aixther eai in its proper place. 

91. 

E(j^uation 12, in which, in the case we are treating, the upper sign must evi- 
dently be adopted, ohtainB b/the mtroduotion of the quantity { the form 




Puttinj^ therefim^ 

ood 

the proper reductions being made^ we have 

[l5]*=^7^>iL^ 

aoocxdin^y, h may properiy be regaided ae a known quantity, y oan be de- 
tenained fipom it by means of a cubic equation, and then we shall hare 

[16] » = 

Now, although \ involves tho quantity still unknown, it will be allowable to 
neglect it in the first approadmation, and fbr A to take 

mm 

FP' 

since | is undoubtcrlly a very f?mull quantity in the C4i,«c we are disciissmg. 
Hence y :ui<I x will bo deduced by metui^ ol equatiooa 1^ 16 ; \ will be got 
firom z by table HI., and with its aid the corrected value of h win be obtained by 
formula 14, with which the same calculation repeated will give corrected values 
of y and x: £ov the most part these will differ so little firom the preceding^ that £ 
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taken agt*iii ffcm table UX, will iioi diflb*" rrcim Uiu Iliat value ; othenviss it woulil 
be necesaacy to repeat the ccJoulaticm anew antil it undemcnt no further change. 
When the quantity x shall he found, ff will be got by the formula iff-^x. 

These precepts refer to the first oaae, in which cos/ is podtiTe; in the other 
case, where it is negative^ we put 



and 



[1*1 I^=^» 



whence equation 12* properly reduced passes into this, 

X and Jl <3aa be det<arxaJiiied«ao(M>i:dijaglj|f>Uy ihis onbio equatiiuu, wheuce agttiii » 
wiU. be derived from tiie equation 

[16*] ^y^. 

In the fixst appruximatloin 

Jfif 
x-j 

will be taken fbr J?; £ idllbe taken from ta>)lo HI. with the value of .r <ltn-ivoil 
from n by means of the equalionn Lj* 16*; heucv!, I»y forrniilii 11*. will Vio liafl 
the corref'tod rnlne of "^^^ which the calculation will !ip r.^f.-'ated in tin; siunc 
mauucr. i' ixialij, the angle g wUl be dettii'iuiutid ifuui ui tiie siUut^ wu^ in 
the first case. 



Although the equations 15, 15% r-au liiive throo real roots in coriain cn.sca. it 
will^notwitbstauding, uovcr be doubtful wluch should be sdacted in oui- problem. 
Smco h is evidently a positive quantity, it is readily inferred from the theory 
of equations, that equation 16 has one podtive root witli two imaginiiry or two 
negiallve. Now since 

16 
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m\Ml n&o&tmx'ily h& & ptiiutlve c^uantit^', it evkleni thai no tinceirtuniy remauu 
here. So far as relates to equation 1^, we obsei vii, iu. the first place, that L is 
necessarily greater than 1 ; which is easily proved, if the equation ^ven in article 
89 is put under the fonn 

Moreover, by substituting^ in equation 12*, T^{L — at) in tiie place of if^ we 
have 

and BO 

r4-i>(i-»)^>#+o'+3^**+o^*'+ete>l. 

end therefore Patting, therefore, T=^-\- y, JT will necessarily be a 

pOflitive quantity; hence also equation 15* passes into this, 

r*+2rr+(i— J5r)r+^— |/r=o, 

which, it is easily proved from the theory of cqnntiona, cannot have Bevoral posd- 
tive rootSL Hence it in comduded that equation 1&* would have only one root 
gt-i aler than i,f w)r<1i. H o remaining ones being neglected, it will bencoessaiy 
to adopt in our problem. 

93. 

hi order to render the aolation of equation 15 the most oonvemcnt possible 

in ca.ics the most frequent in practice, we append to this work a special table 
(Table 11.), which give? for value* of /* IVom 0 <o O.G the com'Sj)oii'''iiL'- logSr 
rithms eomputed with great care to seven plac^ of decimals. The axguinent 
h, from 0 to 0.04, proceeds by angle ten thousandths^ by which means {he 
second diflferenoee vanish, so t^at simple interpolation suffices in this part 
of the table. But since the table, if it were equally extended throughout^ 
would be very Toluminoue^ fiom ^ — fM"i4 to tlie end it was neoessaiy to proceed 
by -infrle thousnn^fliK only; on \\liich accoiinf, it will be neoet»sar\' in this latter 
pait to have regard to second diOcrirmcee, if w<» widi avoid terrors ot Huiue unite 



t If in ftet vfl aoppoM tbat oar proUem admito of aobtion. 
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in 1^0 Bercnth fignre. The Bmaller Talucs, however, of h are much tiie more iBre- 
quent fn praeticc. 

The iolutioii of vi^iLil'ion 15, whm A exceeds the liiuit ul' the tabic, ako 
the solution of 1-5% am be poiformed without difficulty by the indirect method, 
or by other methods sufficiently known. - But it wiU not be foreign to the pur- 
pose to remark, that a small value of ff cannot coexist with a negatiye value of 
cus/, (>x('(>pt in nn orT)!i c-oiiNldLTably eccentric, as will readily appear from equa- 
tion 20 given below in article 9b.f 

The treatment of equations 12^ 12% explained in articles 91, 92, '^'6, rests ujioii 
the suppoetion that the angle y ia not very large, certainly within the limit 66" 25', 
beyond which we do not extend table in. When ihia suppontion is not correct, 
these equations do not require eo many artifices; ihey can be moet securely 
and conveniently Holved by trial teitkwt a eiai^ tf form. Seevr^y since the value 
of the expresaiott 

!n winch It is cviflcnt tlint 2 y is to be expressed in part=; of tlie radinp, can, for 
greater vaiu*s8 of g^hit computed with pcrmt weuracy by nuiHiis of the trigononiet- 
tioal tables, which certainly cannot be done as long as g h a Rmall augls : etm- 
vtmadfyy because heliocentric places distant fix>m each other by so great an interval 
will scarcely ever bo used for the determination of an orbit wholly unknown, whOe 
by means of equation 1 or 3 of article 88, an approximate value of g follows 
wftli Jilinost no lahor, from any knowledge wlintcvor or the orbit : lfu4l y. from :ui 
appiuxliuiiiitt value of ^r, a corrected value will «ilvvay«i be derived with lew U'ladii, 
aatififying with sufficient predion equation 12 or 12*. For the rest, when two 
^ven heliocentric places embrace more than one entire revolution, it is necessary 
to remember that just as many revolutions wiU have been completed by the eccen- 
tric anomaly, so that the angles B' — Ef if — v, either both lie between 0 and 360°, 



t That eqiwtuMi tint if vnf is native, 9 must, at leiiet, be greater than 90* — g. 
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or botii between dmilar multiples of the whole drcmnfermoe, and also / and y 
together, eitTicr betfreen 0 and 1§0*. or bohvoc-n gfmilar mtiltiples of the. seitucir- 
cmufeience. W, imally^ the orbii &liould be whullj uukuowii, aad it should not 
appear whether the heavenly body, m paaung from the first radma vector to the 
second, had deecribed a part only of a revolution or, m addition, one entire revo- 
lution, or several, our problem would 8ometiino»i ailmli several different solutions : 
however, we do not dwell here on this case, which can rarelj occur in practice. 

95. 

We paaa to the second matter, that the determination of the elements &om 
the angle ff when found. The ui^or mmiaxis is hnd here immediately by the 
formulas 10, 10*, instead of which the fbllowing can also be used : — 

r J Y1 g * "' ' . '"V ■ ' 

Tlio minor pfiniaxlf A — •/<'/' got hj means of equation X, which being 
combined with t)io prociMliiig, there results 

[18] p=(»li|ti!)' 

Now the elliptic sector contained between two radii vectores and the elliptic arc 
is likt^p, also the triangle between the same radii vectores and the. chord 
ir/8in2/: wherefore, the ratio of the sector to the triangle is as^: 1 or P*: L 

This roTiiarlv is of the greatest iiiiporfam-e. ami eludilatcsi in « '^f»autifal matmer 
i>otl) tho (Equations 13,12*: for it is ii|)|)i(rei<t lioiii tliif^, timt in eqnaiion 12 the 
ptaLjUi, (/-j-it)", X(/-)-a;}',aud iu tj*juatiuu i^'''- tUts parts Jii(i<-—*)-,X^^Z- — x) , 
ore respectively proportional to the area of the sector (between the radii vectores 
and the elliptic arc), the area of the triangle (between the radii vectores and the 
chord), the area of the segment (between the arc and the chord), because the 
first nrfa h {•vii.k'ntly equal to the mmi or dil?(»rerice of the ol'irf ..f^.'ord- 
iug isH tf^v lies between 0 and IbU", or ijetweeai 180" and iiGt)'. in the cane 
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where ii — vSa greater than 360" we miist conceive the area of the whole ellipse 
added to the area of the sector and the ai'ea of the eegment just as many tiinefl 
m the motion comprises entire revolutions. 

^lureoyer, Once h = a coa 9, from the combination of eqaations 1, 10, 10*, 

Ibllow 

wlienoe, by sobfltituting for I, Z>ihdr Taloes ftom article 89, we have 

This fonnuk. m not adapted tu the < xurt computatton uf iha ccccntriaty 
when the latter ia not great: bnt ftoiu it m eaailj deduced tiie more suitable 
£>imnla 

[21] tan *V = ;riaW-f*)'-f^"2«" 
to which the following ibrm can likewise be given (bj multipljing the numerator 
and denominator by coe? 2 <a) 

Tlie tuigl«» if) ciui always be deieriuintid wilii idl tiuuuracy by either ibnuulti, uaing, 
if thought proper, the auxiliary anjorles of which the tangenta are 

t:in '2 oi tan 8 «• 

for the fiumeir, or 
foi tlui latter. 

The following formula can be used for the determination of the angle O, 
which readily results from the combination of equations 5, 7, and the following 
one not numbered, 

from whicli, by introducing to^ia easQy derived 
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[24] 1«i<?= 



009'2 111 sill ^ (_/" — g) «in J (./ -(- f'^ -\~ ''in'S <u cos 

The ambiguity hore mintinitig k eaaily decided by meaiu of equation 7, wLich 
akows, tliai must be iaken between 0 and 180% or between 180" and 360°, 
as die nomerator in tiiese two fbnniilaa is pomtive or native. 

By combining equation S witti these, wUoh flow at once from equation II. 
article 8, 

1 1 8* . ^ . 0 

-7= — • ain / ffln# 

r r p 

i+^=|+iioofl/co«J', 
die fiillowing ^nU be derived without trouble 

[251 tanJ'=s 

from which* the angle a» being introduced, reoilts 

TOAT t TP sin /sin 2 m 

The uncertainty here is removed in the same manner before, — As soon as 
tlM* angles and G shall hnw hrcn frinnd. ^hnll Ivrtvo — *.f, if — P-^J'^ 
whence the pumtion of the perihelion will be Known ; also K= G — g, E' — -f-y- 
Finally the mean motion in the time t win be 

~ = 2>£i — 2«cos(ri9Uiy, 

fheegrmmcnt of which exprenionB will serve to oonfirm the calculation i also, 
the epodi of the mean anomaly, corrftsponding to the middle tinu' hetwccn the 
two giveu tiu^j will be G—emiG cu»^, whioh can \yd traiusi eiTOii tti plciaiiui'e 
to any other time. It is somewhat more oonyenient to compute the mean 
anomallee for the two ^ven times by the formulaB E — < ein^, E' — emiU'f and 
to make use of th^ difierenoe for a proof of the calcolatun^by comparing it with 
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96. 

Tlie equations in the preceding aitide posaeas so much neatness, that there 
may seem nothing more to be deured. KevertheleB^ we can obtain certain 
other formulas, by whioh tLe elements of the orbit are deterniineil nuu.-h more 
e1f«^ntly and comrenientlj; but the dovelopmont of theee tormulfus is a little 

luuro uLsbt'Uiiti. 

We resume the fi>llo^ring equations £tom article 8, which, for conyeniencei, we 
disfoiguish by new numbers : — 

L Bin*«>y/^ = sm4^V(l + «) 

IL coeivy/^=oosii, VCl— «) 

nL Bin|f<'y/^=sin*^v'{l+*) 

oos4*'y/^=oo8iJP'v'(l— *)• 

We multiply L by sin | IL by cos i {-F-^-g}, whence, the products being 

added, we obtain 

or, because 

V(l+e) = ooe49-f~^^9> V^(l — *) = 00*^9 — mii^p, 

la e^aclly die wnne waj, hy iiiultipi ying 111. by ssm i (J' — "i'jjlV'. by co» k (-F — g)f 
the products being added, appeais 

C08}(/-|-ii')^-^ = C05 i<{>ca^(i F — iO — <!r) — sin i y cos i {F-{-6). 

Hie subtraction of the preceding from this equation gives 

(V^T— V^i) = 2 ocM * 9 fliny sin i ff), 

or, by introducing the auxiliarjr angle at, 

[27] cos I (/+^) tan 3 « r= am * (F— (?) cos 1 9 sm^ 
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By transfoimations poredfiely aimilarj the development of xrhvak we leave to tbe 
skOAil reader, ore found 

M ^^^S^=co8i(^-<?)co8*9«i«ii^V^^, 

When the fint membera of these four eqiiatioDs are known, i {F — O) and 

cofl|yHn^^2f =i» 

will be determmed fipom 27 and29;and abo^ from 29 and 80>m the same maimer, 
i(J'+a)and 

the doubt in the detemunation of the angles i {F — G), I (J' is to be ao 
decided that J* and Q may have the same tdgn as am ^. Then if and 

irin be derived from P and From i2 can be deduced 



and also 



unleaa we prefer to use the former qiiantity, whir^h must be 

4: v'(2 (^-f^^ cos/) =_{;v'( — i^-^ — sin* iy) cos /), 
for a proof of the oomputatiott cluefly, in which case a and p are most conven- 
iently determined by the formulae 

sin D ros ij ' ' 

Several of ihn tiquaiiam of articles SS and 96 vwa be employed ibr proving the 
calculation, to whieh we fVirther add the fc^wmg : • — 



-3 — 1/ — = « Bin Cr anj' 
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gam 2 IP 



= tan y mo (r «n /= tan <f un JPuu ff. 



Lastly, the mean motion and the epoch of the mean anomaly will be found in the 
same maimer a» in the preceding article. 



"We will resume the two examples of article 87 for the illiMmtion of the 

metliocl e.xi'laiix'd in tTvo f^Stli. '>ri<^ suTis'cqtK'nt articles : it is luinllv in-rc-snrT to 



oonfonndcd with that with which the same erjrmbol was taken in articles 86, 87. 
L In the first example we have /= 3** 47' 26'.865, also 

lt,g ^- — 9.9914699, log tan (45' + o>) = 9.997864975, « = — 8'2r.006. 

Henc^ by article 89, 

log am" 1/ . . . 7.0389972 log tan' 2 «» . . 5.3832428 

logco.i/. . . . y.0'.)!.)O4S8 lof^cos/ . . . 'J.',)99(>488 



and thus /= 0.0011205691, 1 + ^— 0.8844539. Farther we have 



lojf l-f . . . 


. 9.5766974 


2 log/// . . . 


. 0.1 r>n;!i>-is 






a log 8 cos?/ . 


. 9.0997636 


logmm . . 


. 7.2736766 


log(|+0 . . 


. 9.9214023 



7.3522742 

Q3ie approximate value, therefore, of A is 0.00225047, to which in our taUe H 
ooneeponds log y =s 0.0021633. We have, accordingly, 

log""" = 7.2715132, or f?^^ 0.001868687, 
17 



97. 




7.0S99484 



5.3841940 



= log 0.0010963480 



= log 0.0000242211 
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RBLATIOKS BlirrWBEK SETEOAL 



[Book L 



whence, by formula 16, x = 0.0007480179 : wherefore, amoe £ 1% by table IIL, 

wliolly inseiisiljk', tlic valin'f* foiiiul for h,f/, x, do not need correctioiL Now, the 
determination of the clon^entx is tbilows: — 

logy 6.873^120 

loi; sin i ^ . . . 8.4369560, i g = 1 34' 2*.028e, i (/ -f-y) = 3" iYU AUl, 



— ^) = 19'41M039. Whorofbro* by the fbrmulM 27, 28> 29, 80, ia had 


logtan2«» . . 


. 7.6916214 « 


C.Iogco«i2ai . . . 


0.0000052 


logcosi(/+^) 


. 9.9992065 


logflini(/+^) . . 


a7810188 


log ros .} ( / — _</) 




logflin4(/— ^) . . 


7.7579709 


logPsin l(/'— 


<7) 7.6908279 » 


log Q sin iiF-\-G) . 


7.691614311 


logPc08i(J'— 


G) 8.7810240 


logQcwiiF-^G) . 


7.7579761 


|(/•— (?)= 


— 4''88'4r.64 


logP = ]ogJteoRif 


8.7824527 


i{i'+<?) = 


319 21 38 .05 


log Q — log Raaifp 


7.8778855 


F= 


314 42 56 .51 


Hence i 9= T 6' 0".i;i35 


l?=ss 


SIO 55 29 .64 


y= 11 12 1 .87 




Sib 30 2a .87 


logiJ 






824 0 19.59 








320 62 15 .53 




0.1500394 




327 8 23.65 


J = log ^ 


8.6357566 
8.7857960 


i log r r . . , 


. 0.32G4939 


log sill 9 .... . 


y.U8y7262 


logHiti /" . . . 


. 8.S202909 


loj,' 200265 . . . , 


5.8144251 


Clogainy . . 


. 1.2621765 


log e in eeuondd . . 


4.7011513 




. 04089613 




9,8000767 « 




. 9.9865224 




9.7844714 « 






log^sini? . . . . 


4504228011 




. 04224889 


log«am^' . . . . 


4438622711 
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log* . . . 8.6500066 «sm^ =— 81932'.14 =— 8*52'12'.U 
flog a . . . 0.6330584 *8in^'=— 27456 .08 = — 7 S7 35 .08 
2.9163482 Hence the mean anomaly for the 

log< ... L841U60 firet place = 829°44'27'.67 
0574642 second = 334 45 58 .73 

Dtflfcrence = 5 1 31 .06 

Thcrelbre, the mean daily motion k 824".7^i>9. The mean motion in the tiaie 

/i8l8091'.07 = 6' r8r,07. 

U. In the other example we have 
/= 3r 2r38*.82, w = — 21'50''.S65> /= 0.08636669, log«»»» = 9.3530651, 

or the approximate value of A = 0.2451454 j 

to Hiia, in table H, oorresponds logff^ ^ 0.1722663, whence is deduced 

— = 0.1 5103177. T ^ a06527.S18, 

htiuce ii-om tabic TIT. » taken I = 0.0002531. Which value being used, the cor^ 
rected valoee bc^oiue 

il = 0.2460779, logy y = 0.1722303, — = 0.16164737, * = 0.06529078, 

I = 0.0002682. 

If the calculation should be repeated with thia value of differing^ by a single 
unit onlj, in the seventh plaoei, fk>m the fir^t ; h, logj^^, and z would not suffer 

gt'iisJblc oliauf^e. wlierel'ore tlio v.alue of x alrciifly Ibuml is tlKi true on*>, iin<I we 
may proceed from it at oiicu to tlie dot^tniuatiou of the elenienl-. Wo ^hidi 
not dwell upon tim here, m it diHen in nothing from the pieuudiuj^ oxainplc. 

m. It will not be out of place, to elucidate by an example the other 
caae alao ha which oos/ia negative. Let v = 224° O' 0", or /=;= 112° 0* 0", 
log r ^ 0,1.391892, log r' = 0.3978704, 206.80010 days. Here we find 
01 = ^^ rM'43"7S, /; — 1.S:M229.S. lo^ J/ J/ .-=0.0724333, the lin^ approsiiiii.tii 
value ol' log//= U.ii4fi7t>0^, whence by the wjlution of cqmition 15* is obtuined 

T= 1.591482, and aflerwards « = 0.037037, to wluch, iu tjibl^j 111., con^pomls 
i — 0.0000601. Hence are derived the corrected values log J7= 0.6467931, 

F= 1.5915107, X = 0.0372195, | = 0.0000809. The calculation being repeated 
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wltk tLLs value of |, we have x — 0.0372213, which viilnc n'rfin'ros no frti'thor ror- 
icutiuu, amce £ 'm not Uioruby diaiigetL Alterwards is i'ouud 1^ = 11" 7'25 .40, 
and hence m the same manner as in example L 





8''SS'6S'.69 


logP = 


logBimif 9.0700507 


♦ (^•+0!) = 


8 26 6 .38 


log« = 


logJ^flinif . 9.8580552 


F= 


Tl 59 59 .07 


*9 = 




v = 


— 100 0 0 .03 


9 = 


75 23 8 .54 




-j- 123 59 59 .97 


logic . 


0.0717096 




4 4^2 12 .79 






£= 


— 17 22 88.01 


log 


-2 cos/ . . 0.0717097 


^= 


+ 27 7 3.59 



Tlie angle f ra such eccentnc orbits is computed a UtQe more ezactlj by 
fbnnala 19*, which pves in our example f = 75° 2??' 8''.67; likewiae the eocen* 
tricity e is deterauned with greater preci«on by the formula 

« = 1— 2Bm»(45''— |f^), 
thnn by e = sin (p ; nrrnnJmg to the former, e = O.ytiTOl'^'^O. 

By formula 1, moreover, is found logi — ;0.G57nGl l, whence logj»=:0.0593Q67, 
loga:=:; 1.2-557255, and the logarithm of the perihelion <listance 

= log a (1 — e) = Jog ^ tttu (46" —i^) =s i».70664e4 

Tt is iTffual to give the fhnf of pjissage through the pen'helion in plnce of the 
«pi)cU uf th^ mma anomalj in orbits approiaching mt nearly th& £osm of tho 
parabola.; the interval between iim time and the times oorrespcmding to the 
two given plaoes oan be determined from the known elements by the method 
^ven in article 41» of which intervals the diflferenoo or sum (according as the 
perihelion lies wHhont or between the two g^ven placea), once it must agree with 
the time i, wITl mrvo to prove the computation. Tlie numbers of thi.s third ex- 
ample were based upon the assumed elements in the example of articles 38, 43, 
as indeed that very example had furnished our first place: the trifling difierenoes 
of the elements obtained here owe their ori^ to the limited accuracy of tlie 
logarithmic and trigonometrical tables. 
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96. 

The solution of our problem for the ellipge in the preceding article^ mi^t be 
rendered applicable also to the parabola and hjperbola^ by oonadering the parab- 
ola as an ellip^, in whicli a and i would be infiQite (]iiantitie% 9 = 90% finaily 

E, E'.ff, and <r = 0 ; and in a like mannw, tlic h>^>erboIa a?" rt^ ollip*-.^ in wliicL a 
would be negatiTe, and b, £'ff, Q, f, iioagimr/ : we prefer, liowev@r, not to 
employ these hypotheaea, and to treat the problem for each of the conic sectious 
separately. Li thia way a reouukable analogy will readily ahow iteelf between 
all three kinda 

Betainiug in the PABABOLA. ike symbok p,9fi^,F,f,rf/yt with the mme aig- 
mficatioii with whleli they had been taken above, we have from the theory of the 

patabuLic luutiua ; — 

[1] y/|i: = coe 

12] y^^ = ooe|(J'+/) 

~ = tan i {P +/) — tan J {F^f ) + i tan^ i ^ tau' i {F—/) 

= (ton i {F-^f) — tan i {F—f )) (l + tan * {F+f) tan k {F—f) + 
1 (tan i {F-\-f) — tan » (F—/)}') 

p \ p ' ^pp h 

whence 

Farther, by the multiplieatum of the equations 1, 2, is derived 

W ^ii^^cosJ+cos/ 
and by the addition of the squares, 

[6] ^-^^^'^^l-^-txmFcoBf. 
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Hence, oos F b^ng elinunated, 

Ii; atxoiduigl;^^, we adopt liere aJ«) the «qiuElu>Dfl 9, 9*, article 88, the first far 
cos/ pontile, the seoond Sot cos/ negative, we shall have, 

which values being sabstitnted in eqxiation 8, preaerviiig the symbols m, ilf, with 
the meaning established by &e equatiooa 11, 11*, article 88, there result 

[8] s.=/*+4/*, 

t8*] J/'=— X^+IX*. 

These equations agree with 12, 12*, article 88, if we there pnt ^= 0. Hence it is 
concluded that* if two heliooentric places which are satisfied by the psjrabola, are 

trcatcrl m if the orLit were elliptic, it must follow dii iTtly from tlu; ;ippli«itIon 
of the rules of article that :r= 0; and vi< c versiu it is reiuliiy ^cen that, if 
by these rules w« iiave ^^=0, the orbit mml uutuu uui a parabola j)i»tieail oi 
an ellipse, since by equations 1, 16^ 17, 19,20 we should have b = ao, a—oo, 
f s 90. After this, the determination of the elements is easily eflfected. Instead 
of p, either eguutiou 7 <>f thi> prcs^mt article^ or equation 18 of article 95 f might 
be employed : but tot we have from equatiom 1, 2, of this article 

tan i i'=]^^jJ^cotan J /= sin 2 w cotan */, 

if the auxiliaxj angle is t&ken with the same meaning as in article 89. 

We further observe just here, that if in equation 3 we substitute instead of 
p its value from 6, we obtain the well-known equation 

= J (r -H / 4- cos/. Vr/) (i- + /— 2 cos/. Vr/ )* V 2. 



t ^enoe k is at onoe evident that y and T «xprew the Mme nttioe in the pai-aboln ae in tlus 
eUipae. See artiole W, 
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99. 

W© fetioiiii in the HTPJiliiHOIjA aLso, tho symbols », »',/, r, r', / with iha 
aame meaoiii^ but instead of tlie mig'or semiaads which is here negative; we 
shall wnte — «e; wo shall put the eccentricity « = ^^in the same manner as 
above, article 21, eta The axudliaiy quantity there repreiBented bj u, we shall 
put fi>r the finst place — for tlie wocond ^ Cc. wlini, ,' if is readily inferred 
t^nt c n1\Tays greater than 1, h:it tliat it difTcn-; '.i ss 1'in:u one, other tliinr^^i 
being equal, in pn^rtiou as the tvra given place^i axt le£» distant ixom each 
other. Of the equations developed in ariiole 21, we tnuMfer here the azth and 
seventh ali^tly changed in fbnn, 

W^l.= i(\/T+v'^)v'^ 

M 0«.l.'=i(v'(7. + y/,:jy'<!=^ 

[4] A.»^=»(Vf.-^^)y/'i^'. 
From these resnlt directly the following: — 

[6] «inif=i«((7_i)^/-^ 

[6] sm/=*«(c-i)y/t^ 

[8] c«/ = (*(i? + i)-(e + l))j^. 
Again, by equation X. article 21, we have 

T=*'(°+7)-l. 
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and hence, 

[10] Jl±r=i*«7+i)(c+i)-2. 
Tlus equation 10 combined with 8 gives 
r — (c4- -) cob/, i/ 

[11] a^JI — LILiLjLI_-. 

Pottiiig^ therefiwe, in the sftme manner aB in the eUipm 

aooording as cos/ is poatiTe or negative, we have 
8(l-UV-.-i/i)«)ooe/.Vr/ 

™ T"^; ' 

— 8 (i-f * (V <»— i/i/) cx»/. V rr' 
!L* • 

The computation of the qaanti<gr lot£ h here made vrith the help of the awdl- 

iiirv angle w in tho pr^iiK^ vfiv nf the ellipse. FinaQy, we have firom equation 
XL airticle 22, (using the hyperbolic loj^itbnw), 

^^ie(Cc-^^-^+^)-log(7c+log^ 
ai^ C being eliauuated by mcnnK of equation 8^ 

In {his equadon we substitute for aits value £rom 1^ 12*; we then introduce 



Snot. S.] PLACES m OKDIT. 1S7 

tile symbol m or M, with the same meaning that formulas 11, 11*, articio 88 giva 
it ; and finally, fnr tiie sake of brovify, we write 

CO — - — iloge 

from wUch result the equations 
[13] = ^, 

[13*] ^/ = _(/,-L-i-|_(£+.)?^, 

wlircli ii^voive only one utiicuowu ijuaiitity, aince iS is evidently a jfimction of « 
«xpjL-Uiiii«d by the following formula, 

100. 

In solving the equation IS or 13*, we will first conmder, by itself that case in 

which the vaUic of z is Tiot grojit. so that Z < im \nt i'xprcs.sc(] by a eeanea proceed- 
ing according to the powers of s aad oouveigiug rapidly. Now we have 

(l + 2«)V(»+«)=**+t«*+i«»..., 
iog(^(iH-)+VO=»*-t«*-hA»*.--, 

and BO the numerator of^is}*^-^-^ 
and the denominator, 2«^-|- . . . , 
iriience^ 

In Older to diseoyer the law of progreeaion, we dafibrenttate tiie equation 

2(»+»«)*^= (1 -f- 2*)^(,+i,«)_ 1, ,g (v (1 + «) +V'0» 
whence reault% all ilic rodiictions being properly made, 

2(» + ##)^Ij|-|-8^(l + 2#)v/(*-i-»»)«a4v'(* + '*)» 

18 
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or 

whence, in tJbc same manner iis in luiiclii &0, k duduc^id 

It is evident, therefore, that Z clepeuJs upon — s m iixnrflv the same maimer 
OS X dyes upon « abuvo iu the eilipiie j wherelbi'©, if we put 

C also will be detennined in the eame manner by — » aa £, abov^ bj «, so that 
we have 



[141 t:=^ 

' 1— s't«+iiiL_ 



1+etc, 

or, 

t_ >A 



1 + etc. 

In thh way tlif» values of r nrc compated for « to single thousnndths, from *= 0 
up it = 0.3j whicli vtduett su-e given in the' third culutuu of table iU. 

101. 

By introduolng the quantity C and putting 

^^(/-,) = ^orV(ir+#) = J, 

also 

riff-i m»i , 

or 



P6] #4"";. = *. 
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tq^uutious 13, 13* assume the fynD, 

nnd 80, are wholly identical witb fhose at whioih we «mTed in the eQipee (1S> 15*, 
artide 91). Henoe^ therefore, so fur aa A or J? can be considered as Imown, y or 
Fcan be deduced, and afterwards we shall have 

[17] *=/-|f, 

[17*1 « = Tr~"'^* 

IVoni these we gather, thut all tbe opemtions directed nboTc for the cllipi^e eorro 
equally for t'lc ■ yp - liola, up to the period when y Or JT shall have been deduced 
from kocMi but aJXei- tbat, the quaatitj 

mm , r MM 

— — 4orX— yj., 

which, in tiie eUipse, should become podtive, and in the parabola, 0, must in the 
hyperbola become negative : the nature of the conic section will be defined by 

tills criterion. Our tahlo will give C from 2 thus foimrl, hence will arinc the cor- 
rected ynhv? or h ox with which the calculation is to be repeated until all 
parts iwnctlj agre& 

After the true value of « is fbund, 0 might be derived firom it by means of the 
ffumula 

<» = l+2« + 2V(« + «*), 

but it is prefef able, for subsequent uae^ to introduce also the auxiliaiy angle n, 
to be determined by the equation 

ian2»=s2V(<+«ffJ; 

hence we have 

« tan 2 11 4- ^ (1 -I- tan* 2 «) tan (45' + ft). 
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102. 

Since y must neoeaaanlj be poeitiye, as well in the hyperbola as in the elbpse, 
the solntion of equatioa 16 i% here alflO; firee from ambiguity :f but witli ie8peefc 
to eq^LUiUuii 10^, we must adopt a method of reaaouiug sotuewhat diiFenmt from 
that employed m tiie case of the eQipse. It is easilj demonstrated, from the the- 
oty of equatione^ thai) for a podtiTe value of BXt this equation (if indeed it has 
any positiTe red root) hm, irith one negative^ two positive roota^ which wiU either 
both be equal, that i^ equal to 

J 5 — i = 0.20601, 
or f)iH> will be greater, imd the other 1p<^<=, tbaa this limit. We demott^trati^ in 
tilc toltowlug mautt&i', ih^i, m out- probltm (aaauiuiug that 0 is not % laq$e 
quantity, at least not greater than 0.3, that we may not abandon tiie use of the 
third table) the greater root is always^ of necessity, to be fdten. If in equation 
18*, in place of Jlf^ is sobstitated (Z -f- J»),we have 

r+l=(Z + ^)^>(l+/)-^, or 

whence it is readily inferred that, for such small values of s as we here suppose, 
T must always be > 0.20601. In iact, we find, on making the calcalatinn, tbat 
mnst be oquaT f« 0.705^58 in onlor tliat (1 -\--2)Z mny buroino equal to this 
limit : but we sjte fat irom wishing to eictend onr method to such great values of g, 

m 

When s aeqaires a greater value, exceeding the limits of table HI, the equar 
dons 13, 13* are always safely and conveniently solved by trial in their un^ 
changed form ; and, in fact, for reasons aimilar to those which we have explained 



• It n 'li liniilly !>i! in>(-f*?nrv lo renutrk, Jfin! our uUi: TJ. lie ush], in tlic liyperbola, at VeUw 

in (he oihitm, Utr iim k^luiitui of itm eqmtton, as long «« A doe» not exceed itn iimit. 

X The qtumtitjr If aridctitljr eumai become negatiTC, unless ^ ; bat to such a Tahn of t mraU 
oomaitoiMl a T«la« of « greater tbim 8.684, ihoa, Su exoeeding the limiu of (hu nMtlKid> 
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in article 94 &r the ellipse. In such a case, it is admissible to suppose the 
elements of t]u- orbit, roughly at leasts known: and then an approximate value 
of « is immeilktelj had hj the formnla 

which readilj follows from equation article 99. g also will be had irom n hj 
the formula 

1 — c■(l^ 2 H i>iti- n 
Z COS I It COH Zn' 

Mui iicim, the approsituikte voikms of that value will be duducixl with ih lew 
trials which exactly satisfies the eqiiataon 13» 13*. These equations can also be 
exhibited in this fonn, 

Sni) +2V'-5S21S) \ t^t^ J 

Jf=^(£-|-5jj^) +2(i+^^) I j 

and tkas, » being neglected, tiie true value oi' » am lie Uedutit»d. 

m 

It remains to rfptfrmiTio the elemontrf thcimsi'lvtis from s, a, or e. Putting 
«st y/(ec- — 1) = (}, we sliali have irom. etjuation Q, attido U'J, 

oombimng this ibimula with 12, 12*, article 99, we detivei, 
[19] ^{,e^\)^i«^^ = ^^(}^, 

whence the eccentrloify Is convoniontly aTrrl aecnrat^^lj computf^r' ; f vvill result 
fix>m and ^/ (*# — 1) by divimou^ and p by tnnlttplicatioii, m that we have^ 
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2(l—z)coaJ'.^r/ immeoa/.^r/ hktf 

" ten's* yjrtan'Sn i]f gri* vt^ftuiflin 

rin/.ton/.y'r/ ^ Sj/yaf . Uiu/. (/r/ /yy/rinS A' 

— 8X>— «) "fmm "V 7 

— Mp/.tiui AVr/ — rrrin /. tan/, ^r/ / Trr'tnnif \* 

The third and sixth expressioiu £br whioh are whoU;^ identical 'with the form- 
ulas 18, 18% article 96^ show that what is there sud oonoenung the meaning 
of the quantities jr, T, holds good also for the hjperbola. 

From the combination of the equatioas 6, 9, article 99, is dcnved 

by introdooing therefore i^ and a, and by patting (7— taa(46'-(-iV}, we have 

[20] iaa2iV^==?^j5Jt^5|iif. 

0 being hence founfl, the values of tlie quantity r xpro<-*pil by it in article 21, will 
b@ had for both pLu^^ aft^^r thnt, wo have by e>j[uaiiun UL, ai'ticle 21, 

, , 0—t 

or, by introducing for (^e, the an^ea y,n, 

ran tan * » = 

[221 tan*^=— S^^^fe^. 

Hence will be determined the true anomaliee 9,t^, the difference of which oomr 
pared with 2/ will serve at once for prf)vin<T tho of>1onlf\tion. 

Finally, the interval of tiui« from tlie perilielipn to the time corresponding to 
ihe fir^t place, is readily detennined by fonnnla XL, artide 22, to be 
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and, in fihe same maoner, the interval of time from the perihelion to the time cop- 
responding to flie aeoond place, 

i c-^7;S'f +^ - f^Tv-H to («• + ii^) t™ («• + .)). 

iij therefore, the hrst time is put = T — i t, and, tli4!i'd/»re, tlii^ u^aouJ — i'-j- i 
we have 

whence the time of periheUon paamge will be known; finally, 

whicli e(j[uatioii, it it ia thought jp>(oper, own be applied to the tiu&L prooi' of the 
calcvilataon. 

105. 

To Tlliistrntc these precept^ we will mn.l«c on example from the two pTacfts 
in articles 24^ 26^ 46^ compoted for the aame hyperbolic elements. Le^ 

accordingly, 

,>'_,^^48"'12' O',or/=s24° 6' 0^, log r=sO.OS8364>yi log/ = 0^008641, 
< = 51.49788 d»ya 

Henoeiflfrrand 

tt = 2riff29'A% /= 0.06796089, 

1^ or the approadmate value of il =s 0.0644371 ; hencci, by table U, 

log;/y = 00660848, — = 0.0604'7451, s =^ (l.0074SG85^ 

to which in table IIL corresponds C = 0.0000032. Hence the corrected value of 
A is 0.0G443691, 

logifff = 0.0560846, "*^= 0.0')O I7150, ? ^ (».0074Sf-;s3, 

which viiUies require uo farthcir com'ction, he<»,ii8e i is not changed by them. 
Tho coiupuUUoa af the elemeuti^ in a& foUowij : — 
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. 78742399 






log(lH-*) . . 


. 0.0032389 


logitaii2« . , . 


. 8.9SS7394 


log v' . 


. 8.9887304 




. 1.296P276 


log2 . . . . 


. 0.8010300 


logixaiit .... 


. 9. S 862 808 


log tan 2 « . . 


. 9.2307694 




S7'34'6y".77 


2» = 




(itiboaldlwST^Sy 0*> 


»= 


4 66 36.908 








. 9.6110118 


Clog 1 gin/ . , 


. 0.6900182 




, 0.1171063 






C. log ton 2 tt . 


. 0.7602306 


C.l<>gcoB2(» . . 


. 0.0020166 


logfJ . . . . 


, 0.4883487 






logtan^ . . . 


. 9.8862868 


]ogtaii2N . . . 


. ' 0.4621341 


logcc . , . « 


. 0.6020619 


2iV = 


16^9'4tr.25S 


logo .... 


0.374G355 


ir — 


8 4 .127 


(dwy ahould b« 0.6020600 and O.a74(>a06) 


iir—u= 


3 9 17 .219 








18 0 29 .036 


logBin(JV— ») 


. 8.7406274 


log8m(iV-|-'>) • 


. 9.8528527 


C.IogcO0(^H-") 


. 0.0112902 


GL log 008 (iV — ») . 


. 0.0006587 


log cot } 1^ . . 


. 0.4681829 






logianiv . . 


. 9.2201006 


logtan^ti^ ... 


. 9.S211943 




r 25'29".97 




ss^sr^o'.oa 




18 50 69 .94 




67 2 59.86 


0tiiuniUbel8«6l'0O 


CitaluniIdbe67O8'0<') 




. 0.1010184 






logt«n2iV . . 


. 9.4621341 






0.1ogcos2jt . 


. 0.0064539 


C.logcofl2ir . . 


. 0.0175142 




9.5696064 




9.3583020 


number = 


=0.37119863 


numbers 


= 0.22819284 


logtttn(45*4-JI0 = 




^JV log tan (46' 


:=fl.l 72P2f>21 


erence = 


0L08528612 


Bifferenoe = 


0.065S666S 
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log 8.9308783 

I log a 0.9030!>28 

CAogi 1.76441S6 

hgT 1.598S897 



log . . 

? log a . 

CAogk . 



10-2 



8.7432480 
0.9030028 
1.7644186 
0.3010300 



log^ 1.7117i>U4 

i= 6U9788 



Therefor^ tiie perihelion paasa^e is 13.91444 days distant from the time 
oonesponding to the first place^ and 65.41232 days from the time corresponding 
to the second Finally, we most attribute to the limited accuracy of the 

tables, the 8in.all diflfercncc" of t!i(> figments here obtained^ from those, according 
to which, the giv«a placei» hud htim computed. 



10(i. 

in a treuUie upon Uie mcuit roumkaible relutioa<; peirUiiniug to the mtition 
of heavenly bodies in conie sectioned we cannot pass over in olenoe the elegant 
expression of the time by means of the major semiiudfi, the sum r-\-f^, and the 
chord joining the two places. This formula appi i 1 > havo bcHMi HrHt discovered, 
for the parabok, b)' the illustrious ErLEn, (Mincell. Barolin, T. Vll. p. 20,) who 
neveithfloss subsc^quently noglorted it, and did not fxtcntl ft to the cUip;**! and 
liypcrbula : they arc iiii&takeQ, thcrcfoi'C, who a>ttiihut& the Ibriuula tu Lhu Hluii- 
trions IiABfBBHT, although the merit caimot be denied this geometer, of having 
independently obtained this expreasion when buried in oblivion, and of having 
extended it to the remaining conic t'cctioii?. Allhouuh this subject is treated by 
R^vcrnl gcometei-K, ^till the careful reader will acknowledge that the following 
cxplaaation ii> uot «iup^-iluou£i. Wo b^pu with the elliptic motion. 

We observe, in the first place, that the augh> 2/ described about the sun 
(article 88, from which we take also the other symbols) may be assomed to be 
less than 360'' } for it is evident that if this angle is increased by 860^ the time 
is increased by one revolution, or 

?i^'= a* X 366.25 days. 
19 
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Now, if we denote the ohord by 9, we shall evidently have 

9^> = (/co9t^ — rQ0»pf-\-{/9aiiif — rwa.vff 
and, therefore, by equntionB VllL, IX, article 8, 

= 4aaa3^ ff{dBfG -{-co^tp 00^ €r) — 4: oamftfil — etco^G), 

We introduce the ansliary angle h such, that cos A = « cos ; at the same time, 
that all ambiguity mnj be mnOTed, wo siqipose 7i to bo tnkni between 0°«nd 
180% whence mt h will be a poiitive quantity. Tberelbre, m g lies between the 
same limits (for if 2 y ahoidd amount to 360° or more, the motion would attein to, 
or would surpass an entire revolutioa about the sun), it readily follows from the 
preceding equation that ()=s2asin^aini&, if the chord is oonsidered a positive 
quantity. Since, moreover, we have 

r-|-/=2«(l — 0 008^008(7):= 2 a (I — cos^cosA), 

it is evident that, if we put h — g=9, h-\-g^if we have, 

[1] r-f-/— 9 = 2a(l— coad) = 4fl8m'id, 
[2] /• + /+^ = 2«(1 — ooa«) — 4«sb? Je. 

Finally, we have 

= a' (2 ^ — 2 « sin^r ooa ff) = a* (2 — 2 rin^ COB A) , 

or 

[3] /t<=fl*(« — Bin« — (d— ffln*)). 

Thon^ibfe, tbti aogleti H and « can be detenuiuad by equations 1, 2, firom 
r 4- and a ; whorofore, the time t wBl be determined, from the same equar 
timuv by equation 3. If it is preferred, thia formula can be expreaaed thus : 

* / = « * (arc ooa ± ^^^^ _ sin arc cos 

3a ■ ia f 

Rut an tmcoi'tiiintv rcimains In the (loterminiition of the angles tt.*, hy ilicir 
cuaiues, wbich mmt, be examined mow closely. It appears at once, that d 
must lie between — 180° and -f- ISO", aud t between 0' and ^tiU' : but thus 
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both angles fieem to admit of a double, and the residtmg time, of a quadruplet, 
detennmataon. We Iult^ however, firom equation 6, article 88, 

now, nn ^ e is of necennty a poaitiTe quantify, whence we conclude, that ooe/ 

and sinirf arc neoossarily fifTeoleiil by tlie ftamesign.; imtl, for this reason, tli:it 
^ is to be taken between O ' ajiui ISU', ar between — 180'ttJi«lU' acooitliiig iiiscos/ 
happens to be pomtive or negative, that ia^ according as the heliooentric motion 
happens to be less or more than 180^ MoreoTer, it is evident that d must neces- 
aarily be O'yfor 2/=180\ In this manner d ie completely determined. But 
the determination of the angle a oontinuon, of nocc>«ii(> , doubtfbl, ^ ilist two 
vnlues are olitaiijed for the time, of which it is imposgihlc to rf^tcrmiuc tlie tme 
cue, uule^ it m known liom mom other source. Finally, the ix'iieon of tliis 
phenomenon ia readily seen : for it ia known that, thiou^ two giveu j)oint% it 
is poflsible to deacribe two different ellipse^ both of which can have their focua 
in the aame givtm point and, at the same time, the same major semiaxib but 
the motion fioni the llrst place to the second in these eUipaea is manifestly per- 
formed in unequal timea 

107. 

Denoting by X (uiy arc whatever between — 180** and -["ISO", and by t the 
mie of the arc I;;, it ia known tha^ 

M oreorer, we have 

» Bin z = a V (1 —oil 

and thua^ 

;t-ainz=4(*/+i.J^+|.i^a»+j.J-^^^-hetc 



•A drole lientg ilf*criln><l from the first pltuf.', iis «, cctiCre, with tin- i-kUm* 2 « — r, uikJ iiiioiliur, 
&oimtlieaeoondiilwe,witiititenKtjaa2«— r', it k imiuifaiit tfakt the «tb«r fiww» «1 tbo elUpse iiet; in (lie 
inianeoHon of tlicae «iro1«8. Whtrafera, liaee, ggoerally ■peaking, two mteneotkm* an ghreo, two di& 
Ibnot dliptcfl wU be prodneed. 
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We sabstitute in this setiee £6r a, saccefledvelj 

flud. we multiply the rcsult.s by a- ; and thuij obtam xt^pijctively^ the soriei^ 

i(r+/-<>)^ + lV5(''+/-«)* + TVWi('' + ''-<l)*+ 
T»liri-5i(''+»'~9)' + eto. 

i('-+'-'+e)^+.v„-('-+'^+?}*+TTV.^,(r+i'+e)*+ 

17 1 51 i C*" -r + ' ^ ^t*^ 
the 81006 of wMch we will denote by T, U. Kow it is Gdoiky seen, einoe 

the upper or lower ngft having efifoct according as 2/ is leas or more than 180% 
that 

ff* f 1^ — sin =^ ± 7*, 
tlic pipTi bora<? similarly dewii Miiiii'tl. In the same maimer, if fiir • is taken the 
smaUcr value, iofeiior to 180*, Ua ve 

hnt tbe other value, which is the complmmt of the Ibrjner to b«iing taken, 
we evidently have 

a*f«~sm«) = a*360' — K 
Hence, therefor^ are obtained two values for the time if 

J—, mm. ^ . 

108. 

If tihe pwabola ?s mjmrdpfl m nn ellipse, of which the major axis Is infinitdly 
gteat> the expression tor the time, ibund in the preceding article^ pajiseA into 
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but e'moe fbk derivation of the formula might perhaps seem open to some doobt^ 
-we win give another not dependmg upon the eDipee. 
Putting, for the sake of brcTi(j, 

tan 4* = ^, tan i tf' = we have r = I ^ (1 4- J « ), /r= J ;> (1 
Hence follow 

fXB^ — rcoBtr= |j» ^— d'd'), r'ain*' — rfan.9=p{& — 

and thus 

= + + 

Now it ia readily seen iiiat (f — ^ — ^ P^^^^ «itiaotitj: puttings 

therefore, 

\^(l + i(d'+^)«) = «j, we have 9=^j»(fl'— 

Moreover, 

r + = 4 ^ (2 4- 4 *3 -1- <J' (ij »j + i (<)' — d)^ ; 
wherefore we have 

From the fonner equation is readily deduced, 

as ij and ^ — 4 are poaitive quantities; but once j {(f — A) is gmaUei: or greator 
tiiam 1}, aooording as 

is pomtive or nej^tive, we mii^K eri^eiitly, conclude ikim the latter cquatixm tlmt 

in which the upper or lower engn is to be adopted, according as the oo^e d»- 
scribed about the sun is leas than 180*, or more than ISO". 
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Froip the equation, wluoh ia article 98 follows the second equatioa, we have, 
moreover, 

^ = (^'-^) ((1 +^^+ * ^r) = - 6) (vv-\-^{^ - 6y) 

whence readily fbllovre, 

the upper or lower sigit taking efket, as 2/ is leas or autto than 

109. 

If> 'm ilio iijparbok, we take the iyuibok a, ^, <^ wiik tke aatue memuuig ia 
article 99, we have, from equations VJIL, IX., article 21, 

/ cos - r cos » = — i (c — 1) ( 6' - -i) « 

r^sinv^ — ranv=i(e — i)^0'4-^)<' — 1)» 
and couBeqneolJj, 

Let US suppose that 7 Is a quantity determuied by the equation 

since this ia evidentlj satisfied hy fm values^ the reciprocals of each other, we 
may adopt the one which is greater than L In this manntf 

^=J«(c-i)(,'-l). 

Horeoyer, 

r + J« (,(,+1) (<7+^) -4) ^ i « ((. -I- 1) (r 4- J) - 
and thus, 
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Putting therefore, 

we neceflsaiily have 

bnt in order to dedde the question whether y/^ — is equal to-}- 2fl or — 2n, 
it IB neceaaaiy to inquire whether y is greater or leas than : but it fbllows readily 
fn>m equation 8, article 99, titat the former case ooenra when 2/ is less than 
180°, and the latter, when 2/ is more than 180°. Lastly, we hay^ from the aame 
article, 

^=i(y+i)(._i)_2iog.= i(.y^l)-lg-i)-iog.r+iogr 

=2«i V(i + 2nv'(l -I- «a) — 2 log (v?(l -)-«»») -j-w) 

±21og(V(l +«») + »), 
the lower aigna bdonginji to the oaae of 2/> 180". Now, log {^{l-\-mm)-\-fn) 
ifl easily developed into &e following series: — 

*» -i ■ i + i - f TO'"' + etc 

^Riia is readily obtdned from 

d log (^( 1 m ra) + »i) = ^ f/^^^y 
Tbefe follows^ therefore, the formiib 

and, likewise, ouotUer precLicly siuuluc, if m is diuuiged to «i. Henoe, finally, if we 
put 

2'=H'-+''-9)*-A.;(r4-''-f)*4-TAj.~(r-h/-^)* 
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we obtain 

wiiicU expressioiw entirely ooindde mlh tliose given in article 107, if e is tliere 
cfaflAged into — «. 

FuuHj, theee series «b well fbr iihe dlipse aa the hyperbola, ore eaiinenily 
suited to practioal use, when a or ce poaseBsee a veiy great iralae, that is, where tiie 

conic Hec'tinn re«f>mlile8 \'ety nearly tfiP par-i^f)l:i. In pikiB a oaHc, tLe methods 
prcvioiifily duoiisx'il ( iirtldos' H5-Tii'i: jniuh; hr t itiplojrud for the solution of the 
problem: but iits, in oiu- juugmeni, Lh^y do noL luriiish. the bi-evity ol" the solution 
giTen above^ we do not dwell npon the further explanation of tluB meUiod 
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BBLATIOMS BETWSEN 8KVXKAL PLACES VS SPACS. 



110. 

Thk rebtions to be oammdered in this section ar« independent of the nature of 
the orbit, and will rest upon the angle aesumption, that all points of the orbit lie 

in the same piano with ^hr =^un. Rut wr- hn^'f* thfwcrht propp»' to ton^h liere upon 
some of the most simple only, tmd to reuexve oUiCfJi mora complicaU^ and epecial 
for ouoUier book. 

The position of the plane of the orbit is fblly determined bj two pkoes of 
the heavenly body in space, provided these phioes do not lie in the same straight 
line with the sun. Wherefore, since the pkee of a pomt in space can be assigned 
in two ways, especially, two problems i»i>ii<>nt themwlvos for solution. 

We will, in the iirsb placii^ suppose the two places tu be given by iiieaut» of 
heliocentcic longitudea and latitude^ to be denoted respectively by X, X', |9, /}' : the 
distances from the son will not enter into the calculation. Then if the longitude 
of the ascending node is denoted by 8, the indination of the orbit to the ecliptic 
by i, we shall have^ 

tan ft — tan « sin (I — Q ), 

tan (¥ — tfin >'^nO' — )■ 
The determination of the imlenown quantities 8, taut, in \ka place, b referred 
to the problem examined in artide 78, 11 We have^ therefixre, according to the 
fixst solation, 

tan*an(X — S) stan/), 
ten,ccs(3L-a) = ^I^-7,,^^, 

20 (IM) 
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likewise, aooocdiiig to the third solutioii, we find Q hj equation 

and^ M)in(!whut mam cuiiv«»uHait1y, it the angles t^t^'f given iinm@diattilyj antl 
not hj the logaiithms of their tangents : bu^ for detenoining i, recourse nust he 
had to one of the formnlas 

Fiu«dly, the uncertaintgr iu the dctcimiuatiuu ot' tlie tingle 

X— G, or u+u'— a, 

by its tangent will be derrtlf'rl m t'lnt *nn / may become ^lositivft or negative, 
according m the motion projected on tixe ccliptio m direct ux rctrogi^e ; this 
imoertainty, therefore, oan be remoyed anly in the case where it may be ap- 
parent in what direotion the heavenly body has moved in pasong finm the font 

to the second place; if this nhoii' l li> unknown, it wonld certainly be impossi- 
ble to distinguish tlie n'^crrn-li-nL' iVoiu tli<' ilc--r'(n)ding node. 

After the angl(<>^^ 9 /, arc found, the arguments of the latitude ti,ii', will be 
obtiducd by the iuun.iLiH, 

vluoh are to be taken in the fiist or second ^emlcnrcle, iicconKng ru<! the oorre* 
sponding latitudes tm norfh f)r Foiifli Tf> tliese formulas we udd the following', 
one or the other of wluch < aii, at j leiifiure, be used for proving the c4iiculation : — 

COS«=: COS^ COfi(l-— S), oosi^ = ooB^'oos(Jl' — Q)> 

- &ui^ . » nn^ 

■mi'- MB* ' 
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111. 

Let m nuppose, in the c^ccond plooe. the two places to be given by means of 
Hl&t distances from thnm planes, cutliiiij eaoJi oihci at right angloa in the »im ; 
let us diiiiote theso distances, I'or the i'xvai ])hice, hy x, '/, s, i'ov the sofond, by 
^'i/f -^'i ^ buppoae the third i)Uinu to be ihu ediptiu itatiU^ oLo tiit» posi- 

tive polea of the first and second pkoee to be situated in If, and 90°-|-i\^. We 
shall thos bare by article 63, the two nidii vectoree being denoted bj r, 

x=roo0i(oofl(iir — Q) + rmivm.(J^ — Q)co«t, 

s — r idu I! sin i 

a.-' = r'cof» f('co8(iV — ■Q)-f-/sin jf'sin (zV — Q) cop/, 
^ idn ji' cos (Ji — Q ) cos »' — / cos «' aia (lY — ii j, 
/=/ Bint/ sin i. 
Hence it follows that 

—^yd = r/ian(i/— •ii)8in(iV — Q)aint, 
xil — r/ mn («'—«) COB (JIT — -8)8011, 
*^ — = r/ sin (i/ — ») cos L 

From the combhiation of the first formula with the second will bo obtained iT — 0 
nnd >■ / aiu (t/ — tf) ain^ hence and firom the third fbrmnla, t and sin {id — «) 
will be obtained. 

I^noe the place to which the coordinates ^, correspond, is si^o^d poe- 
terior in tim^ must be greater than w: if, moreover, it is known whether the 
angle between the first and second place described about tbe san is less or greater 
than two right angle?, rr ^m{i{ — (f)f!in} and r/sin("' — must be positive 
(piantities in the fii^pt case, negative in the second: th<'n, accordingly, .V — Q 
Is determined without doubt, Olid at the same timo it \% settled by the sign of 
the quantity — ^J, whether the motion is direct or retrograde. On the othei 
hand, if the direction of the motion is known, it will be possible to decide from 
the sign of the qiiantity %^ — y jf, whether « is to be taken les.s or greater 
than 180". But if the direction of the motion, and the nature of the angle 
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desoribed about the sun are altogether unknown, it is eyident that we cannot dis- 
tinguish botwecsn the aecending and descending node. 

It is readilj peroeived that, just as cost b the co?me of the inoli nation of 
(he plane of the orbit to the thlvtl plane, so sin — Q ) sin», cos ( ;V — y \ mi », 
are the whines of tlio inclinatioui^ uf tlm plane ot' ike orbit to the first aud eeoond 
planes respectively ; also that r / sin (t/ — u) expresses tiie double area of the tri- 
an^ contained between the two radii veetorei^ and — — gs/, — 
the double area of the proQections of this triangle upon each of Hie planes. 

Lastly, it cviflfMit, that any other pLme oftn bo thn ♦^Trtl piano, provided, 
only, that all the dinien^iions dodnod by their relations to the ecliptio^ axe r^eired 
io the third phmc^ whatever it loay bo. 

112. 

X<et the coocdiuates of any thii'd pLxce^ imd ti' orgumeut of 

the latitude, its radius vector. We will denote the quantities //'sin(w''— i/), 
r/'Bin(W' — «),ri'8in(»' — which are the double areas of the tnangtes be- 
tween the second and fluid mSM vcctoi cs, tlie lii^t and third, iho first and second, 
respectively, by «, »". Accordingly, we .shall have for i", i/\ expr<\ssion8 
[^milar to those which we have given in the pceoediug ai'tieie iur se, ^, Sy and 
whence, with the asnstance of lemma I, article 78, are eanly derived the 
following equations : — 

0 = »sr — j/s' + n^i/'. 

Let now the geocentric longitudes of the celestial body corref^poiiding to these 
thwe ])lacps he a, a, a"; th ' r"'>''eutrie latitudes, /}, {i\ fi"; the rlislauee.s from the 
esfth projeuted on the ecliptic, A, d', iSf'i the corregpoudlng helioceatrio lougttudas 
of the earth, £, I!'; the latitudes^ j9, 2^, ff*^ which we do not put equal to 
0, in order to take account of the pimllaz, and, if thought proper, to choose 
any other plane, instead of the ediptie ; lastly, let D, lY, If^ be the distances of 
the earth firom the sun prcjjected upon the ediptio. thexi, sr, c, are expressed 
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hj means of £, S, D, a, fi, d, and the coSidiitates relating to the second and third 
places in a mmilar manner, the preoeding equations wOl aisenune the following 
fonn: — 

[1] 0=«(aooeB+7>co. r.) — «'(^'ons«'+fy«ii7) 

{- ))"(<T"oo^«" f r/'co^L"), 
[2} 0 = m(^ aino! -|- 7? siai*) — // {d' niii a -j-J/smJ/) 

-j- ain «" + sin ), 
[3] 0=«(dta3ijJ-i-Z)tajaJ?)— «'(^'tan/r-j-/ytan^) 

+ «^ tan /T + Zy tan 5"). 

If ce, p, L, B, and the analogous quantities for tlio two remaining places^ are 

hore r(^<ranloLl a.s known, and tlie eijiiallon.s are divulctl by »', or by Civo \m- 
linoAvn quantities rpmnln, of which, thorelbro, it in posHiVile to eliminate two, or to 
4<>t(iruuuti, iu terms ol any iwo, the remaioing three. In thiii uituintii' them thi'cc 
equations pa-ve the way to several most important oondusion^ of which we will 
proceed to develop those that are especiallj' important 

113. 

Tliiit we may not bo too mur-h opprt'psed witli the h-ii<^t{i of th(^ formuh-is, we 
will use tb«! following abbreviations. In the fii-st place wo denote the quaatity 

tan m (a'' a') -|- tan ^ siu (a a' ) -f. ton ^ sin (a' — o) 
by (0.1.2 1: if in this expresnon, the longitude and latitude pmTcspmidmg tr> 
any one uf the three heliooentrio places of the eartli are subiiituted liu>r the iungi- 
tude and latitude corresponding to any geooentrio place, we change the number 
answering to the latter in the symbol (0. 1. 2.) for the Roman numeral which 
corresponds to the fonner. Thus, for example, the symbol (0. L I.) expresses the 
quantity 

tan 1^ sin (77 — «') -\- tan /J' sin (« — L')-\-iiai£^tan(a^ — «), 
also the symbol (0. 0. 2), the following, 

tan ,9 8in (a" — i) -f tan 5 sm (a —a") -f- tan nn (£ — a). 
W'e change the er^rmbol in the same way, if in the £rst expreadon any Upo hdio- 
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centric lon^ades md latitodeg of the eartli whaiever, are substituted for two 
geocentric If two longitu' i s in l i :i *-tuili» entering into the sune expr(>ssIon nre 
on'v in^f^'-flmngerl vrilh osii:!: i>ll;ijr, the corre.aponclmg nura'bers bliould uW) 1)0 
interciianged i but the value m not cbaiiged Xioiii Uik causey but it otAy Immmm 
negative firom being poaidve, or poaitive from negative. Thua^ for example^ we 
have 

(0. 1. 2) =— (0. 2. 1) = (L 2. 0) (1 0. 2) = (2. 0. 1) = — (2. 1. 0). 

MI i}m quantities, therefore^ originating in thia way are reduced to the nineteen 

following: — 
(0.1.2) 

(0. 1. 0), (0. L L), (a L XL), (0. 0, 2), (0. L 2), (0. U. 2), (0. L 2), (L 1. 2), (IL 1. 2), 
(0. 0. L), (0. 0. H), (0. t n.), (1. 0. L), (1. 0. IL), (L L TL), (2. 0. 1), (2. 0. IL), 
(2.LII.), 

to which is to be added the twentieth (0. L TL). 

Moreover, it is easily shown, tliat ea^.-li of these expresssions multiplied by the 
product of the tlirco cosines of thf> latitudes entering mfn +h(^m, becomes equal 
to iha acxia^lii \uluuui of a pyniinid, tha vertex of which is ia the suu^ and the 
base of which is the triangle formed between the three points of the celestud 
sphere which correspond to the places entering into that exprewion, the radios 
of the sphere heu^ ptrt equal to unity. When, therefbre, these three phioes lie in 
the fame «peat dr(•l(^, the value of tlie expn^ssion .should hofome equal to 0 ; and 
as tbm always occurs in ikrext belioceuUiu pUo&B of the earth, when we do not 
take account of the parallaxes and the latitudes arimng from the perturbations of 
the earth, that is, when we suppose the earth to be exactly in the plane of the 
ecliptic, so we shall always have, on this assumption, (0. 1, IL) = 0, which is^ in 
iac^ an identicid equation if the ecliptic is taken for the third plane. .\nd fur- 
ther, wHra 7^, i?'', each, 0, all thojie oxpresmons, except the tirst, heconic 
much uioi«> ^iiupltt ; every one I'l-om. the eecoud to the t^nth will be umda up of 
two puL but from the eleventh to the twentieth they win oomsist of only one 
term. 
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114. 

B7 maltiplymg equation [1] by mna''ianB" — nn£"tan equation [2] 
by cos tan — cos a" tan equation [S] by sm {Z" — a"), and adding the 

proditets, we get, 

[4] 0 = « ((0. 2. 11.) * + (0. 2. n. ^ />) — h' (( 1. 2. II.) d' -f (I. 2. IL ) i?) ; 
and in tke same manner, or more couvenieaUy by an iulercsbauge of the pbu;«% 
simply 

[ >j 0 = « ((a L I) ^ + (0. 1. L) i>) 4- ((2. 1. L) <r -f (n. 1. 1.) lyy 

[6] 0 = ((1. 0. 0.)*' + (L 0. 0.)i^ — ((2. 0. 0.)*"+ (H. 0. 0.) JT). 

!£, therefore, the ratio of the quantities si,ti', is given, with the aid of equation 4, 
ire can determine d' Snaa. d, or d from and so likewise of the equations 5^ 6. 

From tlie combination of thtj cquiilions 4, 5, 6, arises (Iji; iollowin^j 

(o.it.H.)a+(Q.8.ii.)i> ^ (i.o.a)y-Ki.o.a)i/ (i.i.i.)yH r ai-M-) .P'_ 1 
t'J (6.i:i)*+(0.i.X)i> ^ (i.«.ii.)«'+(L2.ii.)/y ^ (2. 0. a)a^ {il 0. a)/)* — ~ ^ 

by means of which, from two diatancea of a heavenly body from the earth, the 
third can be determined. But it can be shown that this equation, 7, becomes 
identical, and therefore unfit for the determination of one distance ft^m die other 
two, when 

and 

tan ^tan <J* Bin (X — «1 sin f Z" — J7) + tan /r tan (i sin (X'— «') am (L — IT) 

+ tan ^ tan ^' sin {L" — a") sin ( I.' —D — 0. 

1'li<< following fonnula, obtained easily irom equatiuus 1, 2, S, is £ree finm this 
mcon vt'iii<?ui!e : — 

[8] (0. 1. 2.)*^«>"+(o.L2)2><r<r+(o.L2)i)'tf«r+(o.i.ii)Z)"j(r 
+ (a I. n.) jym + (o. i. n.) 2)2r<r + (o. l 2) Di/r + (o. l n.) Di/ir = o. 

By multiplying equation 1 by una' tan — nua^tanj!)', equation 2 by 
COB a" tan j)' — costt' tan j)", equation 3 by ain (o^ — «'), and adding the producta, 

we get 

[9] 0:=»((0.L2)^-|-(O.L2)ZJ)— li' (1.1.2) (ILL 2) ir 
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and in the mme maimer, 

[10] 0 = » (0. 0.2.)J)^tf ((0. 1. 2) d' + (0. L 2) i?^ + (0. H. 2) IT, 
[11] 0=n(0.LO)2>— i/(aLI)Z)'+j/'((0.12)r+(ai.IL)J>^. 

By means of these equatuma the distances dfd',d"f can be derived Cam. tho 
ratio between the quantities fl)»',N^> when it b knoim. But this conclnuon only 
holds in general, and sufltTS f»n ♦'xroptloii when (0.1.2)= 0. For it can bo .s;hown, 
that in this oam nothing follows iVum t he «qttatioas 8, 9» 10, «seept a neoeaeaiy 
rela;tion between the q;nantitie8 n, >i\ ?)". and indeed the same relatiooa from each 
of the tbree^ Analogous restriotiona ooneeming the equations 4, 6, 6, will readily 
suggest themselves to the reader. 

Finnlly, all the results here developod, are of uo utility when the plan<» oi" (he 
t)i l>it coincides with the ecliptic. For if ji. B, B B^' sum all tM^ual to 0^ 

«^«^uu.Uou 3 in idoutifial, and also, thmiforc^ lUl tiiosc vvliicii I'ulLow. 



SEOOl^D BOOK. 

INVESTIGATION OP TEK OBBITS OF HXAVCINLY BODIES FBOU GEOGEItTBIC 

OBSEBVATI0N& 



FIRST SECTION. 

QWaiWAIIOS OB AM OiUlil miiM mUEL COMPLraB OLMBMAtUiillii. 

115. 

St:, ' clfm'^Titf are required for the complete <lefermui;ifion of th<^ uiotioii 
of a heavenlj bodj in ita orbit^ the number oi' wiiich, however, may be liiuiui- 
ished by one, if the mass of the heavenly body is either known or neglected ; 
neglecting the mm can scarcely be avoided in the determination of an orbit 
whoUy unknown, where ell the qaEmtities of the order of the perturbations must 
be oiiillt«fl, until the mast^ses on wliich they fle])cnfl bocomc ot.lienvlfie Ivinnvn. 
^VheI•^:•t'orc, in the present inqiiirj, the mn.^s of thi^ body being m-glecterl, wo re- 
duce tbe numbci' of the elumuut^ to sLs^ aud, thercibi^ it evident, that aei lusmj 
qoantities depending on the elements^ but independent of each other, are re- 
quired for the determination of the unknown orbit These quantities are ueoe» 
earily the places of the heavenly body observed from the earth ; since each one 
of wbieh fnrnishes two datfl, that i% the hjnffitiule and hititude, or tlie ritrht ns^ceti- 
mtn and deuUnattou, it will cei'taiuly be the most nmplo to adopt ikive gmvtm^c 
jibeet which will, in general, be sufficient for determining the tax. unknown ele- 
menta This problem is to be regarded as the most important in tluB work, and, 
for this reason, will be treated "wii^ the greatest care ui this section. 

21 
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But in tho special cose^ in which the plane of the orbit comctdes with the 
ecliptic^ and thus both the beliocentrio and geocentric ktitudea^ fbom their natm o, 

vaiii.sit, iTio lliive vani.>^!iin<^^ gcc^onfric latUii(1<>^ onnnoi my 1oiia;er bo oo)i8iik'iod 
m thrt'O (lata, iniloponi-k'nt of oach othor: then, tlieix'fort.', thia problem w<j\ild 
reniaiu iiuldl^-uimatu, auU the thim guoocutrio plaees might he sati&ii«Kl an 
infinite number of orhita Accordingly, in euoh a case, foar geocentric lon^tudes 
musi^ necesaarily, be given, in order that the four remaining unknown elements 
(the iach'nallon oC the oi hit ami tlie longitude of the node being omitted) may bo 
dfteiiuiiR'tl. But altLoiit;-ii, from an iiulisc'ci'iilljle prIiioIj)le, It is not Ui Ite cx- 
])cctofl that i*iich a ca^c would ovlt artnally present itself in iialui'o, iievoillR'k"is, 
it is caiiily kufi^ined that thu problern. wiiidi, in an orLii. exactly coincidiug vvith 
the plane of the ecliptic, is absolutely indeterminate, must, on account of the 
limited aocncacy of the observationfl, remain nearly indeterminate in orbita veiy 
little inclined to ^e ecliptic, where the very eHightcBt errors of the observations 
art? snffir'ipnt altogether to roTjfmind tlie (leternilnntlon of iTio unknown qttan- 
titiea Wherefore, in order to ejokiuiue tlu» m»a, it will ha m^tusimey to .seleet 
tax data : ibr which purpose we will show in section second, how to determiue njo. 
unknown orbit from four obeervationis^ of which two are complete, but the other 
two incomplete, the latitudes or declinations being deficient 

Finally, as all our observations, on account of the imperfection of the insfarth 
meiits and of llie senws, are only approxuviations to the trath, an orbit based 
only oil the tax ab<»olutely neceststuy data may be tstiil liable to considerable 
errors. In order to diminish them an mach ns possible, and thus to reach the 
greatest precision attainable, no other method will he given except to accumulate 
the greatest number of the most perfect observatioDH. :«nd to ai^'ust the elements, 
not >J0 as to siitisfy rbis or that set of observations witii ab.-ulnt*' exactncsM, Iiut 
80 a.s to iv^rat' with all in tlic best jws.sible manner. For wliiidi j)urpose, wv will 
show in tho thiixl jiectiuti how, accoi'Jiug tu tliu principles of the culculu;$ of 
probabilities^ such an agreement may be obtained, as will be, if in no one place 
perfect, yet in all the places the stricteist possible. 

The determination of orbits in this mannon therefore, so far as the heavenly 
bodic«i move in them according to the laws of Km<EB, will be carried to the 
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higlieftt degree of perfectiou that in denred. Then it wiU be proper to undertake 
the final correction, in which the pnrtvniiiitlons tlnu tlio otiior i)l;ino(s cau<o hi tlio 
motron, wW he tf>lcr-n rtrrount of: wc will Imlicatc' liricriy in the fouvtli Flection, 
how ilitsie uitt^ bu Uik«u a<cuouul uf, I'itr at leiwt, it dmli app«iu* coii»i»teut 
with our phin. 

iia 

Before the detenninntion of any orbit A-om grooc-ntric observations, if the 
jfrefltc*?t nreitmry ts rlf-^imrl, eertani ro<T\K'tioiis iiuist be ii]ipl!fid to tht letter on 
accuuut. ol' uub^tiuu, pit;(;«ii«!«U>D, partdiax, and aburi-aiioo : these email quantities 
may be neglected in the rougher calculation. 

Observations of planets and cometH are commonly given in apparent (that 
is, referred to the apparent podttlon of the equator) right asoen«ions and declina^ 
ilons. Now as tins po.-iitioii is varia'»lo on ncfonnt of niifufl(wi juiil jji'ccefisiOD, 
ami, tlicrcforc, diffei-ent t'or flilTorent ohsrrvation*, it will ('\|n ili(-nt, fir>l of all, 
U> iiitiwlucc fioma (vimd pkuit^ iu^UiivJ of tiw vaiiuUe plaa^, fur whidi ^iurpose, 
either the equiitor in its mean position for some epoch, or the ecliptic might be 
selected : it is custoinary for the most part to use the latter plane, but the former 
is recommended 'by some peculiar ad'^ntii^s which are not to be despised. 

"WHion, UierC'foro, ilio |:i!i\nc nf tlic eqiiiitor is sclrotcfl, tin' of>soi'vii(ii>n.< arc tn 
ike Itivtt pkuMi to be (m&l Sitim uuttttiuu, mxd alter timt, th*i prec«^iuii Ix^ing 
applied, they are to be reduced to some arbitrary epoch : this operation agrees 
entirely with that by which, from the observed place of a fixed star, its mean 
place is derived for a {^ven epoch, and con^queotly does not need explanation 
here. But if it is decided to adupt tlio ])!aiie of the ecliptic, there are two courses 
which may be pnrsiicc! : Twmely, eiither the longiturJc;; .anil Intitndc?, by mefiTii? of 
the mean obliquity, can be deduced from the right aisceuiiiionii «ui<i declitiutiouii 
corrected for nutation and precession, whence the longitudes referred to the mean 
equinox will be obtained ; or, the latitudes and longitudes wiU be computed more 
conveniently from the apparent right ascensions and declinationH, using the appap- 
eiU olirupiity, and will aflfi wards be freed from nutation and prcr os^iiijii. 

The places of the earth, corresponding to each of the observations, are com- 
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puted from the aolar tables, but they are evidently to be referred to the same 
piano, to which the observations of the heavenly body are referred. For which 
reawm the natation will be neglected in the computation of the longitude of the 

sun ; Lut ufterwanli* tills loT(<»itTi<1c, the preecusion being appTierl, will be rfiltipod 
to llic iixtid epoch, and incmiiwd by 180 degrees ; the opposite sign will be givou 
to the latitude of the sun, i^ indeed, it seems worth while to take account of it : 
thus will be obtained the heliooentiic place of the earth, which, if the equo tor is 
chw^ii lor the fundamental plane^ may he changed into light ascension and dedi- 
nation by making nse of tJie mean obliquity. 

117. 

The position of the ttmiix, computed in this matmor fsom the taJ)lei% m the 
place of the centre of the earth, but the observed place of the heavenly body 
is referred to a point on the surface of the earth : there are three methods of 
remedying this discrepancy. Either the observation can be reduced to the centre 
of the earth, that is,freed from parallax : or the heliocentric place of the earth 
may b© reduced to the place of oli,s<^'n'ation, whieh is done hj applyni!^ the 
parallax: properly to thu j^bum ul' tku suu cumputed from the t&hlm ; ov, Uiiaily, 
both pcations oan be transferred to some third point, which is most conveniently 
taken m the intersection of the visual ray with ttie plane of the ecliptic ; the 
observation itself then remains unchanged, and we have explained, in article 72, 
the rf<lu<'tH)u of tll(^ ])liit><; of tlu' carili to tlii.s point TIk; lli-st inefhod (•HUimt be 
u]))>lii:><l, cxci^pt the distanc^e of tiu; hoikvonly liody from th*; earth be appi uxi- 
um.ttily, &i Icust, kiiuvvu: hut titt^u it m very cuuvcuiuut, t»iptioi«dly when the 
observation has been made in the meridian, in whieh case the deoliuntion only is 
affected by parallax. Moreover, it will be better .to apply this reduction imme> 
diately to the observed place, before the transformations of the ])recL'<rai;jr :urticle 
are nndcrtiikcn. But if the distance from the eartli is .still wholly unknown, 
reoourue uiuab he had to the second or tliird method, and the ibnner will be em* 
ployed when the equator is taken for the fundamental plane, hut the third will 
have the preference when all the positions are referred to the ecliptic. 
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118. 

If tlie distfliT'p of a heavenly body from tlio eaith ausvrermg to any observa- 
tion 10 tili't^y iipproximakily kuuwii. It m^y be freed irom the eflfect of tibet-rar 
tion in several yrskja, depending on the different methods given in article 71. 
Let i be the true tamo of obeervation ; 6 the interval of time in which lig^t passea 
from the heavenly hady to tb<' eurth, which rctsults from midtipljring 493* into the 
rlLvfiince ; I ihi'. obBervod pliun-, tlie sjinie pTaee rodiiced to tbe ilmo /-f- (5 Tty 
iiR-:ui,s oflhe rULinial j^oeoiiUie motion; i" tlie |)htee ( freed from tluit part of the 
Hberiatiou vvbick is cummuu tu tlie planets auU iix&X stars ^ I, tbe true place of 
the earth oonesponding to the time i (that the tabular place increased by 
20".25) } lastly, 'Z the true place of the earth oortesponding to the tame i — 6, 
These things being premised, we siball have 

L I the tnie place of the heavenly body seen from 'Z at the time t — 6. 
JL t the tme pla<»4^ of tho hmvpnly borly seen from L nt the time t. 
nL V the true pk«e of the heavenly l)0«ly seen fr< nn L at the time / — 
By method L, therefore^ the obaerved pliMX; hi ^rc^oi vcJ unchanged, but the iliy 
titiouB time i — d is substituted for the true, the place of the ear& being com- 
puted for the Jformer ; method H, applies the change to the oh«ervation alone, but 
it require^ together with the distance, the diurnal motion; in method lU., the 
obaervatioTi undergoes a eorrection, not drpRndTTTjr on tlie flistancc ; the (letiltonfl 
time t — ^ is substituted foe the Lrae, but the place of tlte earth coirre«ipondmg to 
the inie time is retained. Of these methods, the first is much the most conven- 
ient, whenever the distance is known well enough to enable us to compute the 
reduction of the time with 8uflSiGiep.t accuracy. But if the distance is whoUy un- 
known, neither of the^^e metliO(l>i can be imiiietliately applied : in the fii^t, to be 
Ktiro, the ffcocentric place of the heavenly body is known. I>iit tlic time and the 
pckdtiou of ihu ciU'th aru vvautiug, butk dcpiinding uu tin;; unlinuvvu di^loinvc ; in 
the second, on the othec hand, the latter are given, and the former is wanting; 
finally, m the third, the geocentric place of the heavenly body and the positiou 
of the earth are ^ven, bat the time to lie used with these is wanting. 
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What, theiefoie^ is (o be done with our problem, in mich a caac, a aolution 
exjtct with respect to aljL'rratloTi \s required? The fiimpleet course muluuldoiny 
i^,, (o ('I'U'rm'ne tliL> orbit )ic<rl(Tting at fii-st Ihc nliorration, tlio i^ffcrf. of which can 
uever b« luipoi tiMit; the cHistanctfiii will thence bt^ obtaiu&d with at himt such pre- 
cision that the obaervationa can be freed from aberration by acme one of the 
methods just explained, and the detennination of the orbit can be repeated witii 
greater aecuracy. Now, in this caae the third method will be far prt-fcrablc to the 

othore: for. In fhc first motlincl all the rornp\ifationis fleponfJing on tht^ position of 
the eartli must he coiumeiiceil aiiain from (he very hoginnini^; in the second ( wliicli 
in fact is never applicablei, xmlcss the nuiaber of oUiervutious in #ulhcieut to obtain 
from them the diurnal motion), it is neeeseary to begin anew all the oomputatjons 
depending upon the geocentric place of the heavenly body ; In the ttiird, on the 
eontrat V. (if the first caloolation had been alre:uly hancd on geocentrlo places 
froeil fioni the a!)Orniliou of tllo fixiMl stai-s) all the pr(>l!minarv computations 
deptiutiiug upon the position of ih*t meik tiud Ike gtioceatrie place of the heavenly 
body, can be retained unchanged in the new computation. But in this way it 
will even be poseible to include the aberration directly in the first calculation, if 
the method twed for the determination of the orbit has been so arranged, that 
the values of the distances are obtained before it shall have been necessary to 
int^'orluco into the computation the ('orrected timcH. Then the doiiWo compu- 
totioii on account of the ahei-mtiou will not be ueeeflsary, as ivill appear more 
clearly in the fiirther treatment of our problem. 

119. 

It would not be difficult, from Che connection between the data and unknown 
quantities of our problem, to reduoe ita statement to six equations, or even to less, 
since one or another of the unknown quantities might, conveniently enough, be 

dimtnated : but since this connection is moist com]>licat4'il. tliofe eqiuttions wonM 
biicomta v^iy intractable; such a >ieparation of the unknown quantities a.^ Ilnally 
to produce an equation containing only one, cuu, generally speaking bt» ruguided 
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as impossible,* and, therefore, still less ytUL it be possible to obtain a complete 
solation of the problem hy direct proceesea alone. 

Birt onr i)iobk'ui iniiy at had he leiluteJ, and that too in various wajSjto the 
flolutlon oi' knj (M^iiation.s A' = 0, I'^O, in wliidi nnlr two linlcnown qnantitlf":^ 
X, j/, ^umaio. It h xiu meiuta uucu^&ai^y tUul j;, ^, tiliuuld L»e two ol' the ele* 
ments: thej may be quantities oonnocted with the elcmeuta in any manner 
Mrhatever, if, only, the elements can be conveniently deduced from them when 
found. Moreover, it is evidently not requisite that X, Y, be expre^d in explicit 
fuiif-tHjnti of "t h ^ulTioiL'ut If lliey !iro connertod wUli tlioiu bv a 8yj<t<;in of 
eqiubtioiis in su«;k uiiuuitii that we tsm. pccNieed from given, values of to the 
correspuudiug values oi X,T. 

120. 

Since, therefore, the nature of the problem does not allow of a ftirther redno- 
tion than to two equations, embracing indiscriminately two unknown quantities 

the priTifnymT point will consIsL firs^t, m flin sii"tab!c arhdhn of tTir-w tvnlcnown 
quantities ajul mrrmffrmeni of rho uqustions, m that both X and Y utay depond 
in the simplest manner upuu x,^, and that the elements themselves may follow 
most conveniently from the valnes of the former when known : and thai, it will 
be a subject for careM consideration, how values of the unknown quantities satia- 
fyin<>' the eqii!itio»^( may be obtained by processes iiol too biborloLi.s. If Uiis sbould 
bo prnclic;ii)le only by blind trials, ns it were, very great iiiid inilced almost intol- 
ijiuble labor would ha lu^ulred, &uiiL. u^trouuiutiiii who hiivc dotcnaliibd tlie 
orbits of comets by what is called the indirect method have, nevertheless, often 
undertaken: at any rate, the labor in such a case is very greatly lessoned, ii^ in 
the first trials, rougher cak-ulatioiis suffice until approximate values of the un- 
knt>wn fi I lantiliefs are fonn<l. Rut as .«oon s\$ m iipproximfite r^etermrnatioT) h 
madc» the ^lutiun uT tht) problem <s»a bt» compltstiiil by sal^ loul ^my methods^ 
which, before we proceed ftuther, it will be well to explain in this place. 



* When the oliMmtiont are ao near to each other, that ttiA int«rv»l& of tlie times wKf be trented dtt 

iiifinitt ly .-rii;i:i .jimiiiijk*, w >i.-purutiori of tills kii.il \< ubtii'iK-'I. mA iIm vilole probkm i» reduced to tba 
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The oquations X=0, F=0 will be exactly satisfied if for x and y their 
true values are token ; if, on the contrary, values difTorent from the true ones are 
($ub»tatuted for x jr, then X and F will acquire values diiO^ring from 0. The 
more nt^nrly x mid tf aj^proac'Ti flioir tnu' viiTim's. the gnialler should \w tlio ronull- 
iug valuvit» at° K and 1', atid wiieu tk«iir diilbnitteei^ ikuu tke iiue vuiuutt ore very 
small, it will be admieeible to assume that the variations in the values of X and F 
ore nearly proportional to the variation of «^ if y is not changed, or to the variar 
tion of ff,i£ St ia not changed. Accordingly, if the true valnee of » and y axe 
d^oted by ^Tj, ilw v:)liu\s of X nnd 1' ('onvsponding to the assumption that 
ar=f-f'^y = ^H~^ L'X])ivssL'd in the I'orm 

=^ « A. -j- ^ fj, Y — yX-\- dfi; 

in wkieh tiu» coefficients «, 7, d! can b« regarded m eoiUitant> as long m k and 
remain very smalL Hence we conclude that» if for three syatema of values of 
X, If, differing but little from the true values, oorreeponding values of JT, F have 
been determined, it will be po«>nd(' to ot >tuiit from them correct values o£ s^yao 
far, at least, as the above assumption is aduussible. Let as nippoee fhat^ 

tats — o, ff = b we have X=Af F= B, 
at — i/,y=:l^ X—A'Y=B', 
X =rt^ y =r X =4" F= ^, 

and we shall have 

From thas© we obtain, by Ldiniiimting «, ^, 7, i>, 

*^ A'B'-.jrff-\-A'B--AB'->i--AB—AB » 

A'If—A'M-\-A'ii-'AM'-^AB!^£'B ' 
or, in a form more convenient for computation, 

. _ , (</— «)(^JJ— ^ J9») + («^— «) {A V—A'Bi 



(V—i){J!>B—ASr)-^{V—h){ABf—A'. 



A'S) 
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It ]a cvlciontly adniia^f >1e, also, to nileiThaii<xe iti these formulas the qoantitJes 

a, h, A. n, ^vl^b a*, h', A\ IT, or with <i'\ l> \ .1", Ti". 

Tiie common fle-nominntor of all thc-w ox[>n>ssion«, which may be put tiuder 
the iiitm (A'— A) \B" — B) — ( .1" — A) {£'^1!% heeomes 

(a<y — fiy) ((>?' — a] ( //'— h) — [d* — «) (// — i)) : 

whence it appeaxs that a', a'V ^> i>', i> '' mu«t b«i so tak«u mi uut tu make 

otherwiae, this method would not be applicnhle, hut would furnish, for the vnlnes 

of * anti >j. fraetioii« of wlarli tlio muiHHators aiicl (T^nonunators wonM vnniA at 
tlui namit iiiue. It u evidtiut. abiO Umt, 11' it. iihould happen that at) — -(iy ^ 0, the 
Bame defect wholly destroys the use of the method, in whatever way a, u\ u-', 
h, V, h", may be taken. In such a oaae it would be necessary to atBume for the 
Talues of X the form 

and a mmilar one for the values of T, which being done, analysis would supply 

mellioflH, analogous to the proccilmg, of obtdun'nu from vaTncs of A". F, oom]jutc<1 
■for •'our systems of values o[ x. //, true vit'row of tlu- lattt^r. JJiit the I'OinjmtJitioii 
in tills wity would be very troubleaoiue; amlj moreover, it can be tshovvn Ih.n, m 
such a case, the determination of the orbit does not, from the nature of the ques- 
tion, admit of the requisite precinon: as this disadvantage can only be avoided 
by the Introiluction of new and more suitable observations, we do not here dwell 
upon the sntgect 

121. 

When, therefbce^ the apjjroximale values of the unlcuown q^uaaiitiea am ob- 
huned, the true values can be derived fiom them, in the manner just now ex- 
plained, with all the accuracy that is needed Finty that ie^ the values of Jl^ 
corresponding to the approximate values (a, h) will be computed : if th^ do not 
Tauyi for ihene, the Ciilculatlon will be repeated with two other values («', J*) 
diflfaring but little fiom the ftnner, and afterwards with a third etystem {tT, b") 

22 
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tmlege X, F» have vanished for the second. Then, the true values vrill be, de» 
ducod by means of the fonnalaa of the preoedhig ariaole, so fkr as the aasumptioo. 
on which these formolas ore based, does not differ sensibly from the trutL In 
order lliat we may be better able to judge of whioh, the calculation of <iie vaJues 
QtXf will be repeated with.tho^e correctcfl vdues; if this calculation shows 
that the equations A'^^^O, 7'=0, are, still, not satisfied, at least much smaller 
values of 1^ will result therefrom, than from the three former hTpotheses, and 
therefore^ the elements of the orbit resulting from them, will be much more exact 
than those wliidi cotrespond to the first hypotitesesv If we nxv not satisfied 

wiOi thos^, it will be best, OTnltting that liypothnfls wliich prodiKied \\w grt;ai(^Ht 
dii&rences, to combine the other two with a I'oiirtb, and thu*", by the ]jrocesH of 
the |>reoeding ai tick, to obtain a lillh &^'&tem of the values of ^ ; iii tLo i^uie 
maimer, if it shaU appear worth whil^ wo may proceed to a sixth hypotheffls^ 
and so on, until the equations X= 0, T=s. % shall be satisfied as exactly as the 
logarithmic and trigonoiuetncrJ tables pernii V. \t it will very rarely be neoes- 
snry to proceerf beyond the fourth system, uuleas the first hypotheses were very 
tiar from the truth. 

122. 

As the values of the unknown quantities to be assnmed in the second and third 
hypotheses are, to a certain extent^ arbitrary, provided, only, they do not differ 
too nuieh IVouithe first hyi>othe?i,s ; an(1,moreoTer. as care h io be taken that the 
ratio in" — a) : {h" — h) does not tend to an cqiinlity with [<t — a] : {h' — rt \% 
cu&tomiiu-y to ^MXid —a^ly —k. A double advajitugu derived ixom tlii^^ ibr, not 
only do the formulas for I, % become a little more simple, but, a1s(H a part of the 
first calculation will remain the same in the second hypothesis, and another part 
in the third. 

Nevertheless, thcTe \% a cxtae In which other reasons sng-yie.sl a dejiartufe fiom 
this custom : for let -m buppotse X to Imve the ibriu X' — ^ ^ mA Y the foim 
Y* — and the functions X.', Y*, to become such, by the nature of the problem, 
that they are very little affected by small errors m the values of 3^ if, or that 
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rnar TjG very Hiuall iiiiantltlos, uinl it is cvidrnt tliat. the differences bet^vocri the 
v&lueu of ikoaa iuuetiuns curreBpotuiiug to tlie system T—^,y—tf, and those 
which result from x = a, y = b, con be referred to a eomewhat higher order 
than the differences I — a, ij — i; but the former values are JT' = I, =«J, and 
the latter X' = a-^A, y^^b-^-B, whence it follows, that a-\-Af b-\-B, are 
much more exact values of .r. //, ilian u. h. If the sooond hypothesia is based 
upon the)??, the equations X— 0, Y— 0, are very iVoqiiontly 8o t'xactlj satf^ed, 
that it is not neoessary to proceed an^ i'ufi<her; but it' not i»u» Uuid hypoth- 
esis will be formed in the same manner from the second, by making 

*^ = a' + il' = a + il + J', r = y + 5* = i + i? 4- JT, 

whence iliiall^ , if it is still not ibund auffidently accurate^ the fourth will be ob- 
tained according to the precept of article 120. 

123. 

We have supposed in what goes before, that the approximate values of the 
unlcnown quoutides x^^, are already had in some way. Where, indeed, the 
approximate dimensions of the whole mhit ace known ftloiliieorl perhaps from 
o<hf>r ol>seryationp by means of previous fal' iil!i»ii>ri«. tni'l now to l)o rorrpcted by 
uevv auus), that couUiUuu be satisfied witlioui liiilicLilty; whateirer mconuig we 
may assign to the unknown qoantities. On the other hand, it is by no means a 
matter of indifferenoe, in the determination of an orbit still wholly unknown, 
(which is by far the most difficult problem,} what unknown quantities we may 
nsc ; hut tlioy should ho jutlk-louj'ly selc-ek-il In hucIi a way, that the nppiovlmate 
valuta limy be derived Irom the naipure of the problem itiielt'. Wliii-h <'iiii he <]onc 
most eatisfactorily, when the three obsorvations applied to tliu iuvu^Ligaiiuii. of 
an orbit do not embrace too great a heliocentric motion of the heavenly body. 
Observations of this kind, therefore, are always to be used for the first determinar 
tion, which may be corrected afterwards, at pleasure, by means of observations 
more remote from each other. For it Is re!v''i v perceived tlint the neruer tla; ol)- 
servations employed or© to each other, the moi e the oalculatiou affeotcrl hy their 
unavoidable errora Hence it is inferred, that ihe observations for tho £i&t de- 
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termtiuillon nro not to ha picked out at rnni^om, but cnrc ia to be taken, ^^vt, that 
they W not too uear each otker, bub aJiso, that tkey be not too distant fmm 
eadi other; for in the first caee, the calculation of elements satiBfyiDg the ohaei- 
vations would certainlj be most expeditiously perfomed, but the elements themr 
selves would be entitled to little ocnfi<leti<H>, m\A might be eo erroneous that ihey 
could not even be iwffi n-s an npproxiiuation : in the oilier ciiso, we should aban- 
rlon the artifices which arc to bo made use of for an approximate rletenniMatiou 
of tlib uukuowu (^luiulitiea, uor could wc thcnco obtain any oLUei' Uctcruiiiuition, 
except one of the rudest kind, or wholly insufficient without many more hypoth- 
eses^ or the most tedious triala But how to form a coirect judgment concerning 
tbeee limits of the method is better leamed by frequent practice than by rules : 
the examph's to Ik- given below will show, that elements possessing great aocu> 
racy can be rlerived from ob*er^"ations of Juno> separated Irom.each other only 22 
day^ and ombniclag a helioc^tric motion of 7° 35'; and again, that our method 
can also be applied, with the most perfect sucoeas^ to obaervationa of Ceres, which 
are 260 days apart, and include a heliocentric motion of 62° 65'; and can give, 
with the use of torn- hypothesee or, rather, succesdve approzimationa, elements 
agreeing excellently well with the obeeirvation& 

124. 

We proceed now to the ennineratioa of the most suitable me^ods hmud upon 
the preceding principlea, the chief parts of which have^ indeed, already been ex- 
plained in the first book, and require here only to be adapted to our purpose. 

The most simple method appeals to be, to take for tin; distances of the 
heavenly body fi-om the earth in the two observf»tion«. or nHii- the logarithm!? 
of tijese distaaoee^ur the logaritLuis uf the ditftauce» projected upon ilie eclipticr 
oi' equator. Hence, by article 64, V,, will be derived the heliooentno pluucs iml 
the distances from the sun pertaining to those places ; hence, again, by article 110, 
the position of the plane of the orbit and the heliocentric longitudes in it; and 
iVoin these, the I'luHl veetorcs, and tJie coiTes])Ouding times, according to the , iij\<- 
leui treated at length in jirtir)«'s 85-105, all the remahrlng elenieuti?, by wiiich, 
it in evident) these obt«^vation» will he <i£actly fepreseated, whatever viU.u«6 may 
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have been aasigned ix> x^y. If, aocordiaglj, the geocentric place for the tiiue of 
the third observation is computed bj means of these eltniienlE, its agreement or 

disagrcomont with tTic olistn'vod place will flettu-mino wht'thcr th<> assnmrd viilut's 
are the true ones, f>r --ivbcthcr thej diir<jr from tlicm ; wlicnce. us u double oou^ 
parieou will be obtained, one diiferenoe (in iaugiiudii} oi- rigbb aecension) can be 
taken for X, and tho other (in latitude or dcclinatioa) for Y, UnleeB, therefore, 
the values of these differences come out at once = 0, tho trae values fii9,fft may 
be g(rt by tlio method given in 1 20 anrl the following artidea For tlio re^, it is 
in itself urititniry fvtiTii vvliich of the thriH- oltservn*'nns we set out: sLlU, it Is bet^ 
l«r, in genenil, \o ehoot^e the first and last, tlie gpeulal sjim of which, we abaii speak 
directly, being excepted. 

This metltod Is preferable to most of those to be explained hereafter, on this 
account^ that it admits of the most general applioation. The case must be ex- 
cept(H]. in which the two extreme observations embrace a helioemtric motion of 
IKO, or 360, or 640, eta, degree?; f*»- tlicn th<' position of the p^l^" of the orbit 
cannot be determined, (article ilO). it wiU be equally inwnvenieut to apply the 
method, when the heliocentric motion between the two extreme observations 
differs veiy little firom 180° or 360°, eta, because an accurate determination of 
the position of the orbit cannot be obtained in this case, or railier, because the 
slightest changes In the assinned values of the unknown tjuiujlitles w(niTrl cit;i^ 
»nch great variations in the position of the orbit, and, therefore, in the values of 
Xi Y, that Uit» variatiiio^ of the latter could juo luu^ui' ha I'^gurded prapoi^ 
tional to those of the former. But the proper remedy is at hand ; which is, that 
we should not, in each an evenly start finom the two extreme observations, but firom 
ill first and middle, or from the middle and last, and, therefore^ shonid take for 

X Y. the differences between calculation and ohst-rvaiion in the t!iiril u first 
place. But, if both the second place should he distant from the lii^u amt the 
thii'd fi'oui tliu secuud uearly ISO degree^ LLb digiidvantagi^ could uot bo t'cmuved 
in this way ; but it is better not to make use, in the computation of the element«v 
of observations of this sort, iVom which, by the nature of the case, it is wholly 
impoamble to obtain an accurate determination of the position of the orbit 

Moreover, this method derives value from the fact, that by it the amount of 
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the variatioiu which the elements experieuoe, if the middle phu}e changes while 
the extreme places ramin fi^@d, cm he estimated without difficulty: in this way, 
tlierefcire, mme Judgmout may he foitmed as to the degree of preoiaon to be 
attiibuted to the elements found. 

125. 

We flhall derive the teemi firom the preceding me&od by aj>pljiTig a ti'Iight 
dhange. Starting fimn the diatancea in two obeerratioDe^ we (ahall determine all 
the elements in the aame manner aa before; we shall no^ however, compirle 
from these the geocftalric. jiVapc for the ihir^ obscrration, hut will onlv jiror eed 
a? fiir as the heliocentric place in the orhit ; on the other hand we will obtain the 
game helioceutria place, Uy meaus o£ the pruhlexu tiijatcd ia artlch^ li, 75, iiom 
the observed geocentric place and the poation of the plame of the orbit j these 
two dctcrminationfl, different from each other (unless perchaDoe, the true values 
of Xfff, should be the assumed ones), will fumLsh us Xsati Yf the clifTorcncc be- 
tween th(> two values of the longitude In orLit htslng talten for X, imd the difleit 
QXiGtt between tliu two values of the radiuu vtsetor, or mther ita logarithui, for T, 
Thia method ia subject to the same cautions we have touched upon in the pre- 
ceding article : another ia to be added, namely, that ib» heliocentric place in orbit 
cannot be deduced from the geocentric place, when the plaoe of the earth happens 
to be in either of the nodes of the orbit ; whon that ia the ca8<^ accordingly, this 
method cannot ho app!ie<l. But it will also he proper to avoid the use of this 
method in the cmt where the place of the eaiih very near oithcr oi' tlie nodes, 
rince the aasumption that, to small variations of «, correspond proportional 
variations of X, Y, would be too much in error, for a reason omilar to that which 
wo hnve mentioned in the preceding article. But here, also> may be a remedy 
wntdit in the interchange of the mean place with one of the extremes, to ^vhich 
may ('orrei^pond a place of the earth rnort* remote from tlte uoden, excejit, pei^ 
ehance, the earth, in all three Otf the ob^rvatiati% aliould be in the vioinity of the 
nodea 
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126. 

The preoeding method prepares the wa.7 directly fbr tibe ihu^ In the eame 
manner as before by jneans of the distances of the heavenly body fltmi .{he earth 
in the extreme observations, the oonesponding longitudes in orbit together with 

the ra'''i v'^rtoiT>« ^irty bp f1*',torinin<^(l. "With the position of the plane of the 
orhit, wiiich litis Cfiiciiiiition will hjivo fiirnishcl, tlic longitude! in orbit jind the 
ladius vector will be got H-oiu tJxe middle obseiviitiou. The remaining eleiuuiiiij 
may be computed from these three heliocentric places, by the problem treated m 
articles 82» 83, which proceas will be independent of the times of the observnr 
tions. la this way, three mcnm ivnomiiliee and the dinnuil motion will be known, 
whenc mf?y >•» fniniputi'd the iiifi rr. of" th« tiitios between the first and second, 
and between the second md third ob,scrvationa. The dififerences between theae 
and the true intervals will be taken fbr and K 

This method is less advantageous when the heliocentrio motion indndes a 
small arc only. For in such a case this determination of tbe orbit (as we have 
already shown in article 82) depends on quantiiiee of the third order, and does 
not, therefore, admit of stillieieut exaetne???. The slightest, changes in the valnefl 
of a;,^, might cjuis« v«ty great cltangea in the eleincni.-) and, therefore, in the val- 
ues of X, y, aho, nor would it be allowable to suppose the lattvr pnjportional to 
the former. But when the three places embrace a conrnderable heliocentric mo- 
tion, the use of the method will undfrabtedly nueeeed I f. unless, indeed, it is 
tbrn^TTi into <■< iMfii-'on by the exeeption^ explainccl in the preceding aiiidos^ 
which are evidently in thh method ioOf to be t»ksa into consderation. 

127. 

Ailer the Uu*ee heliocentric places have been obtained in die way we have 
described in the preceding article, we can go forward in the following manner. 
The remainmg elements may be determined by the problem treated in artides 
85-105, first, A'om the first and second phusea with the corresponding interval of 
time, and, afterwardu^ in the same manner, firom the second and third places and 
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the corresponding interval of time : thus two valaes will result for each of the 
dements, and from their dififerenees any two may be taken at pleasure for X and 

T. Oho n<lviiiii;n;e, not to l>e rejcc-tott, iilvcs !>Teat value to tins iiK'tlHHl ; it h, 
that In the fir^t liypothoses the rciiiaiiiinLf elements, besMes the twf» wliich arc 
choiben fur tbdng A aud 1', c&n be entiruly uiigUscted, and wilt tinallj hu Juiur- 
mined in the last calculation based on the corrected values of x, if, either from 
the first combination done, or from the second, or, which is generally preferable, 
fkitn tlio combination of the first place with the third. The choice of those two 
elements, wliieli Ip, cormnonly speaking, arliitrary, furiiif^lie? a great vaiietv (»f 
flolutionp} the logarithm of the semi-parameter, iug^tber with, iha logy^i itlua of 
the Mini-axis major, may be adopted, for example or the former with the eccen- 
tricity, or the latter with the same, or the longitude of the perihelion witii any 
one of these elements: any one of these fonr elements might also be combined 
with the eccentric anomaly corresponding to the middle place in either calcula- 
tion, if an elliptical oi4»it hIiouI'I r<'«nlt, wlion the fomiil!i<! 27-.^0 of artiflts 96, 
will supply the mmi, expeiUtioui:< eoiuputatiou. But in speciiJ ca^s ilm choice 
demands some conaderation; thu%for example, in orbits resembling the parabolic 
the semi-Bxifl ma'or or its logarithm would be less suitable, inasmuch as ezceasive 
varbtions of ihene quantities could not be regarded aa proportional to changes of 
in suoh a case it would be mons iKlvanliigeous to select ' . But we give leas 
fnne to these proe;)iiti"fi«. KcficH'' tlii^ fr'lVi !rv>*'L0'1. to he expLiined In the follrtw- 
ing article, is to be prelerrud, iu almost all cai<e^ to tlie four thm far explained. 

128. 

Lei ua denote three radii vectores,obtained iu the same mamier m in articles 
125, 126, by r,/,/'; the angular heliocentric motion in orbit from the second to 
the third place by 2/, from the first to the third by 2/, from the first to the 
second by 2/", to that we have 

next, let 
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Instly, let the product of the constant quantity it (article 2) into the intervals of 
ibo time from the second observation to the thriTl, Anm the (iM to the third, and 

from the first to fhc- ficcon;1 he rosptK-lIvuly, t^. d' 6". T}u> doubli' coinpututlon of 
the eletiKiiite m begun, just ws m iha pitHst^tliiig ariidt^ bath iLrom rr'/ aud i", 
and from ^ : but neither computation will be continued to the determina- 

tion of the elements, but will stop aa soon an that quantity has been obtained 
-which expresses the ratio of the elliptical sector to the triangle, and which is de* 
noted above (aTticle 91) by y or — Y. Let the value of tliis qr.nntlty l>o, in tlie 
first calculation, in the s«*ronff, i;'. Aoconliti^'ly, l>y tiicius of Ibrmula 18, arti- 
cle 96, we shall have fur Hui ^eiui-paiaiuolui'^ the two vuluea: — 

But we have, beddee^ by article 82, a t]iir<1 value, 

4 rf't^ an/sia J" wn/" 
I> „_h'+V » 

which three values would evidently be Identical if tme values could have been 
taken in the beginning for x and ff. For which reason we should have 

Uuic^, tliorefore, these equatiouB ore fully gati^ed in the firat calculaliou, we 
can put 

Thia method ailmtts of an applioation equally general with the second ex- 
plftiiicd in article 125, but it is a }frt;at advantage, that in this fifth niotho<l the 
first hypoth«6e»i do not rc<iuire th<.- determination of the elements theinsi'lvert, but 
stop, as it were, luUf way. It appoais, also, that in this proccaii wo iind that, aa it 
can be foreseen that the new hypothesis will not differ sensibly from the truths it 
will be sufficient to determine the elements either from r»/,/*|4*, alon^ or ham 
^»fi o»> which is better, ftom r, r''/', H, 

23 
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129. 

The five methods thus &r explaiiied lead, at once, to as many otfaera whieh 

(Hfrci- iVoui ilu^ fonner only in tins, tliat tlto iiicllnution of the orbit and the lon- 
gitude ui' the liMwuiliiiig uodit, iimUiwd *)£ th^ d'mtMnom £tom the earth, are takim 
for X and ff. The new methods are, then, as follows : — 

L From x and ff, and the two extreme geocentric places, aooordiug to artidea 
74, 76, the heliocentric longitudes in orbit and the radii vectores are determined, 
and, from these and the corresponding times, all the remaining elements; £rom 
these, iH'iilly, tlic gi'o. tMif lic place for the thn<> of tho middle olisC'n'aHon, the 
di£fercuccj$ of wliich iigiu iiiQ uhgervcd place in loii^Itudo and latitude will i'oiv 
ntsh X and T. 

The four remaining metboda agree in thia, that all three of the heliocentric 
longitudes in orbit and the corresponding radii vectores are oompated from the 
position of the plane of the orbit and the geocentric placea Bui afterwards: — 

TI. The remamint? clcmcnt.5i are determined firoin the two extreme plaw-* only 
and the ooii>ebpi>uding tiintjd; with these elements the longitude in orbit and 
radius vector ore computed for the time of the middle observation, the diSerencea 
of which quantities from the values before found, that la, deduced from the geo* 
eentric jjilace, will produce X and 1': 

UL Or. the remaining Jiuieusions of ilie orLIt sim derived fi-oni all ihrco 
heltopentrio places f articles S2, 88.) into whieh ealculntiou llie times do not enter: 
tlti^a iha iutt^i'vak o£ the times aie deduced, wliich, in m. orbit thu& fijuiul, tiUuuld 
have elapsed between the finat and second observation, and between this last 
and the third, and their dlfibrences firom the true intervals will Amiish us with 
Xand T: 

IV. TTic reina.Tnin<y elcmeiii-i are computed in two way.ii. that i% \>oih \.>y the 
ouuibination of the &mt place with the second, and by the combination of the 
second with the third, the correspoadiug int&i valii uf the timc^ bt^iiig luiud. Tliese 
two systems of elements being compared with each other, any two of the differ- 
ences may be taken for X and F: 

v. Or lastly, the same double calculation is only continued to the values of 
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tilt? (luaiilily denoted b y in article 01, and tben the expreraunu given in the 
prewdlng !irtii-^!ft for X and arc adopted. 

In order tlint the Uutruur muLliad;S uiay ha tiaXuly mud, tlie plocuii uT the eortli 
for all three of Ike observations muat not be very near the node of die orbit: on 
the other hand, the uae of the first method only requirea^ that this conditiou may 
exiat in the two extreme obflcrvation^ or rather, (since the middle place may be 
fji!if«jtitin(Hl for eitlitn- of tlie exti-oiiieg,) that, of the three places of ihe earth, 
uut mom than one ihaU lie in the vioinity of ihe nod«& 

130. 

The ten methods explained from article 124 forwards, rest upon the assmnp- 
tion that approximate values of the distanoes of the heavenly body from the 
earth, or of the position of the plane of the orhit, are nhcady known. ^Vhen 
the problem is, to ctnTect, by means of obsi'rvation.s more remote from amch other, 
the duucusioiis of aa orbit, the approximate valuer of which are almuiy, by 
some means, known, as, for instance, by a previous calculation based on odier 
observations^ this assumption wiU evidently be liable to no difficulty. But it does 
not as yet appear from this, liow the first calculation h to l<c entered upon when 
ill! (he dlnu^nsionj* of th<! ctrhit are still wholly unknown; tliis ras<; of our proldeiu 
in by iar the mof^t important and the most dilheull. ae may he iiua^riued I'vom 
the analogous probl^tu in the theory of Ciometti, wliich, tLb 'm well knowu, huAH 
perplexed geometers for a long time, and has given rise to many fruitless 
attempts. In order that our problem may be considered as correctly solved, that 
is, if the solution be given in accordnneo with what has been explained in the 
119th and subBeqiienl artleles, it is evidently i-equ'wite iu satisfy the following' 
conditions: — • /Vnv/. the qnantitiof a-, arc to tskoisieu in siicli a. manner, thftt 
we ciiu Cud approxicoat© values of them from the very nature of the problem, at 
all events, as long m the heliocentric motion of the heaven. y .nMy between the 
observations ts not too great Seeoiu^, it is necessary that, for small changes in 
till-' r}unTititie>< x, jr, there bo not too great corresponding changes in the quantities 
to be derived from them. lf»«t tbr» ern)rH rtceulental'y intnKlueed hi the a<!Sluned 
values of the former, prevent tha latter ftx>m being coniodered as approximate. 
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TMrd^ and lasSLj, we require tliat the proceases by which we peas firam libe qiian- 
titieB XfffftoXfYy suoceflBiTely, be not too oomplicated. 

These condition'^ will f^imiBh fhe criterion hy which to jadge of the excellence 

of any inothoil : this will .sLow itself nioro plainly by fr*^qncTit applications. The 
method which wo iirt' now prepared to explain, fiid '.'.liicfi. in a ;nc:i-rj'o, is to be 
I'^ai'ded iUi Hid moat important part of tlm work, satisfies them condiliouii tio tliat 
it seems to leave nothing further to be desired. Before entering upon the ex* 
plaoaUon of this in the form, most snited to practice we win premim certain pre* 
limln.'ii-y consklei^tioiu, and we will iUustrate and open, as it were, the waj to i(» 
which mighty perhapE^ otherwise, seem more obscure and lass obvioua 

lat 

It is shown in ai-ticlc 114, ibat If tlie mtio between the quiintities donolod 
there, and in article 12^ by were kiiovvB, the di£tauc«s ol' tbe be&vmly 

body fhun the earth could be determined by meaiu of very ample formula& 
Now, therefore^ if 

n rf 

should be taken for x^u^ 

L ^ 

(the gjinbols being taken in the same pignification in article 128) im- 

mediately preeeut tbemselvee as apprtmmate values ai ihsm quantiti«!ii iu tiiat 
case where the heliocentric motion between the observutions is not very great: 
henc^ accordingly, seems to flow an obvious solution of our problem, if two dis- 
tances from the eurth are obtained from x, f/, and alter that we proceed agreeably 
to some one of the live methods of articles 124-128. In fact, Iho eymbok »j, 
beinjf also taken with the meaning of article 128, aud, analogously, the quotient 
turiuiug ii'Oia the ilivmoa uT the a^ior coutaluud between the two railii vectores 
by the area of the trian^ between the same being denoted hy r/, we shall have^ 
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and it readily appears^ that if ^i, n^, i/', are regarded aa small qaanfaties of {he fiist 
order, 1} — 1, if — 1, if — 1 are, generally speakmgy quaotitieB of the second 
Older, and, thwefbra^ 

7* y 

the approxiinate yaluea of atyg, differ from the true ones only Toy qtiantities 
of the second oi-rlcr. NevertheleM, npon a nearer examination of the eub- 
ject, iliw motlioil Ih fountl lo be whony unsuitable; tliO reason of this we 
will explaiu in a few words. It is readily j)eieciveil that th« quantity (0. 1. 2), 
by which tiie di^Umcu^ m the ibruiula:;^ % 10, 11, of articles 114 Iia>ve been multi- 
plied, is at least of the third order, while, fox eatample, in equation 9 the quan- 
tities (0. 1. 2), (L 1. 2), (IL L 2), are, on the oontracy, of the finst order ; hence, 
it readily &II0WB, that an error of the second order in the values of the quanti- 
ties -;, produces an error of the oi"der zero in t)if» rnlnp^ ol' the distances. 
Wherefore, according to the couunon modtf oT ^; caking, the dirtanoes would be 
afluctcd by a imiLa urror evun wbtiii the intervals of the ^mas wtire infinitoly 
small, and conseqiientiy it would not be admisnble to consider either theee dii^ 
tanoes or the remaining quantities to be derived from them even as approximate; 
and the method would he opposed to tilie second condition of the preceding 
artide. 

132. 

Putting, for the sake of brevity, 
(0.1-2)=a, (O.L2)i?'=— i, (O.0.2)i>=4-e, {(i.VL2)ir^-^a, 
80 ^t the equation 10, article 114, may heooma 

«^ = i -j- — 

the coefficients c and will, indeed, be of the AM ordor, tnil it can be eaaly 
shown that the difference c — d is to be referred to the second order. Then it 
followi, that the value of the quantity 
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resulting from tiie approximate assumption that n:n''~6:&" is affeoted hj an 

eiTor of the foiirtli order onlj, and even of the fifth only when the midcno is dis* 

tant from the extreme obmn^ations by oqvutl uitci-raia. For this error is 

where the denominator is <^ the second order, and one factor of the nnmerator 
iff'^g — e) of the fourth, the other if — i} of the second, or, in that special case, 
of the third order. The S^naax equation, therefore, being exhibited in this fonn, 

it is evident that tiie deftct of the method explained in the preceding artiole does 
not axiae from the iact that the quantities n,n" have been assumed proportional to 
6,61', but tha^ m addifloa to iMs, n was put proportional to For, indeed, in this 

way, instead of the fiietor - "^j^ , the less exact value *^^ = 1 is introduced, 
from which the true value 

11 _ 

differs by a quantity of the second order, (article 128). 

133. 

Smoe the ooeiues of the angles f,f,f", as also the quantities 1}, ij" differ from 
unity by a diflarenoe of the second order, it evident, that if instead of 

n' 

the appnnimate valoe 

is introduced, an error of the fburth order is committed. accordingly, in place 
of the equation, artiole 114, the following is introduced, 

«d'=i + ^ (1+^), 
an enor of the seoond (xnder will show itself in the value of the distance when 
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ihe extreme obeervatioiis axe equidistant firom the middle; or, of tiie fint order in 
other cases. Bat this new form of that equation m not suited to the detennina' 
tion of d', iK'C^iin^e it involves the quantities r, /, f, still unknown. 

Now, genemlly speaking, the qiumtities tliffor IVom unity by a qunntity 
tiT ike first order, aud ia tiie mxm maimer abo ihe product it remiiiy 
perceived that in the special case frequently mentioned, this product diflfers 
from unity by a quantity of the second order only. And even when the orbit 
of the ellipse is dightly eccentric, so that llie eccentricity may be regarded as a 
quantity of the first order, the difference of ''^ can be referred to an order one 
degree hlgluir. It \ii manifest, therefore, that tliis error remnlns of th<^ f"f>me orrler 
itn boibie it; in our equation, ia eubetituted £or whence u obtained the 
following foim, 

In fiict, tilt-" orinntion still contains tlic tmlcnow quantity /, whicli. it ia evident 
novorthelc^ cuu be dinunated, mnce it depends only on H' and known quantitiea 
If now the equation should be afterwards properly aariuigud, H wonld ascend to 
the ei^th degree. 

IM. 

From iho pi pco'ling it will be understood why, in our method, we are about 
to take for ^y, respectively, the quantities 

For, h\ (he jh-d jilace, it i» evident that if J* and Q arc regarded 80 known quanta 
tie^ ff can be determined fiom them by means of the equation 

and afterwards ^,4)^, by equations 4, 6, article 114, since we have 

Jb Humti pbeot it u manifest that y,A(f ar^ in the first hypotheaia^ the 
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obvious approxiinate valaea of the qoantttiefl P, Q, of which the true TaIu6S aie 
precisely 

from vliioh hypothe^^ Trill restilt eiron of the fiisfc order in the determinatioai of 
i', and therefore of d, or of the second order in the special case several tames 

mentioTio(T. Altlioitgh wn may rely with snfcty upon tlmst^ concluBions, genonilly 
speaking, yet in a particular caco they can lose their i'orce, an wlien the quantity 
(0, 1. 2), which iu gtmeral of tiia third order, imppeus to be equal to zero, or so 
small that it must be referred to a higher order. This occurs when the geocentric 
path in the celestial sphere has a point of contrary flexure near the middle places 
lastly, it appears to be required, fbr the use of our method, that the heliocentric 
motion T)etwocn t'tf ihrof* oVisorvations he not too jnreat: but tlits restriction, by 
the nattuxi of the very complicated problcuo, caiuiot be avoided in aay wayj 
neither is it to be r^arded as a disadvantage, once it will always be denred to 
begin at the earliest possible moment the first determination of the unknown 
orbit of a new heavenly body. Besides, the reatriction itself can be taken in a 
suffidently brood sense, aa the eaoocple to be given l>elow win show. 

m. 

The precerlini; diaeusaions have been iuti'Oi] need, in onJo.v that tho principles 
on which oui- metiiod reste, and its tmc force, as it vvcrc^ may ba more clearly 
seen : the practical treatment, however, will present the method in an entirdy 
different form which, after very numerous applicationB, we can recommend as 
th<: most (•onvcnient of niauy triotl by u;*. Since in determining an unknown 
Oihit iVoiii threw observation-; the whole subject mnj always be rei^need to 
oerUiii h^'potheaeti, or mthar succemve apprtudiuaiiuii^ it wiii \m regnnled m a 
great advantage to have succeeded in so arranging the eidoulation, at the 
begiuiing, to separate from these hypotheses as many as possible of the compu- 
tataons which depend, not on P and Q, but only on a combination of the known 
qnnntiti(!s. Then, evidently, tlie,se preliminary proocfsscs, con>nion io isacb bypf>tb- 
em, can be gone Uirough once ibr all, and the hjrpotheses tkcmsclvod ax« reduced 
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to the fewest possi'ble dt'tails. It will be of eq^ually great impoitanco, if it 
should not be necesstiry to proceed in every hypothesis ius far ii» the eleiUCTitBi 
but if their compuUtioin might be re&oivod for the lasit lij]^QtLetii& iu both 
these respeol^ our method, which ve are now about to ezphun, seems to leave 
nothing to be denred. 

136. 

We are, id the fint place^ to connect hy great circles three heliocentric places 

of the cnrtli in the celestial ephere, -4, -4', jI" (figure ! V with ^'^rce goocenlric 
placc:^ of tltc hoavcoly hodyy£,B^,£^f and then to compute the po^tiow of Qivsna 
great circles with respect to the eciiptie (if we adopt the ediptio as the fimdar 
mental plane), and the places of the points B, By Bf^ in these circles. 

Let ot, be three geocentric longitudes of the heavenly body, /S, /f, lat- 
itudes; l,tiVy heliooeubric longitudes of the earth, the latitudes of which we put 
equal to zero, (articles 117, 72). T/ct, moreover, r. y'. y^be the indinntimis to the 
ecliptic of the great circltis dravm fi'Om A, A\ to B, B^y B^f respectively ; and, 
in order to fbUow a fixed role in the determination of these indinatioiui, we shall 
always measure them from that part of the ecliptic which lies in the direction 
of the order of the signs from the points A, X, Jt, so that their magnitudes win 
be count<!(l from 0 to S60', or, which amounts to thi> "n-ne thiiiju:, from 0 to ISO* 
nctftb, and from 0 to —180^ south. AYc denote the aiv 1 A'B', A'B", whieh 
may always be taken betweou 0 and 1S0% by Ihus we lia.vo Ibx the de- 

tenamation of / and 9 the formula^ 

mtanr = . 

[2] ^^^"^^^ 

To which, if deeirable for confirming the oalcolatioii, can be added the following 

ffln^=^, cos cos/} COB (a — I). 

Wc have, evidenfly, entirely antilogoti.'? formulas for determining 7'. ; ", tV. Novr, 
if at the »uae time ^=^0, « — |:=0or ISO", that is, if the heavenly botly tdiotild 

24 
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be in oppoaitiuu of ooi^unctiou and in the ««UpbLc at the same time, y would be 
indeterminate. But wo tumrnie tiiat tihis is not the case in either of the three 
obaervfttionfl. 

If the equator is adopted as the fundamental plane, instead of the ecliptic, 
llien, for determining the positions of the three great circles irith respect to the 

*»f(iuit<n-, will be reqtilroil tlie rig^ht awension? of thefr mtersfetions wilh tlw r»qiifl- 
tui, bmdcs the incliiiaiiuus ; uihI it will be necessary to ootnpute, iu addition to 
the distances of the points B,B',S', from these intersections^ the distances of the 
points A, A\ A"* also from the same intersections. Since tiieee depend on the 
problem disoussed in artiole 110, we do not stop here to obtain the formulas. 

137. 

The wcewe' step will \n- the dot.t(nn'mation of the positioiiH ol' thcTO Ihrce great 
circles relatively tu eauU utiter, whieli depcod ua thuk kudiuiitluiUi aud the places 
of their mutual intersections. If we wish to bring these to depend upon dear 
and general conceptions, without ambiguity, so as not to be obliged to use 
special figiires for diiferent individual eases, it will he nedessaiy to premise some 
jii'oTiminary oxplanati<>n»i. Flrdl/, lu every j^reat circle two (>|)p<jsite JiWclms 
are to be f?Tf!tm«^is1i(>(l in some way, which will be done il" we regard one ol' thorn 
as direat ur puativu, uiid Uiu other retrugiudt) Qi: ucgii^tivii. Thiii beiug wholly 
arbitrary in itself, we shall always, for the soke of establishing a uniform rule, con- 
sider the directions from A, A', A" towards B,B^^B^' 9i positive; tho% fqr example, 
if the intersection of the first circle with the ^cond is represented by a poutive 
<?)!5tam'e from the point ,1, il will bo xnnlerstood th.-^t it is to be taken fi^oni A 
tuwai'dit^ (a^ D" iu uur ligure); but it it should be ut^ative, tUeu the difitauce 
i» to be taken on the other side of A. And ietumdfyf the two hemispheres, into 
which every great mrcle divides the whole sphere, are to be distingaished by suit- 
able denominations; accordingly, we shall call that the wperwr hemisphere, which, 
to one walking on the inner sur&ce of the sphere, in the po^tive direction along 
tTie grrnt rirclc, is on tlie ri«ht hand ; the other, tlie mfm'n: The snjierlor hemi- 
f<j)hcre will be analogous to the northern hemisphere iu regard to the ecliptic or 
ei^iuitor, the inferior to the southern, 
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These definitions being correctly inulcrBtood, it frill be poadble couvenieutly 
to rlistinguisli h/7t interscftious of Llie two great drelcs from riioli otlior. In fn't, 
iu iiiUi tUu iu'isti tiiicW tuuik kma the inferior to the sup^rioi* li^mibph^i't; iLa 
second, or, which ig the same thing, die second team the Buperior to the inferior 
hemiaphere of the first; in the other intersection the opposite takes place. 

It ia, indeed, wholly arbitrary in itself which interaectlons we shall select &r 
our problem; but, that we va&y proceed here also according to an invariable rule, 
we shall always aflopt thw ( /), Ff^D'', figure 4) where the third eirfle A" If' pn!»9ea 
into the superior h«iiui»phere of the second ^Bf, the third into timt of the liral'' 
AB, and the second into that of the first, respectively. The places of these inter- 
sections will be determined by their distances from the points and il", A and 
A ami .f, which we shaU simply deiioft. hy /^D, A'D, Aff, A'jy, ALf', AIT. 
Which Leiiig preriilHeil, the iruitiuil inclinatioii.s of the circles will T)e the angTos 
which arc confninor}, nt the point?; of intoi')*oction /A //, //', hetwecii those piirl^ 
of the ch'cl^ cuttiiig li^i otliui: (bat lie in the puiiitive direction ; we <«hiill 
denote these inclinations, taken always between 0 and 180°, by e, e', e". The de- 
termination of these nine unknown qmmtities from those that are known, evi- 
dently rests upon the problem disoussed by us in article 55. We have, conse- 
quently, the folio vsiiig eqnatlons r — 

[S] sin i f sin i ( A D + i"/>) = sin \ {(' — () sin J (■/" + /), 
[4] sin i * cos i \,AJ> -j- A"!)) = cos i (/' — /) *.in i {f — y'), 
[6] cos J « sin i {A'D — =: sin J — T) cos i (r" + /), 
[6] cos 1 « cos i \a'D — A"!)) = cos h {f—t) cos.| \f — y')- 

i {AD-{-A''D) and sin i « are made known by equations 3 and 4, | {£D — A'D) 
and cos i f. by the remaining two ; hence A!D,A"1) and e. The ambiguity in the 
dctoroiination of the aics ^ (.'17> -j- J"Z>), I {A'D — A'D), by means of the tan- 
gentfi, is removed hy tlie condition that Hiu f «, t50.s J mnst be pogiti%'e. and the 
oj^ceiumat UuUvcuu m\ k &3>^ k ^ ^vili burve to verily thu whulc culculatiuii. 

The determination of the quantities Al/y A' I/, t\ AU', AD^, tl' is efiected in 
precisely the same manner, and it will not be worth while to transcribe here the 
eight equations used in this calculation, since, in fact) they readily appear if we 
change 



188 



DSTEBMINAXIOIT OP ORBIT FBOU 



[Book II. 







e 


r— r 


/' 




A"iy 


«' 


r— ? 


/' 


w for Ajy 




«" 


; 





y 
y 

respt'ctivflj. 

A ui^w Terification of tlic wLxjIu cakuktiun thus fof coa be obtaiutid Hooi Uie 
mutual relation, between the aide« and angles of the spherical triangle formed by 
Joming the three pomts D^JJfy U'y from irhich result the equatiom^ true in gen- 
eral, whatever may l>e tlio ])0!>itions of these points, 

■in* "~ ■mc' rin^ 

Finally, if the equator ib selected for the fundamental plane instead of the eclip- 
tic, the compntation tmdergoes no change>, except that it is neoeasaiy to sQb> 

s'ii itc for the luili'i ■! ii' ; i : pliicos of the oiirth A, A\Al' thoee pomta of the equi^ 
Ufv it is out by tlu» circles AT', A'L", A"fi"; cons{^t|Tt*'iit!y. the right aseetl- 

siont^ of thetie iuterjietiiiam ar^ tu be tnkcn instca<] aiid also instead of 

A'P, the distance of the point Z> &am the sccoud intersection^ eta 



138. 

The third stop consists in this, that the two extreme geocentric placefl of the 
heavenly body, that ia, the points B, S> \ aro to bo joniod by a great circle, and 
the intetficction of t!i!;^ wifTi tlic groat cTrcb' .1'//' is to b<; (b-tcrininod i If'' be 
thi» inti^rs^tion, and «)' — o (j^'m^i^ imm. tlitj pumt Al; let a^- ha i\M luugitudt:, 
and ji* itB latitude. We have, consequently, for the reason that By B*, S' lie in 
the Bome great drde, the well-Joiown equation, 

0 = tan /3 Bin (a* — «•) — ton /J* irin («"— «) + tan /9" sin («* — a), 
which, by the substitution of tan /sin (a* — t) for tan/3*, takes the following 
form: — 

0 = 009 («* — r I (tan /? stn (a"—/) — ton /I" sin (« — 0) 

— sin f e"^ — r ) ( tail ^ cm (a" — H + t.iti / sIii («" — «) _ (an cos (« — ()). 

WherefoTo, since tan (m^ — f) — cos y' tan (tV — o) we shall have^ 

J. (If a\ — te»>|;ii»ii) («" — 'O — laa^^aiu (a — i*) 

~" OOT / (tan jSco* (li*— 0 — tan fooa («— 0)+8ii» m K—a)* 
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Thenoe are derived the Iblkming formalas, better soited to numerical calculations. 
Patting 

[7] tan (i sin («" — r) — tnn ,r sin (a ~ V) ^ S, 
[8] tan (i cos («" — I') — Urn 008 («—/') = rein /, 
[9] Hln (« " — a ) — T cos 
we ehall Lave (article 14, IL) 

[10] umii'^«)==^^^. 

The uncertitmty in the rlctcnii'n<itimi n*" fhe arc {(T' — o ) by moans of tlie 
tangent aviso's fi-om tlic l\ict Uittt tlie grtutt cirdw ^'wf^, BB", cut each other in 
Aw pbintB ; \vu sUuU ulwajrs adopt for B* the inierseotion nearest the point i/, bO 
that a may olways fall between the limits of — 90° mi -\- 90°, by mrfaich means 
the uncertainty^ is removed. 

For the most port^ then, the value of die arc 0 (wluch depends upon the 
emrfifvre of tlie geocentrle motion) will be qxntti a small quantity, and even, gon- 
eraUy stp^okiug^ <*£ thti aecond order, if the iatervab of the times ara regtuded 
as of the first order. 

It will readily appear, finom the remark in the preceding article, what ore the 
modifications to be applied to the computation, if 1iie equator should be chosen, 
as the fun^laini^ntal piano I'nstcarl o'C the ecliptic. It is, nioj cover, manifest that 
the place oi' thi; point L'' will n-niain iii'l: t'Tininafe, il' tin- circles Bii"fA'j3^' 
itilioulU h*i wLiull^' cuiucidtiiitj liiis tme, iu which tliu fuiu' |K»iuUs it', i>, JT', lie in 
the same great circle, we exclude from our iuveatigation. It is proper in the 
selection of observations to avoid that case, also, where the locus of these four 
puintH ilitlets but Ettle &om a great circle; for then the place of the points, 
which i.M of irreat Inipoifuncc In tlic HubstMjucnt operations, woultl he too luiioh 
aflected hy the slightest errors of observation, ami conld not be determined with 
the reijuittitu pryiiiiLi!!. in tlte aaiue uiaimer tha point Jj^, evitleiitlj, rctiiuhifl 
indeterminate when the; points B,B" coinoide,')' in which case the position of Uie 



tOr when they aie opposits to ea«h odier; but w« do not spoak of this caio, bocauae ow metbod la 
not extended to pbservations embradng ao great an ratervitL 
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circle BS^ Uself ivonld l>ecoine indeterminate. Wherefore we exclude this case, 

also, just as, for reaaonH f^imllar to the precc&g, those oliBorvntloiiB will be 
av''ii(lo>^ in whicb the first and last geocentric places Ml in points of the sphere 
ueur to tiiick other. 

139. 

Let Cf Cf be three hehocentric places of the heavenly body in the celestial 
sphere, -wliicli will be (article 64, IIL) m tin; groat circles 45, 4'^, 4*^, respeO' 
tlvely, H.iid, inilee<l, botweeii A aii<l B, A' and Z?', A" aiid B ' ; niori«>ver. tlie points 
C, C, C" will lie ill the same great circle, that is, in the circle which the plane 
of the orbit piojecta ou tiui eulaatial tipheiu 

We will denote by f, /, r', three distances of the heavenly body from the sun ; 
by 9,^,9", its distances from the earth j by iS, iZ', Ji', the distances of the earth 
firam the sun. lioreover, we put the arcs CC, OC^ Off equal to 2/ 2/, 2/% 
respectively, and 

r'/' sin 2/=: »v »•/' am 2/ = < r / sin 2/" = hT', 
Consequently we have 

f^f-\.f\ AC-\'OB^i, Mff-\-ffS^ii\ MO'-^CrS'^V', 

also. 
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Hence it is evident^ that^ &a soon as the portions of the points O, ff, 0" aic known, 
tbo quantitaesr,/,/',^,^,^ can be determined. We shall now show how the 
former may be derived from the quantities 

from which; m we have before asdidf our method started. 
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140. 

We fint remark, that if A* were any point whateirer of the great circle CC C"j 
and the dl^u\nces of tlie points C", from the point N were counted in the 

direction G to 6"', m that in gciin^ral 

N(r—Nc^if, N(r—Na=i2f, Nc—irc=2fy 

we shall have 

L 0 = sm2/8inJr^?--rin2/'MnW+ain2/''Binir<r. 

"We will now suppose iT to be lakon »«i !hc 'Mb^rscotton of tlic groat clrdeH 
BB^ff", CffO", m in the aaoeading uodc of the t'ortuer on the kltur. Ltit m 
denote by i£, CS', 'S>, S>', j£>", respectively, the distances of the points C, Cj C", 
D, JJfy Ef from the great circle BB*S^', token pomtively on one aide, and nega- 
tively on the other. Then wn (£, sin S', einS", will evidently be proportional to 
sin 2fC, mn NCy vm NO"y whence eqiiation I. is expressed in the following £}rni: — 

0 =^ sin 2/ sin 4C — sin 2/ sin <S' + «n 2/^^ sin r ; 
or multiplying by r//', 

11 0 = firfluiS— nyiHnr+rt"/'Bin«''. 

Tt IB. C'VitlDnt moreovor, thnt sfnC is to sin "5"' as the mne r-x t1 i> rlistance of tTic 
poinl V ih>tn is to tliat of irorn 6', both, distances being nitiusiU'iiU in the 
same direction. We have, therefore, 

in precisely the same waj^ are obtained, 

SID yAlr' — o) 
. gin t Bin CB* ain If «in C 'jj* 

. ,«in T sin r"/?' .HinT'sin O"^ 

— on — ^ _ g,^ — gj- — - 
Dividing, therefore, equation IT. )\y r" there resultB, 
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If now we designate the arc C'Jf by ^, substitiito fiw r, f'' theiT values in 
the preceding article, and, tm the Mke of brevit/, put 

„ n' ..in a' sin (. f 'i) — y) 
our equation will beoome 

cults ' 

The ooefGunent h may be computed by the following formula, which is eaal; 
dertTed from the equations just introduced : — 

For Yerifjing the oouiputatioii, it will be expedieut to use both the fominla-s 12 
and 13. When w\.{A.If — d'-|-o)is greater than 8in(J.'l>— ^+0), the latter 
formula is leas alfocted bj the unavoidable errors of the tables than the former, 
and so will be prefori-ed to it, if some small diecrepancy to be explained in this 

way should result in the values of 5 ; on the otlier hand, the former formula is 
most to be relied upon, when sin {AV — \ o) is less than sin {i^D — iT'-f-fr); 
a suitable jaeau between both values will be ;ulopietl, if pr^erri^ Th« follow- 
ing formulas can be made to answer for examining the calculation; their not very 
difficult derivation we suppress for the sake of brevity. 

* adn(r— n >»in(r—0 win(a' — .1) . ain(r— Q 

w SftmV UeMfiooa y 

* ~~ sin r 'sin (A fy — ,V)lto7» 

in which, (article 138, equation 10,) V espreaaes the quotient 

ain(#' — <r) cM(i' — or) ' 



Erbm P = -^, and equation m of the preceding artiole, we have 
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(•» + « -itoV J 
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thence, and firam 

is obtained, 

PutUug, {herefinre, for ihe aake of brevity, 
and mtrodneing the aiudliai^ angle i» such tihat 

. sin a 

**^'" = rF+T 

we baire the eqiiation 

IV. aQttn.t9tan*s = tan{e — tt — o), 

from wbich we mart get the unknown quantitj & That the angle » may be 
oompated moie conveniently, it will be expedient to present &e preceding for 
mula for tan «i thus: — 



Whem&f putting 
b 



-a 



[15] T^j-*. 

«MlT 

[16] 

001 (T 



we shall have for the detnmination of oi the very aimple fiinnula, 

We consider as the fourth step the compntation of the quantities «i,ifC,df«f 

25 
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by means of the formnlas 11-16, depending on given quantities alone. The 
qnoofitice h, c, «, vill not theouKlvee be required, only their logarithms. 

There is a spocinl cnso in wTiich tlicso proc<>pts require some flinngc. Tliat 
is, when the great circle /?" coincides with aiid ikm the points B, ^ 
witLi JJ,l>, i-eapecUvuly, tke quantities a,h would acquire infinite vdums. Fat- 
ting, in this case^ 

^•siu*- sin — 

in place of equation IXL we shall have 



0 



tan»s=- 



■i>_f-(l_«o(»«)' 

the giime equation IV. is obtoined. 

hi tlie same inaimor hi f^ie ppociiil case ■■vh^'^n o — 0, <? becomes infinite, ;ind 
w = 0, on aooount wiiich the lauU>r <; «ln o/, in cf]^uutiua IV., beams to be iude- 
terminate; neTertiieles^ it is in reality dotemunate, and its value is 

as a little attention will &Iu>w. In thi^ cuse, therelore, gin« beoomes 
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Ecjuation TV^ ■wTiicli being (Tcvclopcd ri^rs to tbc cigTitTi (Tcgroc, is solved by 
trial very cxpcditionyly in it> nnchang*'!! form. But, from the theory of equa- 
ikyu&f It cau be caiiily siiovvu, (which, ibr the sake of brevity, wo shall di^puusu 
>Rrith explainrog more fully) that this equation admits of two or four solutions by 
means of real values. In the former case, one value of Mn « -will be positive ; 
and the other negative value most be rejected, because, by tiie nature of the 
problem. It Im impossible for ;•' to become negiitive. In tbe L-i t ter cui-e, among' the 
values of nms oue will be positive, and the reuiaituug ihruc negative, — when. 
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aooordingly, iturill not be doubtful which must be adopted, — or three poaitiTe 
with Olio noguiive; in this case, from amon^' tlio ]>o^Itivc values those, if there are 
any, arc to be rojficted which give-* grfatiT tliiin cV, srnftc, by another e»entinl 
condition oi' iU« problem, (>' and, therefi>r«^ aia. ( J — £), ua^l be a positive quantity. 

When the observations are distant from each other by moderate intervals of 
time, the last caee inll moflt frequently occur, in which three positive values of 
was satisfy ilio e(^uallrjn. Ainoii!^ these solutions, besides tlmt which is true, 
wnu- one will be tLHind mnking ? ilifler but little IVoiti A', either in excess' or 
in rh iVct ; this is to be nccou)ite<l for us Ibllow?;. The luialjtical treatment of 
our probleui k based upon tlic cuudiliuii, simply, that the three places of tho Imttv- 
crAy body in space must fall in right linen, the posttione of which arc determined 
by the absolute places of the earth, and the i)bserved places; of the body. Now, 
from the very nature of the cnae, thene places must, in fact. Tall in those p0.rta of 
the riffht Imcs whence the lli^Tit fleseeinl'* to the oartli. I'ut the nn.ilytical pqiia- 
tions do not i-ccugni^ this reetrictiou, and every £>>si>0m of places, harmoniidDg of 
course with the laws of Kwjlkr, is embraced, whether they lie in these right lines 
on this side of the earth, oi* ^ fine, whether they coincide with the 

earth itscIC Now, this last case will undoubtedly satiBfy our problem, since the 
earth moves in accordance with these law& Thence it is manifest, that the cqnar 
tions innat inelitfle the "-'olntmn in which the poin(.A C. C\ ff coiTir:irl<^ with .4, ^1'. 4" 
(so long as we neglect the very stuall variations in the oUiptical pkccu of the tuuth 
produced by the perturbataona and the parallax). EquaUon IV., therefore, must 
always admit the solution ? = tf', if true values answering to the places of the 
earth nrc adopted for P and Q. So long as mlm^ not diflfering much fiom these 
are u.ssiijrued to those qnantitios (wlileh is nlwnys an .'idmisHfljle snpposiflon, wlmn 
the intcn'ftls of the tinics are modei-ate). anions^ the ^oUitiona of equatiuii IV"., 
some one will nucesaarily he found which approaches very nearly to the value 

For the most part, indeed, in that case where equation IV. admits of three 
solutions by means of positive valnos ot' sin the third of these (beades the true 
one, and that of which we huve juf^l hpoUon) nin.kes the Vfdnc of s p'cnlcr tliiin 
d', uud \hm m only analytically poieiible, but physically iuipossihle; m that it (.'an- 
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not then be donbtftil which is to be adopted. But yet it oertainlj can happen, 

that tho eqiiation may acTmit of two distinct antT propfr poTntioTTs, and thtis thnt 
our problem may he aattBtled by two wiio% dil&i^ut orbits. Bui in e>mk an 
tivcut, UiQ Uue orbit is eamly distrngniahed fSrom the &Iae as soon as it is posaible 
to bring to the test otlier and more remote observations 

143. 

As Boon as the angle 0 is go^ / is immediately had by means of the equation 

ainar ' 

Further, from the equations and HI tto obtain. 

Now, in order that we nsxij treat the formulas, tiicoording to which the por- 
tions of the points O, C\ are determined from the pontion of the point C, in such 

ti marinor that their genci-al truth 111 those caws not shown in fignrti 4 mny 
immediatoiy b<» »pp«jivnt, we remark, that the eiuo of the distance of the ]ioint 
& from the great oirde CB (taken positively in the superior hcmii^pheru, neg^ 
tively in the inferior) is equal to the product of ain into the nne of the distance 
of the point C from 2)^, measured in the positive direction, and therefore to 

— sm e* sm = — sin sm (« + il'iy' — ; 
in -flie same manner, the sine of the tll-itnncu of tiie point G" fifom the siinie grejvt 
circle is — rfn »' sin C"D'. But, evidently, those sines arc as rfn Off to .siu VC'^ae 
«a ^ to or as n"r" to Pntting, therefore, C"// C"» we h»ve 

V. ,^siur=$^/4^iriii(»+>i'/y'-a'). 

Pteciaely in the same way, putting 01/ = is obtnined 
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By combimng equations V. and VL with the fbllowing token from article 139^ 
Vm f^mn{C—A"iy-^ i") = rrmi 3", 

IX. rma{;—AI/-\-d) = Mand, 

tlie quantities 5^, r, /'jwill be thence tloiivcd by the inctlu.Ml of article 78. 
That this Miciilation may be more conveniently eHoctcci, it will not be unacceptr 
altie tx> produce hore the ftrmulos ih&ui6d.vti& Let m put 
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hill (^''i>' — tf'Jf 
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The oomputation of theae, or rather of their logiirithin% yet independent of P 
and is to be regarded as the fiflh and last step in the, as it were, prelinusary 
operatioDR^ and ia conveniently performed at the same time with the computation 
of a, h, themselves, or with the fourth step, where a becomes equal to ~. 
Mokinf^thei^ 

x"(Xy— 1) = /', 

we derive C and r from rsn ^ =/>, rcosC = J » m*^ i^mi^=f^, 

and r^cos^ = ^'. No ambiguity can occur in determining C ^% because r 
and mxffit, neoeBaarily, be posfiivo ((^lantitiea. The complete computation can, 

if desiroii, bo verifier] liv equation Til. 

'I'hcrL' iire two ciu-ieH. iievcrthele?.'!, where another course must b<i pursued. 
TJiiil ia, vvhuu the poiot J/ coincides with JJf or is opposite tt> it in tlit? sphere, 
or when Ajy — d=0 or 180% equations VL and IX. must necessarily be idem* 
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doal, and ire should have x = <io,^^ — 1 = 0, and therefore, indetennmate. 
In this cast;, ^n*^ " Tjc <iek'niuiie<j|, In the maimer we hare ' 1 ut 
then C ' ii: -t ho obtuiiu'rl by the combinuiloii of equation Tl 1. wilii Vl.or 
DC We di^peuMe vviUi Uuiisicjribktg liere tlic XuiutuUij tiimumtlviiti, ti> l»e iuuad 
in article 78; we observe, merelj, that in the case where Ajy — d a in fact 
neither = 0 nor = 180% but ia^ nevertheless, a very small arc, it ia preferable 
to follow ihd same method, mnce the former method does not then admit of the 
Tcquiaite precisdon. And, in fact, the combination of equation YII. witbTT.ov TX. 
win be chosen aeoowlinpt a,^ rfn (AIT' — ^1 /y) is grcntei' or Ics^ ihm sin ( .1 // - tV i. 

In the same mamitdi, in the mm m which the point J)'t or the <me wppui^t^ to 
either coincideB with min litUe removed fiom it, the dotcrmination of ^ 
and by the preceding method would be either imposMble or moaafe. In this 
case, accordingly, C and r will be <letcnjiined by Ikal inelLofl, but and by 
the combination of t'luiation VIT. oithor with V. or with YHX, according aa an 
{Jt'D — Jj^Tf) is gn^ntiM- or than tdii — (J"). 

There its uo retuuu to fear tbat JJ will oouiuuie ih& mm Om with tho puiuta 
By S', or with the opposite poiiiis, or be very near them ; for the case in which 
B coincides with B*, or is but little remote from it, we excluded above^ in article 
138, from our diacuasion. 

144. 

The aies X> n^nfl u" bfing found, t.iu> positionR of the points Qy <7", will be given, 
and it will be possible io dt;t«rmin«$ the distance C(y= 2/^ from 
Let «, K^, be the inclinations of the great circles AB, A*B'ia the great circle 00" 
(which in figure 4 will be the angles 0^01/ «ad 18(y — respectively), 
and we shall have the following equations, enturely analogous to the equations 
8-6, article 137:— 

mnftmi (i/'+n) = sin i t fC + 
mn r ©OS ♦ r«" -|- v) = C08 i » ' sin } (C — r), 
cos/' sin i ( u" — 11 } — sm i t cos i 1"), 
omf 0tmi{t(' — tt) ss oos i «' cos i — C')* 
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The two former will give i (t/'-\-u) and sin/', tlie two latter i (y — u) and coaf', 
from sinf and cosf we shall havey. It will be proper to neglect in the first 

hjTtntlir'SPs flif :inp;l4's 3 («*'-]■■ );) and J f //'—»"), •v\'1n**li ^x^\l be nscfl in the last 
hypoilieeis oniy ibr tleteruiiuiiig tiie ponitioo oi' tlto plane of the orbit. 

In the Bome way, exactly, / can be derived from «, C' JJ and CD; uhof" 
from t", CI/' and tT'i/'; hut the foUowing £>rmalaa are naed much more con- 
veniently for this pnipoae: — 

Mn2/=rBin2/.^, 

- fi W 

in vlikh tlie loifnnibiiB of tbe qtianiitief* -— ^ are already given by the pre- 
ceding t^uiattouB. J^'inally, the whole calcnktion iinda a new verifioation in 
this, that we must have 

2/-|-2r=2/'; 

if by chance any dillferenee shows itself it will not certainly he of any impoiv 
tance, if nil the proceaaes have been performed as accniately as poarible. ^ever^ 
thelefic^ occasionally, the calculation being conducted throughout with seven 
place« of decimals, it mny amount to some tmihn of a second, which, if it nppcnr 
worth while, we may with the utmost &cility so distribute between 2 / aud 2 /" 
that the logarithms of the sines may be e(]ua1]y either increased or diminiahed, 
by which means the equation 

p rniaj r »' 

(•'sill 2 « 

will be «itiiiiied with all the preei<>auu that the lahleti aduuL WluiU / aud /" di&n' a 
little, it will be fmfficient to distribute that difibrence equally between 2 / and 2/", 

145. 

After the positions of the heavenly body in the orbit have been determined in 
this manner, the double calculation of the elements will be commenced, both by 

tliL' ( iinilniiafioii <>l' thf «(.c<>fiil ]-.)n''o with the third, and tbo cOmbtliati in ^ (' I'lf 
finst with the second, together with the corresponding intervals of the times. 
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Before this is uudertakeiij of ooune^ the interrala of the times themselves require 
Bome oomction, if it is decided to take account of the aberration agreeably to the 
third method of article 118. In this case, evidently, for tlie trao timet- are to be 
substituted flotitlous ones iinterior to the former, reapectiwly, by 'I'J.jo, -jOo^, 
49^" titicoiida Mov ci>mj[>utiiig liiu dist-tinco^ <?)^'>(>"} we hBCva xka iurmuiitii; — 

I — *) i^' — *) 

But, if the observationB should at the he^nning ha^e been freed fi-om 
alicrrntion In* IIh; fii"st w^'f-nnd inntlifxT of nri,I('l(> US, flii-s onkiulatioii iiiuy be 
omitted; so that it will not be uecesj^iirv to deduce the values of the di8tanoo<^ (», 
imlcj^ pci-hap% tor tiic sake ot' proving that those valuer upon vviuch the 
computation of the aberration was based, were sufficiently exact Finally, it is 
apparent that all this calculation is also to be omitted -trhenever it is thought 
preferable to neglect the aberration altogether 

146. 

The calculation of the eh^raents — on the one hand from r", 2 / imd tin; 
correcterl interval of tho time between the second and thinl observations, the 
product of which multiplied by the quautity (article 1,) we denote by ^, and 
on the other hand from r, 2/" and the interval of time between tiie first and 
second oheervations, the product, of which by it will be equal to d" — is to be ca]> 
ried, agreeably to the method explained in articles SS-10->, only asfiiras the 
quantity there denoted by _y, tire valiio of which in the first of these combinations 
Wb shall eail i;^, in the kttor r{\ Tict then 

fv «, rVtffl^ — 

and it is evident, that if the values of the quantities P, Q, upon which the wliolc 
oalculation hitherto is based, were true, we should have in the result P'^P, 
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Q':=:.Q. And convuisely it is readily perceived, that if in the result J^=P, 
(jf z=Qf tbo doQblc GolcQlatioii of tlie elements from both combinatioiis -would, if 
completed, Aumish numbers entirely equal, by vrhich, therefore, all three observa' 
tions will be esafrty l•<■^)lL>^^ollt('.l, mid thus the problem Wholly soUsfled. But 
when the result i-i iinti^ = jp, (/^ Q. lot P'^P, (/— (} !.■• (i.kon for Xnnd F, 
indeed, P antl Q wore ta-ken for % uml tj\ it will Ite si ill \nw\- convonient x» put 

log P= .r, lo- q = lo^^ />' — loi? P ^ X, log — log q^Y. 

Then the calculation muut be repeated with other valnea of 4r,y. 

147. 

Properly, indeed, here also, as in the ten methods before ^ven, it would be 
arbitrary what new values we assume for » aod y in the second hypothecs, if 
only they are not inconsistent with the general conditions developed above ; hot 
yet, since it manifestly is to In' conifltlcred a great iulviiudiicc to bo able to net uitt 
fmm more accurate valTios, in this tm-tliocl we should net with Imt little pi u'lonce 
if we were to adopt the seeoud vala«^ m»hly, m it were;, aiice it luay ctt«>Uj be 
perceived, from tho very nature of the subject, that if the first valu^ of P and Q 
were aflbcted with slight errors^ P and ^ themselves would represent much more 
exact values, suppo^g the heliocentric motion to be moderate. licretVire, we 

phall fllwn.YS adopt P' and thcin.si'lvcs for tlu' si^oond values of P and «r 
log A*', log for th(> scK'und values of se and jr, it' logi^, log ^ axe suppo^ to 
dtjiiuUii tim ili'iit valuer 

Now, in tlua second hypothesis, where all the preliminary work exhibited 
in the formulas 1-20 is to be retained without alteration, the calculation wiU be 
nndciiidten anew in preciaely tlu^ saim? luaniuir. That Is, first, tlio iinglo ei 
will lu' (h'tei-mlnod ; iii>or that /, 'i^, ^, C, n t", ,/■', /, From the dif- 
ferciR-<_'. more or le.s,s orniaiderable, between tliG nuw vaKifH of these qu:Lntiti{*9. 
and tlio ili'st, a judgiueut will easily be Ibrmed wlietker or not it is worth while 
to compute anow the correction of the times on account of aberration ; in the 
latter cos^ the intervals of the times, and therefore the quantitieB d and wiU 
remain the same as before, finally, i}, vf are derived ihnn /, r, ¥ and 

26 
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the intervals of the times; and hence new values of P' and yrhick commonly 
difi^ much less iirom those fomiaihed by the first hypothesui, than the latter from 
the original valuefi themselves of F and Q. The second values of X md T will, 

ili;';;-h)ri\ 1>o mneh ^a!ler than the fii-.st, jukI ll;o i^econd valuos* of P', (/, will be 
adypli'tl ;i.s tlio third vuIuoh ol" Q, luul with tliob^c (Iif fuiiipntallun will be 
reaum^ oa&vv. In this mfoiner, thtin, ^ ii'oni tha isticouU lijpuUuuii,^ muxc CMi£t 
numbers bad resulted than flrom the first, so fit>m the tlurd more exact numbers 
will again result than firom the second, and the third values of P', ^ can be taken 
as the fourth of P, Q, onf1 tints the calcnlation be repeated until «n hypothesis 
is timvod :it III w!)fc(i X and Y mav t)0 rGrrftnleff as TOni^httiij ; Imt wlion the 
third hypoiiie«ji<i ap|i&iU'» to ht> iii^iulikieiil, will be pruttiiublti u> deduc^^ thu val' 
ues of P, assumed in the fourth hypothesis from the first three, in accordance 
with the method explained in articles 120, 121, by which means a more rapid 
approximation will be obtained, and it will rarely be requisite to go forward to 
the fifth hypothesis. 

148. 

Wh(>n tTip floniciils to ho di'rivc<l iVoiii <ho (lu"e*> ohservatiui-s are as TPt 
:vb(>liy uakuuwn (u» wbicU catse our uitiUiud ii^ ui^petmUy iMlup&eii), in Uit) liitib 
hypothesis, as we have already observed, ^) ^ are to be taken for approximate 
values of P and Q, where (> and if are derived for the present from the interx^als 
of the times not corrected. If the ratio of these to the corrected intervals ia 
expressed by : 1 nnd ^' : I, respectively, we shall have in the first hypothedE^ 

X — log — log u" + log ij — log »f , 

Y-=. log ,tt Inpf (/" — IT — log fj" -|- Comp. log co8/-|- Comp. log cos f 

^- ( Vmi p. h)'^ mAj" -f- 2 log / — log r ' — log 

The logarithms t>f tbu quantities /t, /t", are of no importance in respect to the re- 
maining terms; log i; and log i^", which are both positive, in X cancel each other 
in eome measure, whcnoe X possesses a small value, sometimefi positive, some- 
time;; negative; on the other hand, in Fsome compensation of the positive terms 
Comp. log cos/, Comp. log cos/', Comp. log cos/* arises also from the negative 
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terms logt}, but less complete^ for the former greatly exceed the latter. In 
general, it is Dot possible to determine any thing concerning the sign of log 

"Now, ss oft(»n R<? th«> heUowntrie motion hf'^n-oen the obBcrva-Hons i? sTnuTI. if 
will im^y be necetasary to proceed to the iburUi iiyi>othe8i8 ; maul Haqunaily the 
third, often the second, will afiord sufficient precision, and we may sometimes be 
satisfied with the numbers resulting &om even the first hypotheda. It will be 
advantageous always to hitvc a regard to the greater or less degree of precision 
beloTvj;in;r to iTtc oi^t'i-vntioiT^; it ^vnnld be an imgmteful task to dm at ;i pre- 
emm\ in the caleoltttion a huntlrci or a thonennd timf*' "rreater than thut which 
ih*t observations themselves ullow. lu the«e iimtteiij^ liowever, the judgment i* 
sharpened more by irequcnt practical exercioe than by rules, and the sldlful 
readily acquire a certaut fitculty of deeding where it is expedient to stop. 

149. 

TyiPtly, tho clrmt'nts rlK^mselves will be compntnd in the finnT li_v|ioflio>?i«. 
eitkot' Iiaui /) r', r\ m Icom /, carrying one or the otheir of the coleuhilions 
through to the end, which in the previous hypotheses it had only been requUit'.^ 
to continue as far as % ii"; if it should be thought proper to finish both, the 
agreement of the resulting nnmbcts will Ainush a new verification of the whole 
worL It is beat, uevertheleaa, as soon as f,f,f"y are got^ to obtain the elementii 
from the single combinaticm of the first place with the third, tlmf ii=. fmtn f,r. /■"- 
ami the interval ol' the Ume, oud linally, for the better oonfirinatidii oi the coiu 
jjiitatiou, to determme the middle phwe in the orbit hy means of the elements 
found. 

In this way, thereibre, the dunemons of the conic section are mafic Ivnown, 
tUiiC h, tho eoccTitneity, the «'nii-axts major or tlio seinl-pftrameter, the place 
of the p«'rih<'lion wUh rr-spcct to \\r~- lielioccntric place's ^7. C", (7", the mean 
mutiua, iwd the uw<ui uuoniiily for the arbitiaiy upuch ii' Uui uihit i& elliptival, m 
the time of perihelion pu.s:?iigc if the orbit is hyperbolic or paraboUo. It only 
rcmnuie^ therefor^ to determine tho positions of the hellooentrio places in the 
orbit with respect to the ascending node;, the position of this node with rcfcronci' 
to the equinoctial point, and the inclination of tho orbit to the ecliptio (or the 
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equator). AE tlus may be effected by the solution of a single flpberical tri- 
angle. Let Q be the longitude of the ascending node ; t the inclination of (ho 
orbit; an^ tlie arjnimonts of the Intitnc^c in the first nnf\ tWrd ohserv-utiouB j 
lastly, let I — Q—k, I" — a=A". Calling, in fiffiire 4, U tlie iL-<<-eii(Jiiig nude, 
the sides of the triangle QAOvriH be AD' — f,^, A, and the angle.^ ojjponte to 
them, respectively, i, 180" — u. We shall have, then, 

sin i » sin ^ (ir + A) =^ an i (iU/ — 0 + ») 

ran iicos i(ff-\-h) =cofl J(AZX — f)ffln i(y — u) 

oos}*ani(^ — h)=mii {AI/ — £)cosl(7' + tt) 
cos I » 008 — A) — cos } {AZ/ — C) cos } (y — »). 

The two first equations will givo i and sin i tliu ruuiainui.t!- two — b) 

(iivl c-os i f ; ffoin // will li(> known tho \>hm' of tin' perihelioji willi regard fo flie 
nseending norlr, from /d tlie place of tlu? nodo in tho t'f'!l])tir : ff'^dly, i will bt- 
cumc lumwxi, tku ^nu and tiic coiiiuti luutiuilly vurifyuig otliei'. Wv ciui 

arrive at the same object by the help of the triangle QA''C, in which it is only 
necessary to change in the preceding ibrmulas the t^bols g,h,A,t,Y,u into 
h'j A% y", u". That still another verification may be provided for the whole 
worl^. it will not Tjc unservicealtle to perfinn flu- '—I'-idn^i'Mi In liotli w;r\*s5 
whauy if any v»ry lilight discrepaueitss <^ould ^kow theui selves buLweeu llm Vitiues 
of ^ S, and the longitude of the perihelion in the orbit^ it will be proper to take 
mean values. These diflferences rarely amount to C.l or 0*.2, provided all the 
computations have been carefully made with seven places of decimals. 

Wlicn tlie oqiintov ts tnkcn ha tlio Aindimiontal plane instead of the ediptic^ 
it will ninko no diffoveiico in (he eompntation, except tlial. In place of the points 
A" tUc iutei,-»ectioas of tXui uquatoi: with tU<i great cicdus A'll" aio to be 
adopted. 
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150. 

We proceed now to the illuistnition of tbis method by some examples fiilly 
explained, which will show, hi the plmne«f)t manner, how generally it applies, and 
how oouveniently and e^fpedliiouHly it hmh to tlio rlo^irocl result."' 

Tlic new planet Juno v ill i'nmi^^h ii* (hr^ /?>•.>/ oxiunple, for which purpose we 
iHiluct Lhc fuUuvviag uUisci'vaLluu^ itiaJc tii Grcanwidi aud comuiunicalod to lis by 
the difllingaished Maskbltnil 



Umu TioM, Qreniniloli. 


Appw Bglit Jboensloii. 


App. DadhMtfim fl. 


mi, Oct. lo' :,v' (;• 

17 U ^ lU 
27 9 1« 41 


855 a 10.95 


e»40^ H* 
a 47 2» 
10 2 28 



From the aohut tables for the amae times is found 





from App. Equla. 


Itulntkoi 




Lii'jiu'lo L'f 
tin Sm. 


A;ipfir. ()li]i(;T.itj of* 


Oct. 5 
17 

87 


192" 28' 53'.72 
204 20 21 .54 
214 16 6% .21 


+ 15^.48 
•4-15.51 
H-16 .60 


0.99S8BS9 
0.9953968 
0.9928340 


— 0^.49 
-4-0.79 
—0.16 


23" 27' 59'.48 
50 .26 
59 .06 



Wo will cfnulurt the ddcalation as if the orbit were wholly onknown: for 

wtileh rcdsini. it will not he. perinlttciT to iVeo tlic places of Juno from iiar^llo^ 
but it will be netHsssivy 1o trnnsft^r the liittcr tn *hf> places of tlu' earth. Accord- 
ingly we first reduce Ihu ouikii vcil pbiuuii lixnu llie e^iuitoi to tht^ ucH^tic^ the 
apparent obliquity being employed, whence result^ 



* III L iuixu'i'utU to call una metiuA luai'c «r ^meuet tium waoUier. TLat iii«llitMl aloitc can be o<io> 
•idered to have solved tfac preblem, by whidi any degree of procbkn vbaterer ie, at leat^ aMaimblfl. 
Wberefoi"', i'n>- iiicitiu.! i'x<'»-l< nnoihtr in this rpRp4:<:t only, tliat tlin sKCM degc«e of procwion maybe 
reached bjr mo tavro qmklf, and oiil'a kaa labor, tbaa by the other. 
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Appii tMigKads ofifiuio. 


App. Lstitoda of itaniik 


Oct 5 
17 
S7 


364^44'54'.27 
m 34 44.51 
961 34 SI .57 


— 4»«0'S1'.5» 

— 6 Si 56 .3& 

— 7 17 62.70 



We join direcily to t\m calculation the ileleiiaiiiiktiuu uf iha lougiluda luid 
latitude of ibe siiemth of the place of observation in the three observations: tbe 
right aacenaioii, in Sad, agrees with the right necenaion of Juno (because the 
obBer\'atiuns have been maile in lIil' meridian) but the dedinatiou is equal to the 
latitude of the pole, 6r 28' sr. Thus we get 





lom^ of Ibe Z«mth. 


lat. of tha Zmlth. 


Oot 5 
17 
87 


2-4° 29' 
S3 SS 
S3 1 


47 il 
47 36 



Now the fictitioufl pkces of the earth in the plane of the ecliptic from which 
the heavenly body would appear in the same manner as from the true places of 
the obaervationa^ will be determined according to the precepts given in article 72. 
In this way, putting the mean parallax of the son eqnal to 8".6, there resoltfs 





Bsdnotlan of toagltiul*. | Bednation of DMuioaw 


lUimHini of Tbn»> 


Oct. $ 
17 
87 


— 27 .21 

— U M 


-|-0.(Nm«i5« 
+0.0002829 

4o.oooms 


— U- .11) 

— 0 .I'J 
—0 .18 



The reduotim of tlie time is adtlt;'!. oui^- LUttt it lasky be ^en that it m wlioUy 
insenaible. 

After thifi^ all tiie longitudes^. both of the planet and of the earth, are to be 
rednced to the mean vernal equinox for some epoch, for which we shall adopt 

tlie l)('<j^niniii'j; of the your 1S05; the nuffdlon lienij^ siiTitnu'tiid tlie preceSBion Lb 

to be added, wMoh, &r the three observations, is re^eebiveiy lifJZd, 8^86, 
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SO that — 3^56 is to be added for the fint obaervatioii, — 5".28 £>r the second, 

Lastly the longitudes and latitudes of Juno arc to be freed from the aberra- 
tion of llie fixed sitiUN ; lliu-i il is loaiitl )>y woll-kuowu rules, that wo inust. suTi- 
traot iiiotu Ui© longituaett respectively 19".12, 17".ll, 11".S2, hiii add to tlit' l;iti 
tudea (r.53, I'^.IS, V,7&, "by Trhlch additaou. tliu ub^lutu voIua^s arc dlmmiiihcd^ 
tdnce south latitudes are oou^ered as negative. 



151. 

AH these reductions being properly applied, we have the correct data of the 

proW(>m m follows: — 

iu tUe nieiiLuaa ol i'aris . QqU U.4.t;St^44 <^7.S!)«»077 

Longitudes of Juno^a, a', «" . BWWSV'M S52''84'22''.12 351° 34' 30^.01 

Latitudes, —4 59 81 .06 —6 21 66 .07 —7 17 50 .96 

Longitudes of the eartlu 7, 1% T 12 28 27 .7G 21 10 10 .05 34 16 D .G6 

Logs, of the distances, JZ, Jr» iT 9.9dd6B26 L) U<»80<J79 9.9969678 

Hence the calculations of articles I^G, 1,17, ptoduce the fbllomng iiumbersi. 



7 13 37 .70 
9.0006015 

9.9991367 



r,Y%f 19r (Y 8 '.-10 ■ 101 5S' 0".t]3 

r, (T' ........ 18 23 i>i) M S2 ly 24 .93 

logarithms of the sines . . . 9.4991996 9.7281105 

AD, AUy Air 232 6 26 .44 213 12 29 .82 

A'D, rjy, Air 241 51 is .22 234 27 0 .90 

■y,*", 2 10 :li .00 

logarithms of the sines . . . at}0838b6 

lug liiu } c' 

log COS 

Moreover, according to article 138, we have 

logtan/S . . . . 8.9412494 n log tan . . . . 9.1074080 n 

log sm («''—/') . 9.7382391 1» logrin(ii — T) , . 9.6985181 « 

log cos (a"—/') . 9.9247904 Iogooe(a— r) . . 9.9393180 



m" !!' ]0".17 
43 11 42 .05 
9.8363631 
209 43 7 .47 
221 18 57 .87 
1 o5 in .19 
8.9341440 
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Benoe 

log (tan .-foos (a'' — r) — tan/rcoB(« — 0) — logTan^ 8.57Si;513 
logHn(«r"— «) = iogif'cOfl# 8.7423191 » 

Hcmc«/=li.5'32'57*.7S log T 8.8260fiS;l 

/-|-7' = 3S7 30 38.11 log am -J-/) . . . . 0.6826441 » 

log(taii^i3m(a'''-/)— ton (J'^ am (« — /)) —log i9 . . 8.2033819 » 
kg2'8m(< + /) 8.4086124 « 

wlitiuvti log Uui (J' — o) ............ B.7^471Ui> 

o = 3P 56' ir.81, and therefore o = 0' 23' ISm 
According to article 140 ve have 
^jy—iT = 19m5'18''.85 logon 9.2904352 1> log cos 9.9915661 » 

AD' =101 48 30.02 " " 9.4075427 « « * a9853301« 
^"/>_,r =108 39 33.17 " " 9.5050G67« 
= 200 10 14 .63 « " 9.5375009 « 
AU'—S =.Vil 19 8Ji7 * * y.2U2So54/i 
j'iy'_y + ff = 189 17 46 .06 « « 9.2082723 m 
Henoe folloir, 

log a . . . 9.5494437, a= +0.3543592 
log} . . . 9.8613583. 
Formula 13 -vTonld give, log J = O.SRI. ^H;) I, hut \vi; hi!vi> ]M-i'ffi'n'rI the former 
value, becaupc sin {AI} — iJ' o) iii greater timu ma \Ji.D ' — (J « ). 
A gftiii, by article 141 we have, 

3 log and' . . . 9.1786252 

log 2 0.3010300 

log on 0 7.8295601 

7.3092133 and therefore log c =: 2.6907847 

log$ 9.86ll3583 

log cos IT 9.9999901 

9.8613632 
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wbenoe — = 0.7267135. Hence are derived 

OOBff 

d — — 1.8625062, log « = 8.392g518fl 
FlnoDy, by means of fbnnulas, article 143, are obtained, 

logx . . . . o.mmun 
iog«" . . . . o.r»ii8t:i57« 

logX . . . . 0.4Sa44SO» 
logr . . . . 0.1692352)1 

152. 

The preliminaiy oaloulationa being despatched in this way, we poas to tIk 

first iirpollicm The interval of time (not corrected) Ijctwoon tlu; M>con<l uml 
third obBcrvaiiomi m ^JdlW^^ days, between the iaviA. luid ti^coiid m ii.d63241. 
The logaxithuia of theee numbers are 0.9987471, and X.077&489, whence 

log h = 9.2343285, log ^= 9.3134303. 
We will putf therefor^ for the fird ^fpoiheiis, 

«= log P = 0.0791018 
= log Q= 8.5477588 
Hence w« have P ^ 1.1^804^ i> + «= 1.6541896, P — 0.1627248 ; 

logf . . . 8.3!:)2%18« 
lo^r(P-(-a). 0.1014000 
C log (jP + d) O.TSSy 4G3 u 

log tan w. . 9.3729881, w hence w = + 13ne'51'.89, w-\-a=-\- IdTiff 6".0L 

logC . . . a5477588 

log* . . . 2.6907847 

logdnw . . 9.3612147 

logQcsinoi . 0.5997582 

The equation 

Qc sin V) sin* 2=^ mn (z — 13°40' 5 ".01) 
in ibund alW a lew triab to be satisiitid by the valmi s =^ 14: 35' 4".90, whence 
we have log ein s = 9.4010744, log /= 0.3251340. That equation admits of three 
other flolutiona besides thia, namely, 

27 
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9= 32" 2' 28" 
21 59 
« = 193 4 18 

The third most he rejected because nn? is negative; the Becond bccnuse .e is 
grenter than ^ ; the first ambers to an appreximation to the orbit of the earth 
of which we have etpokeu in M^de 142. 
Further, we haire, according to article 148^ 

Vi' ■ ill f?' 

log - y - . , . . . . 9.8648551 

Iog(i>+a) 0.1914900 

G.logdn(« — 0). . . . 0.6103578 

log 0.6667029 

logP 0.0791018 

log— 0.5876011 

»4_4'i>_d'=»4-199''4r r.61 = 214'22' 6''.41; log ain= 9.7516736 « 
<r=«-i-188 54 32 .94 = 203 29 37 .84; log sm = 9.6005923 » 
Hence we hare log p = 9.9270735 n, log p" = 0.02264 50 «, and then 
log f =0.2980977)1, log ^ = 0.2580086 a, 

whence result 

C = 203- 17' 31".22 log r = 0.3300178 
r=^110 10 58 .88 log/'= 0.8212819 
Lastly, by meezia of article 144, we obtam 

206" 18' 10".68 

— = — 14 2 .02 
/'= S 48 U .66 

logan-fi/ , . . 9.1218791 logma2/' . . . 9.1218791 

logr a330i)178 log/' 0.3212819 

CJog?^ , . . . 9.8882971 Clog?^ • • • • 9-4123989 

log sin 2/ . . . 8.7S51940 Iogsia2/* . . . 8,8555599 
2/= 8»29*46'.08 2/"= 4''6'43''.28 

The Bom 2/^-2/' differs in this case from 2/ only by 0^.01. 
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Now, in order that tbe times maybe corrected £br abenatiot^it ia necessary to 

oompiifo tlio distance (», if, «"by the formulafi of artielc 145, iinrl nfferwards to 
muUi^ily tiuiw. by Iho time 49??', or 0*.006706. The fiuKowing is Ike caleuktioa. 







log / . 


. 0.32613 


l&gr " .... a32128 


log sin (AZ/— 


-0 9.23606 


log sin {if — 


») 9.48S84 


logBin(4"i)'—r)9.61884 


Clog sin ^ . 


. 0.50080 


Clog ant)' 


. 0.27189 


Clog sin (T' . . 0.16464 




. 0.06688 


log^' . . 


. 0.08086 


log^". . . . 0.09976 


logconst. . 






T.7S633 


7.756SS 


log of redaction 7.82321 




7.8S719 


7.85609 


reduction = 


0.006656 




0.006874 


0.007179 


ObNTtallMll. 




Intemlk 


IiOgilttllllU. 


L 


Oct. 5.451988 






n. 


17.415011 


1K063023 


1.0778409 


ra. 


27.S8 




9.970887 


0.9987339 



Tiie corrected logaritluuz) of iiia qiuiutitieij i; waim^maktly [l.234Sli)ti and 

9.3134223. Bj couunenciug now the determination of the elements from f, /, 
/'f 6 we obtain log*; = 0.0002285, and in tbe same manner from r, 4Ve 
get log 1}"= 0.0003191. We need not add here tins calculation explained at 
Icngtli in section 111. of the first book. 
Einally we have, by article 146, 





. . 9.S1S4223 


21o^/ . . . 


. 0.6502680 


Clog 4 . . 


. . 0.7<ii»ti847 


Clogr*-" -. . 


. a.3'lb7003 


logij . . 


. . 0.0002285 


logfid" , . . 


. a5477S76 


(x^og1f . 


. . 9.9996809 


Clogijij" . . 


. 9.9994524 




. . 0.0790164 


CloLfCOs/ , . 


. 0.0002022 




C log oos /' . . 


. 0.0009579 








. 0.0O02797 






\ou:Q' . . . . 


. 8.5175981 



The fir^t bypothesia, thereforei, results in X = ~0.4>000864» ^= — 0.0001607. 



212 



pj£Xfiimu!tAJii02i OM AH ottBii' vmsi 



[Book IL 



153. 

Til the moml lii/jxMiem m'c slinll assign to P, Q, tlu; TCiy ^ue^ 'wMoh in the 
first we have found for i*', Q'. Wc shall put, tlnM-efbie, 

af = kig P — 0.071)0 164 
y — log <'^ = 8.!V1 75981 

Sinoe the oaloolation to be oouducLed iu precisely the same manner as in 
the first hypothessk^ it wUI be sofficient to set down here its prin< ip:tl results: — 



m 




r 


210' &'24".y8 


m-\-o , . . 


. 13 38 61 .26 




0.3307676 




a5989389 


log/' ... . 


0.3222280 


2 


. U 33 19 .00 


I(V' + k) . . . 


205 22 16 .58 


log/. . - . 


0.3259918 


. , . 


—3 U 4 .79 


log— . . . 


0.6675193 




7 84 53 .32 






2/ 


3 29 0 .18 




0.5885029 




4 5 53.12 


c 


. 203 16 38 .16 





It would hardly be worth while to cutujiutu uncw (he reducti' n i > ~ the times 
ou accottiit uf abeLTaliou, Sat they scarcely dilfer 1* flrom those whioh we haye 

got hi tlie lir.st Lypollicsif*. 

The I'luthcr calculatloiiij roruidh logi}= 0.00022 70, log^'''=0.000317ii, whence 
are derived 

logi^ = 0.0790167 X= + 0.0000003 

log ^ = 8.5476110 ^= + 0.0000129 

From this it appears how much moie exact the rooond hypotheeis is than tJie 
first. 

154. 

Ill order to lof^v? nothitiij to be dusifod, wo will still c^^n'-tr iet the (hirJ ly/pUhe- 
mf'm which wo i^lmll agam chooso the valuaa oi' J^, Q\ obtained ui the aicoad 
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hypothesis as the values of I*, Q. Putting, therefore, 

af=lo-P = 0.0790167 
y = log 6 = 8,6476110 

the fdllowiiig aare found to be tho pnncipal results of the calculstifin : — 



m . , . 
w -j - a , 
log Qewaet 
«... 
log/. . 
log— . 

log-^r . 



l«i 3S ^1 .51 
0.5989542 

14 83 19 .50 
0.S259878 

0.6675154 

0.6884987 
203 16 38 .41 



log/' . 

2/ . . 

2/ . . 

2/* . . 



210"' 8'25".65 

0.3222239 
205 22 14 .57 

^3 14 4 .78 

7 34 53 .73 

8 29 0J9 
4 6 53.34 



All theee numbens diiler so Utile fitna those which the second hypothesis fur- 

ni.sln-<l. Ihiit wo itiav ssifely conclude that the third hyp<)tli»'si.s requires DO fiivtlu'r 
correction.* We may, (luueloro, proceed to ihe detemuuatiuu of tlie elementii 
iVuui 2j \ r, r"f i'f which w«» dkp^Uije with imnscribiug here, sauM it hiia ali^iiMly 
been fpyca in detail in the example of article 97. Nothing, therefore, remains 
but to compute the poaitioti of the plane of the orbit by the method of article 
149, mf\ to transl'er the epoch to the beginning of the year 1805. This oomputar 
tion is to be based upon the followintr nuinhi r>i : — 

Ary—L= o':^5'6r.4i 

i {YJf-,>) = 2()-l 18 13 .855 ■ 
i{y — uj^^ — 6 18 i> .403 



whence we obtain 



i(^-(-4)^196»48'14".62 

— i 37 21 .41 
a = 6 33 22.05 



* M ilui talti^Jatiuu sltuuld bti ^in^ tJirougit iu ika biuou lUkimei' m in ths preceding Ityfotlmstsa, 
TTtt ahould obtain X=0, tad r:=')> 0^)000008, wbich value muat be regudcd aa Tani^hiiigi aad. 
In faietf U bardlj txeuaia the tuweirtauity iJwo^ lemMiiiiig in the laM dedmal plaoe. 
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We have, therefore, h ^ 201° 20^ 89".0S, and so 0= / — A = 171° 7' 48".73 ; far- 
ther,^:= 192' S'SC-Sl, Iionco, since tliL- true aumualy for the first observa- 
tion is foinul in artiolo !i7, tn be 31 0' ■'>5'29".64, the distance of pcriliclion rmm 
th«» ascseudiug node in tho oibif, 2 { r l(y2n"57, the loncriluiU! of the imihelion 
Jj2 18' 9".S0 } lasUy, tliij iacluui.tLou uf the otbit, 13' 6' ■ii".10. K wts prefer to 
proceed to the some calculation Emm the third place> we have, 

jri/^^'= 24*18'35''J5 
i(/'^rt")=196 24 54 .98 
«")=_5 48 14 .81 

Tbcnoe ave derived 

i(^^r)^ 211^24'32".45 
j(^_//')r^_ll 43 48 .48 
It 6 33 22 .05 

iuid hence the luugitude of tiie em&itulm^ uad&f i" — 171^ V 4S".72, the lon- 
gitude of the perihelion 52" 18' 9^.30, the indmation of the orbit 13° 6'44''.10, 
juBt the same as before. 

The interval of time from the In.st ohgervation to the be^nniiig of the year 

1805 is 64.614102 day*«; the mean heliocentric: motion eonesponding to wirieh is 
SSS^T.M ■^14*48'1fi".<Ui; hei!fi< r!i • ..T.ocii nf the meiui anoiuiily at the begin- 
ning of tiia j'aar liiUij ibi' the mei luian ol Pam iji MD' iJ4' 12"u5S, tmd the epoch 
of the mean longitude, 4r 52' 21''.68. 

m 

That it may be more clearly manifeot what is the accuracy of the elemente 
just found, wc will compute from them the middle pla<^. For October 17.415011 
the mean .miomaly is round to be ?>?>T 28' 54''.77, hence the tone is iil5 ' ] ' 2.'l".(ia 
an«liogr",U.o2^d&77, (i^tie the exiuiiple» of articiles 13, 14); this true ituuiualy 
ought to be eq^ual to the true anomaly m the first observation increased by the 
angle 2/", or to the true anomaly in the third observation diminished by tibe 
angle 2/, that is, equal to 81 >" V 22^98; and the logarithm of the radius vector 
should be 0.3259878 : tho di£Eecences are of no consequence. If the calculation 
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for ihe mkldle observatum h continued to the geocentric place, the remits iM- 
fer £rom obsa vation only hy a few hniulredtba of a second, (article 6S ;) these 
(lifTiMcnfC';* an? (ihHoibod, as it wcro, in the unaToidable errors arisiiig fifom the 
waai. uf ttk'ict accuracy in the t«iJ>le& 

We have worked out the preceding example with the utmost predion, to 
ahow how eefdly the most exact solution poasible can bo obtained hj our method. 
In aciual pnu'ticc it will rarely be necessary to adhere ecrupulously to this 
type. It will generally be BiifTicIeut to use tiix places of <lechiials tliroiv^liout ; 
and ill r.ur oxainplo the seeund ]lypolll0^lis would have i^iven resuU.s not k',*-s acou- 
i-aUi tlian tim tiiii'U,aiid even Iho fiivst would have beea eatirely sati^actory. We 
imagine that it will not be unacceptable to onr readers to have a comparison of 
the elements derived from the third hypothesis with those which would result 
from the use of the i^ecurMl or flc^ hypothesis for the same olsject We exhibit 
the three systems of elements in the following table: — 





IframtijrpoaMrit UL 


Vttm liypoUiMblL 




Eixich of nu-iivi iOTig. 1896 
Moan il.iilj motion • i 
Perihelion ..... 

Lo^r of MMiii-axis majov . 
A.-icr^tidiiif; no'lf . . . 
iin^iii*fttirt«i » 


52 18 U .50 
14 12 1 .87 
O.J22(;i!Si) 
171 7 4K .-.-i 

la 6 44 au 


.5 -J IS i) .tk) 
14 11 .■'!», »4 
0. 122 t."»fl^ 
171 7 4'J .U) 
13 l» 4^ .li 


52 41 9 .81 
14 24 27 .49 

171 :> IS .fill 
1^ ^ iiJ M 



By computing the heliocentrio place in orbit for the uiiddie obisurvatum from 
the second system of elements^ the error of the logarithm of the radius vector is 
ibund equal to xeroy the error of the longitude in orbit, 0*108 ; and in compute 
ing the same place by the system derived from the first hypolhoHih, the error of 
the loi:anthin of tlje radius vector is O.()0rj0002, the ermr of llic longitude in 
orbit, And by continuing the cakulatiou to the geocentric place we have, 
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From hfintlMHt II. 




GeocenCric longitude 
Brror • » • . ■ 
Geooeulrio latiCade . 


0 .11 

6 '21 M 

0.01 


•J .15 
« SI 54.47 
0.60 



156. 

We (Piliall tjiko tho Hcvotul oxjimple from PalIQ!^, (lie followini:; obsoi'vationn of 
vhich, made at Milan, -wt» take ilom voit ZAia's Mmadikhs Co/mjn»ukiig, VoL 
XIV., p. 90. 



llein 1'iine. Mikm. 


A]>p. BIglit A^iew'-m. 




1809, Nor. 5'14'' 1«» 4* 
Dm. 6 11 51 37 
1806, Jnn. 15 8 50 86 


78" ttK Sr.8 
78 8 48.8 
67 14 11 .1 


87» W iff.! 
8» 53 44 .8 
S8 38 8.1 



We wiU. here take the equator as the fundamental plane instead of the 
ecliptic, and we -will make tho oompiitaticqa as if the orbit were still wholly nn- 
known. In the fitst place we take irom tiie tables of the son the following data 
for the given dates: — 





loiSitnltorAM tkm 
flram niMD Etoliws. 


Uiitiino* ftotm 
tboEartb. 


tb* 8«i. 


Nov. .*) 
Deo. & 
Jan. 15 


•J-.';}'' I I' I'M 
iioi m 4% Jtd 

S95 5 47 M 


().iwo-i;tll 
0.i>ii4e758 
0.9838153 


-fo.i» 

— 0.18 



We reduce the lon^todee of the sun, the preceaeions -{-I". 59, S'.SC) — 2^.11, 
being added, to the banning of the year 1806, and thence we nftorwiinls dtn-ivc 
the liylit iiweTiFions and doclhiatlon'^, using tlio mean obliquity 28" 27* 53*63 and 
taking aocoimt of the laiitudea In tbut way we find 
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Ughit •MUMloiiaf tht Siui. 


Dad. of lh« San fti | 


Nov. 5 
Dtx. 6 
Jan. 15 


220-'.ir>' ir.es 
2»7 8 51 ai 


15*49' 4r.94 
S2 SS 89 .45 
21 8 12 .08 



These plncf*" n-'f^ i-cforrctl to the centre of llie earth, and are, therefore, '>< he 
reduced appijinij Uie parallax to the pla«e oi' obtiervation, since the places ol' 
the planet cannot be freed tcom paraUax. The right aacenaioiui of the eenith to 
be used in this cakulation agree with the right aacenaioiu of the planet (because 
the obmrvations have been made in the meridian), and the declination will be 
throughout the attitude of the pole^ 45" 28^. Hence are derived the following 
numbers: — 





mght aio. of tin Euth. 




fjo^ of ^>t. Dtqiii ftiUi 


N«v. 5 
Jtui. 15 


40* iiV AS''..',! 
73 !i -r.', .21; 
117 2 iti.m 


ly v.y 48''.,'.^ 
u a 17 J!i 


9.9988099 
9.99S9259 



The observed places of Pallas ore to be freed from nutation and the aberra- 
tion of the fixed fltors, and afterwards to be reduced, by applying the precewdon, 
to the bcgliinlug of the year 180C>. On th(<8e accounts it will be neceseoty to 
apply the following corrections to the obeerved places: — 









ObtcrntidanL 




MdliHHIiUIL 


Kigtltiuu. 






DaoUaathiiL 


Xutaliaa 
j Aliernttiaa 


— irM 

— 18.18 
+ 5.43 


— a'-os 

— 9.89 
+ 0.62 


— ia».G8 

— 21 .51 
-|- 2JS5 


— »»,42 

— 1.68 
-1-0.89 


—ISI'M 
-15.60 
— 1.51 


— 8'.76 
-1-9.76 

— 0.SS 


Sum 


— 25J58 


— 12.85 


— 82.64 


— 4.66 


—80.17 


-1-5.68 
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Hence we haye tlie fblloiving places of Ftdlas, for the hma of fhe compu- 
tation : — 







t^ttfillnitlffli. 


Nov. fi.574074 
3A.475035 
76^9444 


78'»20'.12».M 
7S 8 16 .16 
67 IS 40 .93 


— 27''I7' V'M 
_8S SS 48 .96 
—88 38 S.42 



157. 

^'uw iu. Uiu ili'iit pkcu we will Uciarmino tliu positioiM oT tiiu gviiat circles 
drawn firoai the heliooontric places of the earth to the geocentrio places of the 
planet. We take the e^boU % 9', K", for the intensections of the«e circles 
wHh the equator, or, if yon plen^, for their ascending noJut<, and wc denote the 
difrt;TiTicc'S of the points /?, B\ If from the former points by J, .f, J". In the 
gretiter part uf the work it will be iieceitiiiary to subtsutute the symbok % Wy 
for Af A\ A", and also J, /f^ A" fat d,d',&'; but the csrefnl reader will readily 
undeistand when it is neceegaiy to retain A, A', A", 9, 9', V'y even if we M to 
advise him. 



The calculation being made, we find 



Tll;i-1it ni=ocn^ions of the 








puiiita 21, 31', jS" . . . 




263« S'67".01 


276»40'25".87 


y.i'.f 


51 17 16 .74 


90 1 3 .19 


131 69 58 .03 


. . . . . 


215 58 49 .27 


212 62 48 .96 


220 9 12 .96 




56 26 34 .19 


55 20 31 .79 


69 10 57 .81 




23 54 52 .13 


30 IB 3 .25 


29 8 43.32 




33 3 26.35 


31 69 21 .14 


22 20 6 .91 


«, e" 


47 1 54 .69 


89 34 57 .17 


42 33 41 .17 


logarithnxB of the sines 


9.8643525 


9.9999885 


9.8301910 






9.8478971 




log COB i^' .... 




9.8510614 
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The lig^t aBceneion of the poini IT is used in the calculation of article 13S 
ioaAead of In this maimer are fbond 

log Tain < 8.4868236 n 

log T COS < 9.2848162 «i 

Hen<se< = 189" 2'48".8S, log 7= 9.2902527; moreover, ^+/= 279' S'52^.02, 

logiS' 9.0110566 « 

logTeinii^/) . . . 9.2847950 j» 

whence J'— a =: 208" 1' 65* 64, and « = 4^ 50' 5;r'.f{2. 

Tn the foniinlas of article 140 sin sin iV, .sin tV must l)e retained instead of 

Oy h and 2* ^ fonoLulaa of attide 142. For these oaloulationis we 

Lave 

SI"// — ./' — 17r no' 8".18 logsin 0.ir>2330G logcos O-OarjoTfjOw 

?(// — // = 174 1^ IS .as « « 6.yy54722 « « 9.9y7Sti29» 

^ =172 54 13.39 * « 9.0917872 

rz> — = 175 52 66 .49 « ' 8.8661620 

^jr—J = 178 9 54.05 « « 9.0765844 

«'Z>*_-^ + a =174 18 11 .27 * « a9967978 

Hence we deduce 

logx s= 0.9211850, logl r= 0.0812057 « 

logx"— 0.8112762, logX*= O.O31960I » 

log a = 0.109^088, « = + 1.2S7Q790 
\agb =0.1810404> 
log^ =;0.0711814> 

whence we have log b — 0.1810402. We shall adopt log h = 0.1810403 the 
mean between these two nearly equal yaluea LaeHy we have 

log 0 = 1.0450296 
i = -1-0.4489906 
log « = 9.2102894 

with which the preliminaiy calculations are completed. 
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The interval of time between the second and tbiid obserrations U: 39.8*74409 
days, between tiie first and 'ioooud oO.nonfifil : hence we have 
log ^ = 9.8362757, log^= 9.7255533. 
Wc put» therefore^ for the firH h^pothetigf 

X = log P = !>.8892776 

Xiui diief lesultB of the calcnlation are as follows: — 

«-f 0 = 20° 8'402 
log $0 sin » = 0.0282028 
Thence the true value of « is 21° ir24''.30, and of log/, 0.3509379. The thi^e 
remaining values of « satisfying equation lY., article 141, ar^ in this instance^ 

*=101 12 iiS 
g— IDt- M 7 

the lirsi ol' svliii^'li <o l)f ix'f^aided an an approxioiauou to llie orbit r*f the rarth, 
(ihc Utiviatiun ol \viui::li, kuvvuvei-, is here much greater than in the piet.-«idutg 
example, on account of the too great interval of time. The following niunbers 
result fW>m the sutwequent calculation : — 

f 195' 12' 2^.48 

r l!-)6 57 50 .Y8 

log r 0.3<i47022 

logr" .... ■ 0^356768 

i{f-\-u) ... 266 47 60 .47 

i(tr— «) . . .—43 39 5.33 

2/* 22 32 4'' .^M 

2/ 13 f) II .17 

%f 9 27 0 .05 

Wo shall distribute the «iiiS;reace between 2/" and 2/-j-2/", which in ttiis c^iue 
is 0".S6, between 2/ and 2/" m such a nuinner as to make 2/^ 13* 5'40".96, 
aiid2/'=9''2e'59''.90. 

The timefl axe now to be corrected for aberratiou, for which purpose we are to 
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put in the formulaa of article 145^ 
We have, therefore, 

logr 



logr . . . . 0^6470 
logaiti(Al/—C) 9.76462 
Clogaind . 
logooost . 



reduction oil 
the time J 

Hence folloiw, 



I 

n. 

UL 



. . 0.35094 

log sin 9.76088 

0.07018 Clog sin r . 0.08431 

7.7r»G;>3 logooiiist. . . 7.7'>*3:J.3 

7.00483 7.1*4100 
0.009222 0.008749 

S0'.901434 
39 .873966 



log*^ . . . . 0.33657 
logdii( C") 9.84220 



Clog sin <f" 
log const. 



0,02P-"2 
7.76633 

0.009192 



Currccteil tlmtti. 

Urn. 5.564852 
76.340252 



lAgliiiliiiw. 

1.4899785 
1.6006894 



whence axe derived the corrected logazithms of the qu&ntitiea (T respectively 
9.8S62708 and 9.7255699. Beginning then, the calculation of the elements 
firom /, 2/, 6, we get logij = 0.003 J 921, just as from r, /, 2f, we obtain 
Iogij"=0.001780a Hence is obtamed 

log P' = 9.8907612 log C ^ 9.5712864^ 

and, therefore, 

X== 4-0.0014738 r= +a0094574 

The chief results of the teemd kjfpathem, m whtob we put 

i!; = logP^ 0.S9O75I2 
yrslog e= 9.6712864 



arc tlie following : — 
w-4-0 . . . 
log^tfuniD . 



20" s' o".a7 

0.0873071 



ss 21 12 6 .09 

log/ 0.3507110 



S 195n6'59".90 

196 52 40 .68 

logf .... 0.3680642 

log*^ . . . . 0.3369708 



222 



DETBBMINATIOK OP AN OBBIX FBOM 



[Book IL 



}(«" + «). . . 26r 12/ 22" 32' 8".69 

}(«*—«). . .—48 39 4.00 ' 2/ 13 1 54 .C5 

I 2/" 0 30 14 .38 

Th.' ililloroncc 0."34, belwoen 2/ and 2/-i-2/"is to be BO diseribated, as to 
make 2/ = 13° 1' 2,/" — 30' W'M. 

If it is thought worth, while to recompute here the oorrectiona of the timesi, 
there wOl be found for the first observation, 0.009169, for the second, 0.008742, 
for th«> tliircl O.ii0!)23fi, and thus tlio corrected timee^ November 5^564905, Novem- 
ber 3r.4i»6293, November 70.340280. Hence we have 

log I 9.8362703 j log if 0.0017413 

log^ 9.7256694 ' logP' 9.8907268 

log*? a0031790 [ log (2' 9.6710698 

Aoootdin^ly, the renilts from the second hypothems are 

X== — 0.0000244, r = — 0.0002271. 
Fmally, in the third ^fpeihetis, in which we pnt 
log i'= 9.8907268 
y = kg $ = 9.6710693 
the chief results of the ctdcolation are as follows: — 

. 20" 8' l".f52 
0.0370857 



0) -J-o ... 
log sin w 

g 21 12 4.60 

log*' 0.3507191 

C 196 16 64 .08 

^ 196 52 44 .45 

Io«»- 0.36309GO 

The dliltireiiee 0".38 will be here distributed in guoh a manner as to make 

2 /= IS" r 6r.2o, 2 / ' =r r m' lou?.* 



*{»/' + «) 
J («"—*») 
2/' - . 

2/ . . 
2/, . 



0Ji369536 
267 5 53 .09 
—43 3d 4 .19 
22 32 7 .67 
13 1 67 .42 
9 30 10 .63 



* TUa uuaewhtA moKMHed diflerBiioa^ neail/ eqnfti ht itll tlie hyjti&mea, hiu matm ahiefljr irom 
tldi, thtt had been gat too little hy nlmoit two hoDdredtbs of a aeeond, and the laguitlim of t tm 
gnat hj MT«nl umtt. 
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Since the difierene«ft of all these numbers Utom ihose which the eeoond 
hypothefliA furnished nre very i^nuill, It may be snfoly concluded that the third 

TiypofliesiM r<j(|inro.>< no furtlior TOircctioii, aiif!, rttoiofbro, tliiit a nc-w liypoflK»jqs 
wovilil l)c supcriliious. Whoiolbre, it will now he pmpcr to pmcoed to the calcn- 
Litiou oi" iLu ulcmcuU from 2 /', *•" ; and sincts iha procusBea compmcd m 
this calculation have been most fully estplamed above^ it will be sufficient to add 
here the resulting elements, for the benefit of those who may wish to perform the 



oonfputation themaelves: — 

Bight ascension of the ascending node on the equator .... 168" 40^ 38".93 

Inclinfttioii of the orbit to the equator 11 12 40 13 

DiPtfmco of fhp pcnhpHoTi from the ascending node 32'! 1" .'12 

Me&Q iiuoiualy iW tibe epoch IdUtf . Sou 4 i '4 .Ob 

Mean dnily (ndereal) motion 770^.2662 

Angle of eccentricity, f 14 9 3 .91 

Logarithm of the semMixis major 0.4422438 



156. 

The two preceding examples have not yet fiurnifibed ooeaaion for using the 

Ttict!)n<1 of article 120 : for tlie guoce-sslve liypo{liei<es oonverifCHl m rsipldly fliat 
we II light have stopped at tim eecond, and the th'ml ncarcciy diiiured by a Mnuaible 
amount from the truth. We shall always enjoy this advantage, and be able to do 
without the fourth hypothesis, when the Iielioeentrio motion is not great and the 
three radii vectorea are not too unequal, partioularly in addition to this, the 
intervals of the times differ from each other but little. But tlie fiuthfi- the coq- 
dilinns of tfi<? prnMcm depart from lLef*<>. the more Tcni tlif fli'nt ;issuiiiL'd v;dii«B 
til' r iuid ^ difler &om the correct ones, aad the \ms rapidly wiU the subt^equent 
values vonverge to the truth. In such a cose the first three hypotheses are to 
be completed in the manner shown in the two preceding examples, (with this 
difference only, that the elements themselves are not to be computed in the third 
li\ potlu'sis, hut, I'xantly m in the first and second hypotheses, the quantities ij, »)", 
i^, Q'fX, F); but then, the last values of P', are no longer to be taken as 
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tUe new values of the c^aantiiies P, Q in the new hypotheaia^ but these are to 
bo derived from the comhinnfloa of the first thiee hypotheses, agreeably to the 

mc'tlioil of article 120. It will then Tcrv rarely he reqtiyt* to jiroeeed to the 
Mtli hyputLesut, oooardiug iius pm3«;pto of tirtiule 121. W& will now explain 
these calculations ibrther by an example from which it will appear how &r our 
method extends. 

109. 

For the third esaanple we select the following observationA of Oere^ the first 
of which has been made )jy Olbehb, at Bremen, the oeoond by Hakdoio, at Got> 
tingen, and the third by Bxmt, at UUeathal 



Meu time of jiatoa oTolMatM^ on. 


Ri^ Awwiiriflii. 


Hbrth dndtnotiMi. 


TfiM, (3<-|>t. I)'*!.'?'' H~r>i' 
l.SDi;, .Ian. 17 10 n8 51 
1806, Majr 2S 10 Hi 53 


o-'j" 5;)' jt^ 
101 la 40.6 
121 56 7 


22'= •>!' o,)* 
30 21 22.3 
88 2 45 



As the mctluxls hy which the jiarallax and aberration mv t;jl<cn account of, 
when ik^ dmiikmnh liom the earth are regarded txn >\' holly utiknovvn, have already 
been sufficiently explamed in the two preceding examples, we shall dispense 
with this unuecetmry increase of labor in this third example, and with that 
otiject will take the ui:i|noxiniato ili$tances from VOH Zach^s MonatSi^ Oorr»- 

^>i7ih'ii2,Yn\. XL, p. 2S4, in order ['•■ fr*'e the observations from the cflcct,* of 
parallax and abermtioii. The following table showB these distance^ together 
with Lh« reductions dcrivrd ji-ota tlicm: — 



Distance of Ceres from the earth . . . 


2.809 


1.038 


2.064 


Time hi whiiuh the light reaches the eaith 


23"'45>' 


13-28' 


24"' 21' 




12»4&" & 


10* 45^23' 


9*59"32' 




865" 56' 


97' 69' 


210' 41' 




+ 1",90 


4- 0''.22 


— r.97 






— 1.90 


—2.04 
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Accordingly; the data of the problem, afler bdng &<eed from parallax and 
ah(M i :it!i>n, and after the times have been reduced to the meridian of Paria, are as 
follows: — 



Tlmai af Um atawtufliwi. 




DMilnatloa. 


1805, Sept. 6, 19* 19" 14* 

1806, Jan. 17,10 15 S 
ia06,MkxS3» 9 33 18 


95" sy 23».10 
101 18 40.38 
m 56 8.97 


30 21 24.30 
28 2 47.04 



From these right asceiuiona and dedinationB hare been deduced the longi- 
tudes and latitude^ vfflng for the obliqnity of the ecliptic 23° 27 55''.90» 2S'2T 
Si^Sg, 23° 27 63".27 ; the longitndCT have been aftei ttaixls fiood ftom nutataon* 
•wV'oh was for the resjiective timo.s -f- ^''-^l, -|- 17".8S, -|- lS".riO, and next re- 
duct'd to the hagkuung «f th« jear Xi»06, hy applying precewHutt ~\- 
— 2".39, — 19^.68. lAstly, the places of the sun for the reduced times have 
been taken from the tables in which the nutation has been omitted in the longi* 
tadea, but the preceaaion has been added in the same way as to the longitudes of 
Ceres. The latitude of the sun has been wholly neglected. In this manner have 
resulted tlie follow ing numbers to be used in the culcidiition : — 

Times, 1806, September 
a,«',«" 

/J, f , r 



logiZ,logiZ',^IogJr . 

The preliminary oomputationa explained in articles 136-140 ftimiah the fol- 
lowing: — ' 

358' 55' 2B".09 
112 87 9 .G6 
lb 4.1 AQ 
188 46 4 .60 
29 18 8 .21 

29 



5.51356 
95 32'ir.«6 
^0 59 34 .06 
342 54 56 .00 
0.0031514 



A', r . . . 

A If, Al>,AJf 

A'D,A'iy,A'iy, 

4^ K J • • • 



130.42711 
09" 4y' u".87 
+ 7 16 36 .80 
117 12 .43 .25 

9.9929861 



18 48 39 .81 
262 42 Id .14 
6 26 41 .10 
170 32 59 .08 



265.39S13 
US' 6'2S".86 
+7 38 49 .39 
241 58 50 .71 

0.0056974 



IW IS' ti".79 
123 ;32 52 .13 
m 2 22 ^8 
358 5 57 .00 
156 6 25.25 
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<» = 8«52' 4".05 
log a = 0.1840198 «, a =s — 1.6276840 
log » = 0.0040987 

log f =^2.00^735 



log « — 0.8568244 
log X = 0.1611012 

logx"= 9.0770S10« 
logX = y.ai(U()!H)» 



d—ii7.'>om 

The Interval yf time between the Jii'st and sccund obaxivatiuu^ ia lUG.OlGru 
daye^ between the second and third, 125.97102 : hcnoe 

log d = 0.8358520, log r= 0.3624066, log |^ =0.0265546, log 0.6982586. 

We now exhibit in the foUowing table the prinoipal results of the first three 
hypotheses : — 





1 


H 


nr. 


logP=i7 


0.0265546 


0.0256968 


0.0256276 


log c=y 


0.6982586 


0.7390190 


0.7481065 




7'16'18".528 


7''14'i7".139 


ri4'45".071 


logQcanw 


1.1546(550?! 


1.1978925?! 


1.20Ct'.327» 


0 


7 3 69 .016 


7 2 82.870 


7 2 16 .900 


log/ 


0.4114726 


0.4129371 


0.4132107 


C 


160 10 46 .74 


160 20 7 .82 


160 22 9 .42 


r 


262 6 1.03 


262 12 IB .26 


262 14 19 .49 


logr 


0.4323934 


0.4291773 


0.42S4S41 


log/' 


0.4(V.!4712 




0.4iifi469T 




2G2 5a 2^ .22 


2G2 i>1 6 .83 


262 57 31 .17 




273 28 60 .95 


273 29 15 .06 


273 29 19 .56 


2f 


62 34 28 .40 


62 49 56 .50 


62 53 57 .06 


2/ 


31 S SO .03 


31 15 50 .09 


31 n 13 .83 


2/" 


31 25 58 .43 


81 33 57 M 


31 35 13 .32 


logi? 


0.0202496 


0.0203158 


0.020o4d<i 


logt," 


0.0211074 


0.0212429 


0.0212761 


logP' 


0.0256968 


0.0256275 


0.0256289 




0.7390190 


0.7481065 


0.7502337 


X 


— 0.0008578 


— 0.0000693 


.f-o.onnnnu 


Y 


+ 0.0407604 


+ 0.0090865 


+ 0.00212S2 
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If we designate the three values o£X by A', A"; the three values of T by 
B, 2?', B^i iihe quotients- arisiag from the divkion of the quantities yl'S" — A''^, 
A^n — ATi", AB'—A'B, hy. ih<- ^uni of tliese qu.antttlcH, by L Z', resperfFvdy, 
so that we have k-^l' 1 ; ami, finallv, tlic values of lotr V awl log </ iti tlio 
tkii'U hjrpothe^ hy M and iV^ (which wuuld hucume new viilue;^ of i£ and g ii' it, 
should be expedient to derive the fourth hjrpotheus from the third, as the third 
had been derived from the seoond): it b ennlj ascertained from the fonnulas of 
article 120, iliat the corietted value ol' x is M— k {A' -\~ X") — A^jI", and the cor- 
iw:t<'(l value of i/, JV — A {B" -\- B") — I/L"'. The r^Icxdation hmmg miule, the 
former becomes 0.025Co31, the latter, 0,7509143. Upon f he^e <^orieclfrl vnhies 
we coll^■tl■nct the fmirlh /i^/potAesis, the ehirf reeults of which are tin.' followiug: — 



ta -j- 0 , . . 


. 7"I4'4&".247 


log r" . ... 


0.4062033 




1.2094284 a 




. 262*67'38".78 




. 7 2 12.736 




. 273 29 20 .73 




0.4in^SlT 


2/ . . . . 


62 55 111 .64 


£ 


. 160 22 45 M 


2/ . . . . 


. 31 ly 1 .49 


r. . . . . 


. 262 15 3 .90 


2/^ . . . . 


. 31 36 15 .20 


logr. . . . 


0.4282792 







Hie difference between 2/' and 2/+ 2/" proves to be 0".05, which aksdl 
distribute in such a manner as to make 2/= 31° 19' 1".47, 2/"= 31° 36' 15".! 7. 
If now the elementa are detemuued from the two extreme placets^ the following 
values result: — 

True anomaly for the first place 280' 7' .10". 76 

Tnie nnomaly fbr the third plaee 352 2 60 .39 

Mma anomaly for the tirst place 297 41 35 .65 

Mean anomaly for the tfahd plaoe . 363 15 22 .49 

Mean daily sidereal moUon 769*'.6756 

Mean anomaly for the he^nning of the year 1806 . . 322 35 52 .61 

Angle of eccentricity, t ^7 "7 78 

Logarithm of Ihe semi-axis m^or 0.4124001 

ty computing from these elements the heliocentric plaoe for the time of the 
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middle obeervation, the mean anomaly is found to be 826° lO' 25''.72, the logar 
ritbm of the niaiiw Toetor, 0^132825, tlie true anomaly, 820* iS* W'-SV : tliw LiM 
slioiilrl flilR'i- Ci'om tho truo anomaly for tlic first plaoe by t"he qnanthy 2/", or 
from iiui true anctmaly fur the third phuoe bjr the quautiiy 2/, iinrl ^^lluuld, thero* 
fore, be 320^43'64".92, m obo the logarithm of the rodiuii vector, 0.4132817: 
the difference O'Md in the true anomaly, and of ei^t units in the logaiithm, ia 
to be cousideted as of no consequence. 

If the foortb hypotheob should be coixluctorl to the end in t1i(> same way as 
tlie llm-c prcecilm?, we would hnre A' — 0, 1'= 0.0000168, whence the follow- 
ing oorx^eted vaLutin <«f se luxd if woiilil be ohiumed, 

X — log P = 0.0256S^I, (the muxaa as iu the iburtii hypothea%) 
= log 6 = 0.7608917. 

IT Uic Mlh hypotheaifl should be conjrtanicted ou these voLuas, the &olutIuu would 
reach the utmost preciaon the tables fdlow: but the resuttmg elements wonld 
not diileT aenslbly from those which the fourth hypothesis has fiimished. 

Nothing remains now, to ol<taIn tlie complete (>1i iir iit:,'^, except that the posi- 
tion of \hfi plane of the orbit should be computed. By the precepts of article 
14^ w« have 

Flmn Hi* Artt plna*. Fnmliistliiiiipliea. 

g 354' 9'44".22 tV U Qf'M 

h 261 56 6 .94 iT" .... 161 0 1 .61 

» 10 37 33 .02 10 37 .00 

9, 80 68 49 .06 80 58 4i) .10 

Di.ta>^cc of the p«rih«lioii > ^ ^ gg 2 4.52 
firom the ascending node i 

Lon^tude of the perihelion 146 0 53 .53 146 0 53 .62 

The mean being token, we shall put t = 10*" Sr SS^.Ol, Q = 80° 58' 49".08, the 
longitude of the perihelion =146° 0'53".r)7. lastly, the mean longitude for 
the boginn'mg of the yesf 1806 will be 108° 36' 46".08. 
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160. 

hi the ezpoflition of the method to whioli the preceding myesttgatioas have 
been devoted, we have come upon cciiain special ctvscs to which it did not apply, 

at least not in the form in wliich it liaf* been exhibited by lis. Wc have cccn 
thf'i tWtf (IffVct occurs jirsL when suiy one ol' the lliiee geocentric placeti coincided, 
eitiier with (iic coiruspoudiug hciiutiuiitric phice of the earth, or witk the oppt>- 
eite point (the laat case can evidently only hu^ipeu when the hoavenly iiody 
pasBes between the sun and earth) : seeond, when the first geooentric place of the 
heavenly body coinddes with the third} (hard, when all three of the geocentric 
])\avcs toj^'other \vith the second heliooentric place of the earth are situated in the 
mam great circle. 

In the first case the position of one of the great circles AB, A'B'f A'J/', and in 
the second and third the place of ^e point B*, will remain indeterminate. In 
these case^ therefore, the methods before explained, by means of which we have 

shown how to determine the heliocentvic from the geocentric plaoee^ if the quan- 
tities P, Q. are regturled a* known, lo&e their efficacy: but an osucnHal distinction 
is here to be noted, wiiich i», that in the first case the defect will be attributable 
to the method alone, but in the second and third oiuee to the nature of the prob- 
lem; in the first case, accordingly, that determination can lindoubtedly be effected 
if the method is auitably altered, but in the second and third it will be absolntety 
impossible, and tin; lieliof-entnc places will remain indetenninate. Tt will not be 
nnintereistin<^ to develoj) thew* relations in a few words: but it. wonjd be Ont nf 
place to go through ail tba,t belongii tu tlm mh^aci, the more ^, because in all 
these apedal cases the exact determination of the orbit is impossible where it 
would be greatly affected by the smallest errors of observation. The same defect 
will also exist when the observations resemble, not exactly indeed, but nearly, 
any OTifi of these caws ; for which reft.«<->n, in selecting ob-servatious this Is lobe 
reoolleottsJ, and properly guarded against, that no phu-e b<i chos,<'n where the 
heavenly body is at the some tiuic in the vicmity of tlie liodc and of oppositioai 
or conjunction, nor such observations as where the heavenly body has nearly re- 
turned m the last to the geocentric place of the first observation, nor, finally, such 
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as where the great circle drawn from the middle heliooentrio place of the earth to 
the middle geocentric place of the hearenljr body makes a verj acute 'angle with 
tlic i^irection of the geocentric motion, and nearly passes iluough the first and 
third places. 

161. 

We mrin make three snbdivinons of the fini com, 

I If the point B coincides with A or with the opposite point, d will be equal 
to zero, or to 180" ; j^, t\ t" and the points iX, It, will be indeterminate ; on the 
other hand, /, Z', « and the points D, T>*, will he (1ct*M-mmflt« ; fho point C vrill 
neooasanly coincide "mUh A, By a oi>ui*«te ol' le^^uing simiLir to iiml pui^ued iu 
artide 140, the foQowin;^ er|uation will be eadly obtained : — 

p. f tin (z — <r) iPain y wo {^D—jT) » 

^ — " fliD c JTshufNii {A'D— S'+.tI 

It wiU Itc propfir, thcri'forc, to apply in this plncc all whioh has been explained in 

artides ML 142, til coilj, we put a — 0, and h is determined by equation 12, 

arUde 140, and the quantltiea /, — , will be compttted in the same manner 

as before. Now as soon a« z and the poation of the point C have become 

known, it will be posmble to assign the position of the great circle CC, its inter- 

Hecllon wiih the great circlt^ 4'jB*, that is the point C*, and hence the arta CC\ 

CCr, <rC\ or 2/", 2 /', 2 /. LiKstly, from «i<«ie will be had 

w Vwiig/ J, wVein2/' 

XL Every thing we have just said can be .applied to that case in which B" 
eoinddee with A" or with the opposite point, if, only, all that refers to the first 
place is exchanged witb what rolntc? to tliij third pkf*. 

UL But it is necestiary to ii t&i a litiJe di^rently the vme ia wh'ivh B' m\x\- 
ddee with X or with the opposite point. There the pomt C will comcide with 
.i'; /, 8, %" and the points />, Z>^, will be indetermiunte : on the other hand, 
the intetaection of the great drde BS' with the ecliptic,*}' the longitnde of which 



fikfrrr f— Tn-nilly, willi lln' greiit cirdt- AiC : !>iil i'oi the miIu- oS' brevity l»e »!« now COnsidflrin* 

that caHR onlj wbct'« tltC) ««liptb k iak<;iB fis iLe iimd^meuul ^auti. 
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maybe put equal iol'-^-n^ may be determined. }}y leaBoninga analogous to 
those which have been developed In article 140, wHl be obtained the equation 

, 7i* •-in <> riiii ( -f'/y — (V) , , , siii.T _|_»J» 

U — ii ,y'-i„ ■2£f^^ ' JTaiG (/*—/'—«) "I" 

Lot u« rlcsijifnatc the cocHicient of a. whieh ni^rpef! with «>, .irlk-le 140, by t!ie 
same nyutbul aiul ihsa tiueiluiiifuti of » / by ^ : m luay b« hiesic^ deterniiued 
by the ibrmala 

a IPvmiV—V—nY 

We Lave^ therefore, 

which equation combined wiUi ihe^a, 

produces 

whence we eihaU be able to get unless, indeed, we should have /} = 0, in which 

vix^v iioMiIng elso wouM fullow fr«jm it except ?* = — a. Further. :iUhimt?h we 
Uiii-iil not have f — (when w<' slumhi liave the tliii'd ca.so to lie coi)i«idered in 
thti loUuwiug nrtielcj; j!!/ will always be a very iwiill quantity, and therefore 
P will ncceswarily differ but little from. — <i: henee it is eyident that the deter- 
mination of the coefficient 

HP :-J ) 
P-\-fi 

is trery uiioerlain, nnd that therefore, i^ not dotenninuhlc with any iuxm-aoy. 
Mioreoyer, we shall haye 

after this, the ibllowing equations wHI be eadly developed in the same manner as 
in article 143, 



remg= — r-4-«m(r — f). 
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firom the eombiiintion of w-liicli with oq uat ions VIEL and IX. of article 143, the 
qiinntiticH r, L, r", K" < m\ bo (It'loniiincd. The remainiiig procetnes of the calcula* 
turn will agree with those previously described 

162. 

In iktt tmmd omi&y whefe Ji" coixiuideti with i?, will aim ooitiiidc with tliem 
or with the oppoMte point Aooordiiigly, we shall have AI/ — S and A" J/— 9" 
either equal to 0 or 180°: whence, from the equations of article 143, we obtain 

nV , lia^B^A ■ 

IT — dnTiWTfTXnZT)' 

J?fflnrfmn*"flin(« + J^J/' — = P£f' sin iT am « an (« + ^'J? — d'). 

Hence it is evident that e is determinable by P alone, mdependcntly of (un- 
less it should happen that A'P" — A'/), or — . 1'/) ± 180*, when we should have 
the thirri case): z hvmis, found, /will also be known, and hence, by means of 
the values of the quantiucs 

and, lastly, from this also 

«=2(l + ^-l)/.. 

Evidently, therefiire, P mid Q cannot be eaii^dta'cd as data iudependcut o£ each 
other, but they will either supply a single datum only, or inconustent data. The 
pomtiooB of the points (T will in this case remain arbitrary, if they are only 
taken in the same great circle as €'. 

In the f}p>-'^ on^^, where .4', /?. 1^, li", lie in the same ^rrejit fin !c. D and D" will 
coincide with the points B'\ By respectively, or with the oppa^tc points: hence is 
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obtained fiom the combuuttion of equations YQ., YIIL; IX., article 143, 

fff ma if* ma 9~ It" lta(r—e)- 

In this case^ tbcrefoi o, (he valuu of F is hoi fitom the data of the problem, and, 
therefore, the positions of the points C, Cfy 0", mil remain Indeterminate. 

163. 

The metlsofi which we have fully explained from article Tort forwar<1?«, m prin- 
cipally suited to the first detenuiuatiou of a whally unknown ocbit; still it is cm- 
ployed with eqnollj great aocces^ where the object ia the correction of an orbit 
already approximately known by- means of three observations however distant 
f Voin ench other. But in suoh a case It will be convenient to change some things. 
When, for example, the observations emhriwo a very great helioeeiitiie luotJon, it 
ml! no longer he adraisaihle to coTi.^!der y ii.u<l i^d" appix)xiTimto values of the 
quaattti«8 P, Qi but muck moras vxacl vulmn will ha abtiuued imm. the very 
nearly known elements. Accordingly, the heliocentric places in orbit for the 
three times of observation will be computed roughly by means of these elemente^ 
whence^ denoting the true anomalies by «, t/, the raiiii vectores by r, the 
semi-parameter by j», the following approximate values will resnlt: — 

With these* therefore, the first hypothesis will be constructed, and with them, a 
little changed at pleasure, the second and third: it would be of no advantage 
to ado I I /*' ind Q for the new values, since we are uo longer at liberty to sup- 
pose that (he^e values come out more exact For fhis reason all three of the 
iiy|)othe.ses can be most euiiveiiiently despiitehetl at the xnme fhrn: the foiirlh Villi 
tlieu be I'uimud ^Aicordiug U» the precepts of article 120. Fimlly, wc tiluUl nut 
object^ if any person thinks that some one of the ten methods explained in arti- 
cles 124-129 i% if not more, at least almost equally expeditions, and prefers to 
use it 

30 



SEtSOND SECTION. 

DETBKMINATION OF AN ORBIT FROM FOUR OBSERVATIONS, OF IVHICH TWO 

ONLY ARB COllPLETR. 



164. 

Ws liave already, in the be^pnmng of ibe Becond iKwk (artide 116), stnted 
that the use of the pi-oblcin treiited at Tcngtli in iho procerling section h lim- 
ited to those orbite of whielt the inciiuaiiou Im neither uotliing, nor vcr\^ suiaU, 
and that the detenuinaUon of orbits slightly inoliiied mu^ uccciiiiarlly Ih^ hmsA 
on four obmrvationa. Bat foor complete observatioiu^ sinoe they are equivalent 
to eight equations, and the number of the unknown quantities amounts only to 
aiz, would reaider the problem more than detenninate : on whicli account it will 
be Yicpcmnrj to sot asiilo fi'om two ohncrvntlons the latitudes (or dccliuntions), 
that the remaiuiug Uata m&y be exu«% satisfied. 'Lhrn a problem ames to 
which this section will be devoted : but the solution we shall here give will ex- 
tend not only to orbits elightly inclined, but can be applied also with equal suo- 
cess to orbits, of any inclination however great Here also, as in the problem of 
the preceding .section, it is necessiuy to se])arate flic cuw, in wliich iiw. upproxi- 
mnte (^imcn, ions of the orbit are iilrea<ly known, iioui Ike first detenuiuatiou 
ut' a ^H-liolly unknown orbit: we will begia with the fuirmer. 

16S. 

The simplest method of adjusting a known orbit to satisfy four observations 
appears to be thia Let ir,y, be the approximate distances of the heavenly body 
from the earth in two complete observations: by means of these tiie correspond- 
ing Lellooentrio places may be computed, and hence the elements; after this, 
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from \k&m elements tlie geouttaUm luti^^ibudtiij ur rigliL a^enaotiB for ihts two 
remaining obMrvatious may be computed. If these happen to a^e iwith the 
observatioiu, the elements will require no further correction: but if noi^ the 
differencea JT, Ty will be noted, and the same oakmlutiun will be repeated twioe^ 
tlic v;i'"M"- of r. V ho'rrr a Titfli; clinn^oil. Thus will be obtained tliree f^y^^t.cm8 
of values of tlic (juaaititii's .?■, y, ami of t>he difibicjtoc.s X. Y, whence, aceonling 
to the precepts of articio 120, will be obtained Uxo conectud values ol' ike quan- 
tities ar, ff, to which will correspond the values X= 0, T= 0. From a simihur 
calculation baaed on this iburth system elements will be found, hy which all four 
observations will be correctly represented. 

TP it Is ill joTir power to choo.'<o. it will ho, Iicst to retain those olifMnvation? 
complete iioin which the ffltuation of the oibii can be lieiertaiaed with the greatr 
est predaon, therefore the two extreme ohaenratioQ^ when they cmbraoe a helio- 
oentrio motion of 90° or leas. But if they do not poaseaa equal accuracy, you 
will set adde the latitudes or dedinations of those you may suspect to be the 
less accurate. 

IGG. 

Such places will necessarily be used for the fuiit determination of an entirely 
unknown orbit from four observations, as include a heliocentrio motion not too 
great; for otherwise we should bo without the aids for forming oonvenientiy the 
first approximation. The method which we shall give directly adinits of such 

ext^'iisivc ftppltesitiou. Urn* obsjfrvations coiiipiflif'niliny a lioliooontric JuoiKni of 
30" or 40" may be utcd without heiubiitioi], provided, ouly, the dietaiueit lioui the 
sun are not too unequal : where there is a choice, it will be best to take the 
intervals of tiie times between the first and second, the second and third, the 
third and fourth but little removed from equality. But it wiU not be necessary 

to hi- very partuMilar in rot^ard to tliLs as the annexod example will show, va 
whkh the intprvnl-: of the times are 48, 65, and day% and the lielioceutric 
motion movQ Hum •><) '. 

Moreover, our solution requires that the -second and third observations be 
complete, and, therefore, the latitudes or declinations iu the extreme observations 
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are neglected. We have, indeed, shown above that, for the sake of accuracy, iL 'm 
generally better that the elements be adapted to two extreme complete observa- 
tions, and to the lon^tudes or right asoenuons of the intermediate ones; nevei^ 
thelesa, we shall not re>ii'ot liavln-r 1o.-.t this advantage in the first determination 
of the orl>it, becanso the moat rapul rt])prorfmfdion Is hy far llie most important, 
and the lo«i8|, wkich affects chiefly the biigUudii of Ui<d uodu auti thm iuulina- 
tion of the orbit, and hardly, in a sensible degree, the other elements^ can after- 
wards easily be remedied. 

We will, for the aake of brevity, so arrange the explanation of the method, 
as to refer all the plaoes to the ecliptic, and, therefore, we will suppose four longi- 
tiHlcs and two lalitutles to be ^ven: but jet. as we take into account the latitude 
of tlie earth in our tbruiuk^^ they can ea^y be tranaterred to the cait» in whioh 
the equator is taken as the fundamental plane, provided that right aaceneions and 
declinations are substituted in the place of longitudes and latitudes. 

Finally, all that hiw a i^UdoA in preceding section with respect to nutaf 
tioii. precession, and pumllax, and also aljocration, fip|)lieH :»s well hero: vinTcss, 
therotbro, the ap[>roxiiniilc (listancei? iiom tlie earth are othenvise kiio\^n, 8o that 
method 1, tu'titilu 11^ c&u bo emplo^eti, the oliisiai'Vtid pliM^» will iu the begiuuing 
be freed from the aberratioR of the fixed stars only, and the times will be cor^ 
rected as soon as the approsdmate determination of the distances is obtamed iu 
the course of the calculation, os will appear more clearly in the sequel 

167. 

We pref^ the explanation of the solution with a list of the principal sym* 
bols. We will make 

tf f, f, f, the times of the four observations, 

a, a', a", u", the rreoceutrio longitudes of the heavenly body, 

/J, ^, t\\m liititudes^ 

r, /, Z', f'", the distances from the son, 

{(, if', ^"j fjf, tiie distances from the earth, 

4 I", V, the heliocentric longitudes of the earth, 
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Bf JBff R% the heliooenttic latitodea of the earth, 
Rt If, BT, the distaacea of the earth from the sun, 

(fiOl ), (/(12). (ji 23), (« 02), {;/ 13), the diiplk-ate amis of tlitt triangles AvIiJoh 
are coutuinod betwt'en tlio sun and the first and «>cond jil-i'^r-i of tlie heavenly 
body, the secuud aud Lhii-J, Uie tiiii'd aud Ibiit th, the lu'tit !in<i third, Uit» second 
and fourth respectively j (i} 01), (ij 12), (i; 2S) th<; (^aotieiita ariaiiig firom the 
diviinon of the areas i (xOl), i (n 12), i (« 23), by the areas of the correspond- 
ing sectors; 

f, t»', (>", t'"', tho longitudes of th« heavenly body in orbit reckoned iiram an arbi- 
trary point. Lastly, for the second and third observatiom^ we win denote the 
heliooentrio places of the earth in the oelesUol sphere by A\ the geocentric 
places of the heavenly body by By Bf'i and its heliocentric phces by C, C". 

Those thing^s tx^ing unJei-stood, the fu-st step will constsf, exactly as in the 
problem of the preeeduiy section (article 13l>), in tlie determination oi' the 
tions of the great circles il'{?'i>", A'C"I*\ incHuiitiuuiS ui' wliick lo iku nidLp- 
tic we denote by /, y": the determination of the arcs j^S— d', A''£"= d" will be 
connected at the same time with this calculatioa Hence we shall evidently have 
/ = (e'e' + 2 cos iTiT) 

/'= y/ {^"q" + 2 fn" COS if' 4- iz'7r), 

or by putting ^ -|- cos ^ ^ a', + iit" cos = «^ iT an ^ = sC, /T' sin tf" = tf", 

168. 

By combining equations 1 and 2, article 112, the foUowiog equations in sym< 
bols of the present discussion are produced: — 

0 =(« 12) J? COB 5 an (/— «) — (» 02) cos ^sm {a'— a) + J!' oos^sm {t— o)) 
■\- (« 01) (9" COS /r sm («* — o) + ^ COS iT sm (r — a)), 
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0 = (« 23) co8/J'flm + JJ'coR-5'flin f)) 

— (» 13) (^cos^'sin (a"'— «") + «" COS 2?" sm (o^— r)) 
-f (« 12) iT 008 ^ an (iT — r). 
Tdeie eqastionB, by putting 

COS. p^?m (ti — tr) ' 
«iw> (t mu (« «) * 

CU!*p Mil [r? tf) 

oos^aiii(a»— «0 » 

c<My«iii(uf— «) , 

CO*,!/' sill (nf—a) 



cob/ 



and an the leduotioofl bemg properly made^ are transformed into the following: — 

iH — i 

or, hy putting beside^ 

— x" — XP' /*' (1 tf, 

— X'"i>*= c^, (1 + i^) = tT, 

into these. 
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IL . 

With the aid of these two equations of and if can he deteimined from «(, tf, <f , 
(jf. ify (T, <t- indeed, ^ otaf should be eliminated from them, we should 
obtain an equation of a Teiy high order: bat eUQ the Vfiloefl of the unknown 
quantiti^ 3.-', will be flcduccJ quickly enough from these eqxintions by indi- 
rect methofls -vTithoufc any change of fonn. Generally approxiTnate valueti o4' 
the uuknown q^uaiitit«s» result il", at lii-st, Q' and Q" aie noglecLed; thus:— 

But Koou 88 the approximate vaUie of either unknown quantity ia obttuned, 
values e&iictly mtii^fying the etj^uations wiU be very eflsOy found. Let, ibr ex- 
ample, be an approximate value of which being subetituted in equation 
there 'results sT—^^i m the Bmi% manner ficom 3l'-=^^ being substitated in 
equation IT., wc may have x —X'\ tlie same proeesses may be ropcated by sub- 
i!tituting for iu I, auother value ^ whit-h may givt! i!* = {" -J- /' ; this 

value being substituted in XL, xuay giva d =^X! M'. Thi^aupon the oorrected 
value of »' win be 



and the corrected value of a^, 



it is thought worth while, "Sie same proceaaes will be repeated vrith the cor- 
rected value of 3^ and another one slightly changed, until values of afj ^ satisfy- 
ing the equations L, IL exactly, shall have been found. Deades, means will not 

be wanting even to the inoderately veI■>^«^d analyst of al)ri(lj.''initr the fahuilatlon. 

In these operations the irrational (juantitics (;rV -p (./•'V'-|-«''rt'' r', are 

convcuioutly calculated by int^'oduciug the iU'ca s', s \ of whicii Uio taugents aru 
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respectively ^, ^, whence come 

These auziliazy arcs^ which must be token between 0*" and 180% in order that 
t^, voAj come out positive will, ntonifeBtly, be identical with the arcs CB', C"£", 

whence It is evident that in this way not only / and but aUo the situation of 

the poittta C, C", ate kuowu. 

This determination of the quantities requires <i, d'y i*, V, ef, «r, ^, 
to be known, the fiiBt four of which quantitiee are, in fact, had ihnn the data 

of tfio pmUem, but the four following depend on i^, I". Now the quantities 

P', I^y Qfy caouot !>€ ezaotty determined; but yet, since 

TIL iy_<^— 

TV P"— 

V. ^ = i i* (f 77 01) (, 12) c« ^ (•'—*) CM i (V— «) COB i (i'— lO* 
the appiozimBte yaluefl are immediately at hand, 

on which the first calculation wiU be based. 

169. 

^nie calculation of the preceding article being ooiapleted, it will Ih) ncce&iiary 
first to determine UttQ wtc CO". Which may bo most conveniently done, if, us 
in article 137, the intersection i> of the great circles A'Cff^ A'Cff't and their 
miituid inclination e slmll have been previonsly determined: after this, will be 
found Scorn, s, KTD^d -^BD^ and (rZ)=s" + ^Z>, by the same formulas 
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wbioh we have ^yen in article 144, not only CC'^tf but also the angles 
(u', i/',) at which the great cirdee A'B^ Ji'B'y cot the great dirole 

After the arc if — ii has been found, v' — and r will be obtained from a 
combination of the cquationa 

rsui(tr— !>)= ^7 — 

and in the same maimer, /" and t/" — ti^ from a combination of these : — 

1+pf 

All the numbers found in this maimer would be accurate if we could set out in 

tlie l)otrIim'mg fioia true vnlaos of P', Q\ P", (f : and tlien the ixjsHion of di« 
jjJano ol" the orbit might bt^ «'<>t''»'mincd in the >^m(i inunncr !us in arlitle il'J, 
eitiiei' li'oiu J!C, u' and or iroia A"C''i u" aad /'} aad the diMeuMOUii of lha 
orbit either &om /, f, f\ and — t^j or, which is more exact, from r, f"', 
f"f tT' — V. But in the first calculation we will pass by all these things, and will 
direct onr attention chiefly to obtaining the most approximate values of P*. I'". 
^. Cf. We shall reach this end, if by the method explained in 88 and die fal- 
lowing article,^ 

fi.wo r, r't v' — Vyi — i we obtain (>j 01 V 

« ffy^ff—iT^r^f * (1,23). 

We ehaU subetitnte these quantities!, and also the values of r, r', i*", cos } («*' — v), 
etc, in fbrmula.s rn.-"\T^., whence the values of jF, P", will result much 
more exact than (iiost on whi<_!i the first liyiiothcHis Liad been oonstructort. With 
these, accordingly, the second hypothesis will he iormed, which, if it is carried to 
a conclusion exactly in the same manner as the first, will furnish much more 
exact values of F', <jf, i^, and thus lead to the third hypothesia. These 
processes will oontinue to be repeated, until ilio values of P', ^, P", ^' seem to 

81 
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requiro bo further utirrection, how to judg^^ uoiTeuii^ oi' wliidi, frequent practice 
will in tinne show. When the heliooeotric motion is BmoU, the fiist h^pothesifl 
generally supplies those values with sufficient accuracy : hut if the motion in- 
eludes a greater arc, if, moreover, the intervals of the times are very unequal, 

b} potlicsfs «.^vcrnl times repoatcfl wHl bo wnntcil ; luit in su<.''i a ca* the first 
hyiioilu'ws do not demand gi-eat prcciseness of calculation. Finally, in thf' tfjirt 
UypuiiuMsi^ tJUa elcmenU theaisdvcs will h& dotcruuucd m wt» hava just indicakid. 



170. 

It wSL ha neceasary in the first hypothecs to make use of the 'times t, fj f, 
uncorrected, hecause the distances from the earth cannot yet he computed : as 
Boon, however, as the approsimate values of the quantities sf, if have become 

known, we shall l)o altle to Jotcvniine also those (liffances ap])roxiin!itely. But 
yet, since the formula.'^ for \t and y'" come t)ut ht'r<! a little more coinpltfated, it 
will \m well to put q& votupututiou uf the; correction of the imut» until the 
valnes of the distances have become correct enough to render a repetition of the 
work imneceasaiy. On which account it will be expedient to base this operation 
on those values of the quantities iv^, x", to which the last hypothesis but one Icad^, 

go thai the hust hypothesis may si art '.vilh f ori-ecl*^d \'alueB of the times and of 
the quanlitics F',^', Q\ The Ibllowiug are the formulas to be employed 
lor this pui-pose : — • 

VIL — ii'cosd', 

EL ^oos/}= — .Sco8.8co8(a — /) 

A ^^t^(9'cOB/}'co8(«'— «)+2Z'coB^cos(r— «)) 

— (/oos/J'coflK— a) + JT'ooe jB* COS a)), 
— ^(p''sin/5'' + iJ"Bin^), 
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J (,f COS COS (<r — «")4. iT CM ir CM K— n) 

— ^9(9' COS ff' 008 (O'" — «') 4- 7." COS i?' OOi) (o'" — i')). 

The fonniilas IX-XII. are derived without difBcultjr from eqnatinns 1, 2, 3, article 

112. if, increly, tin* syinTiols 1]icr(> iisoil aro properly converted into tlioso \vq Iiere 
employ. Tlie fonnulas will ovidontly enmo out much more .simple if/?, IfyS' 
Tiinish. Not oulj but vim ^ will iblluvv iVuui thu cotubinatioa of the formuUis 
IX. and X, and, iu the mme manner^ besides r'", also fi"' from XI. and XH. : the 
values of these, compared mth the obeerved latitudes (not entering into the 
cnleuIrtHoti), if they have been given, will hIiow wHK what degree of accuracy 
the oxtrome latitudes may be represented by elements adapted to the ax remain- 
ing data. 

m. 

A iiuilalilti ujouuplu fur the illiistratiau of iLi^ mve&tigatioii k tak&u. H-oiu Vtudu, 
which, of all tibe most recently discovered planets, has the least inclination to 
the ecliptic* We sdlect the foDowing observations made at Bremen, Fari^ 
LOtentha], and Mil«.nj by the illustrious astconomeis Olbebb, BomuBD^ Bessee^ and 
OmAsi: — 



* NaTBrthelew this iiiclniflti«ni it alSSL gnat onaagh to ndniit of a snflkientlj aafo And aiceurate delei^ 
aination «f tfa« orbit baaed upon Ant obaarvatiaiis: In &et the ilrot elemeats vhicli had been derived 
in thU way from observaidoas ooty 19 days diilant from each other (B«e ton Z.^cii's Mu>iailic/,e Oof' 
nsrin-.n.kit-, XV. |). approach ii^rljr to thow whieh irere here dedneed from four ob»erT»- 

uooii, removed iiotsk eM>h oUici' Itii dayii 
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K«an tbm of pbce cf otaamtiaii. 


Bight Aimmriwi. 


DlWlllMllMI 


1607, Mai ch 30, 12* 8S* 17* 
Maf 17, 8 16 9 
July 11,10 30 19 
Sepl. 8, 7 22 16 


178 .30 42.3 
m 4» 7.7 
213 «0 8^ 


11" 54'S7*'.ON. 

11 39 46.8 1 
a 9 10.11f.| 
8 88 17 AS. 



We find for the same times from ihe fables of Uie sun, 










dwEaillL 




«rtii»B«l^ 


Mwv;,.:.M 

VMy 17 

Jv^ n 

Sept. 8 


55 ^iG 20 .0 
108 S t 53 .S 
165 8 57 .1 


--16.3 
--17.S 
4-16.7 


Cl.^^^KHil^H 
3.<'H.57y5 


— 0 .C3 

— 0 .46 
-f-0.29 


■li) .h;5 
4't ,19 
28 27 49.26 



Tlic obsurvedi pW»e& ol' ike plaa^U luivey Uie apptubub obliij^uit^ of the ecUp* 
tie being used, been converted into ' longitudes and latitudes^ been freed froan 
nutation and aberration of the fixed stnrs, and, lastly, reduced, &e preoeemon 
being subtracted^ to the beginning of the year 1807; the fictitious places of the 
earth have then been derived from the places of the son by the precepts of arti- 
cle 72 (in order to take accottnt of the parallax'), iiiul the. longituflcs ti-uisferred 
to the same epoch by suhti-acliug the aulatluti aud prec^sa&iou; ^mily, the times 
have been oouuted irom the be^^nning of the year and reduced to the meridian 
of Faria. In this manner have been obtained the following numbers : — 



89.505162 
178''4S'38".87 
12 27 6 .16 



189 21 



Cf, Ctfy fit", ct'**. . 

ib-^n,ii:,B",ir" 

Hence wc deduce 



137^44502 I 
174" 1'80".08 
10 8 7.80 



0.0051376 



192.419502 
18r45'4r.23 
6 47 25 .51 

288 35 20 M 
0.0071739 



261.288102 
218*34' 15".63 

4 20 21 .63 
345 9 18.69 
0.0030626 



62^23' 4".S8, 
100 4d I M, 



log/=- 9.952G10 (, 
log(»"= 9.9994839, 
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y= — 11.009449, x'=-- 1083306, log X = 0.0728800, logft' =9.n89702n 

y=— 2.08203G, _ -I- G.32200G, logr':=^ 0.079S512» Tog /i"= 9.8387061 
A'D = 37° 1 r ol".5n, A"D =-. 89' 24' 1 1".S4, t = r & 6"^% 
rn> = — 25 5 13 M'D — — 1\ 20 40 .56. 

The-se |)ruliiiiin;ny rjiIouTationB completed, we enter upon the J^pciheii*. 
From Ui4i mtervuk of tim umes vre obt^ 

log*(r'—/)= 9.9765359 
log it (r— 0=0.0064651, 
and hence the first appioxmiate values 

lo- P' ^ O.Ofil 17, log (1 + P') = 0.83269, log ^ 9.59087 
log r' = l).97107, log (1 -i-J") = 0.28681, log ^= 9.67997, 
hence, further, 

— 7.68361, log rf' = 0.04666 a 
2J20771, log 0-12552. 
With these valuee fhe following (solution of equations X, IL, is obtained, after a 
few trials: — 

a' = 2.04856, fl' = 23'38'ir, log/ =0.34951 
«^=L96746> ^—27 2 0, logr*'= 0.34194 
From and e, we get 

€' c" ^ r — / —IT r 5"'. 

hence v' — v, r, iT—Mf'^ ¥"y will be determinable by the following equations : — 
log rsin (t/ — v) — 9.74942, log r tiiii (i/ — v -f- 17" 7' u") — 0.07600 
log '".in ^/"—<*»)= 9.84729, logr^8m(*^— 17 7 ff') =: 0.10733 

whence we derive 

r' — = 14' 14' 32", bg r = 0.35866 
tT— 18 48 33, log/"= 0.83887. 

Lastly, is found 

log (» 01) = 0.00426, log (,i 12) ^ 0.00599, log (« 23) = 0.00711, 
and hence the corrected valuer of P', P*, 
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log 0.03011, log Of = 9.60374, 
log P"= 9.97219, log ^= 9.69581, 

upon which the second hjf^dhmt will he oonstructed. The principal resulta of this 
ore as follows: — 

<f = — 7.6 V820, lo- d' = 0.045786 n 

c^=: + 2.21001, log 0.126051 

/ = 2.0a30<^ »' = ir U", log / =: 0.34^1747, 

a!^= 1.94290, sr= H 12. 2a, log 1^ = 0.389373 

(r<r=v"—if=vr 8' o" 

— » = 14" 21' 36", log r = 0.354687 

1^—?."= 18 50 43, lojr/"^ 0.334564 

log in 01) = 0.004351), Vv^ (» 12) = O.OOfi 1 02, log (» 23) = 0.007280. 
Henoe result newly oomseted values of i*', F", (/, Q'\ 

log F — 0.059426, log (/ - y.(;()4749 
log P" = 9.972249, log Q" = 0.6lt75f14, 

from which, if we proceed to the iM^d hffpothetkt tko Ibllo wiug ouoibera result : 

<f =— 7.6781S> log<r = 0.045729 « 

i/' = + 2.21076, log.r= 0.126082 

as' = 2.08265, ^ = 23" 48' 14", log ;•' z= 0.346653 

s"r^ 1.01285, /':^27 12 49, log/'rs 0.389276 

ff^v= 14" 21' 49", logr =0.S54522 
/=18 51 7, log»^= 0.884290 
log (« 01) = 0.004363, log (» 12) = 0.006106, log (» 23) = 0.007290. 
If now the distances from the earth are eompated according to the precepta of 
the preceding article, tliore appears:—* 

9'=L6686^ (." = 2.1319 

log 9 coe = 0.09876 log (>"' cos H'" = 0.42842 

log 9 un /9 = 9.44252 log sia f — 9.30905 
jJ = 12' 26' 40" 18^ = 4" 20' 89* 

log9 = 0.10909 log 9'*'= 0.42967. 
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Hence are found 





OanMUoni of th* Thma. 


OomatMTJmM. 


L 


a007335 


89.497827 


n. 


o.nnBD2i 




m. 


0.012165 


Iit2.407o87 


IV. 


0.01 5:>46 


251.27:^750 



wlxence will result newl^ ocwiecttsd valutss ol' tlic qiuintitit^s P*, P*, Q\ 

log — 0.059416^ lo^ Q' = y.ti047S2, 
log 9.972263, log Q' = 9.697687. 

FumUy, if the four^ igpoiAeau ia formed with these now Talue% the ibllowiiig 
niunben are obtained: — 

7.678116, log ^ = 0.046723 
<J"= 4- 2.210773, log (T'- =0.126084 
jf = 2.032473, if = 28' 4S' 1 6".", log / = 0.346638 
1.0422vSl, 1!^^ 27 12 51 .7, log /' - O.S85>26S 
i/ = 17= i>' o",l, i u') ^ m" T 6U".6, i {u"~u') = 4= 33' 2a ".li 
— = 14 21 61 .9, log r = 0.364603 
iT— 1;'=18 61 9 .6> log/'= 0.334263 

These numbeis differ eo little firom those whieh the third hypothecs fumiehed, 
that we may now safely proceed to the determination of tiie element.^. In 
tho Cist place \f6 get out the po^sHton of the plmie of the orbit. The iiuilina- 
tion of the oi-ijiL 7" 8'11".8 k found by the precepts of tiilicle 149 fioju /, /, 
aa4 /I'C^d' — /, &L$o the luugiiude of the aiicuudiug node lO^'l&'oT .2, the 
argument of the latitnde in the second observation 94° 36' 4^.9, and, there- 
fore, the longitode in orbit 197" 52' 42^^.1 ; in the same mamier, from y", and 
il^C^'^d"—*", ore derived the iiKUnatlon of the orbit = 7' 8* 14''.8, the longi- 
tude of flio nscenflrng node 103' lt>' ;-;7".5, tho n"<_nir-">nt of th<> lafUiifTc in the 
third obaervatiyn 11 r 44' bi".7, find therefore tho longitude Lu orbit 2io' 0'47''.2. 
Hence the lon^tudo in orbit ior the &£st abscrvatiun wiU be 183° SO' 60^.2, for 
tiie fourth 233" 61' 66''.7. If now the dimensions of the orbit are determined 
from r— r, f^, and «r _» = 60° 21' ^".6, we shall have^ 
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True anomaly for the first place 293° 33' 43^.7 

True anomaly for the fourth place 343 oO ^ 

TTenco flic longitudo of the perihelion 249 57 6 .5 

Mean auQumky fui- die first plaoe ....... 302 83 32 .6 

Miean anomaly for the fourth place 346 32 25 J2 

Mean daily eidereal motion 978".7216 

Mean anomaly for the be^nning of the year 1807 . 278 13 39 .1 

Mean longitude for the same epoch 168 10 45 .6 

Annie of f^orfiitrifltj cp 5 2 58 .1 

Logaritiim ot th' -••ifii-axis major 0.373898 



If the geooentrio places of the planet arc computed {torn, ihmi eleiueatB 
fox Uie corrected times ^ f, f, the four longitudes agree with a, a", a"', and 
the two intermediate latitudea with jS', to the tenth of a second ; but the 
extreme latitudes oome out 12<'2e'43".7 and 4° 20^40^.1. The former in error 
22*^.4 in defects the latter 18''.5 in excels. But yet, if th'^ it; Unation of the 
orhit is only increased B". ntv' fho Lup^itnJe of the iiorlo is {Jiminishwl 4' Mf. the 
other elementis remaining the some, tho cn'ors disteibutod among ail tius latitudes 
will be reduced to a few seconds, and the longitudes will only be affected by the 
emaUest errorB^ which will themselves be almost reduced to nothing, if, in addition, 
2" is taken icam the epoch of lha longitude. 



TillKD SECTXOi!^. 



XHB DETEBBflNATION OF AN OIIRTT SATtSFYIXG AS XF,AUI.T AS FOSSBLB ANT 
irOMBSH OF 01M$lsiBVATlUi4& WliA'i*£V£IL 



172. 

If tlie ;ijs<ronomical obserxntions aii<l otTicr quantities, on wliioli fTic conipnta- 
i'um of oi'bits is basoJ, wore absolntelj' ♦•oiTeot^ the elements also, wlictlicr deduced 
iioin thxaa or Sxiox obtservatiuui^, would MkicUy accui'uk) (so far indeed sa the 
motion is supposed to take place exactly according to the lAwa of KseLE&), and, 
therefore, if other obBeiratioaft irere uaed, they tulg^t be oonfirmed, but not cor- 
rected. But eince all our measurements and observation's are nothing more than 
npproxiniritlous to the trntli, the pame must be true of all calculations ro^^tIn£,'■ 
upon tlu Ti', 'nid the highest aim of all ooropuiations made conecrnTTif; oinn^vvio 
phenomena inuiit be to appruxiiuu.te, iun ueiiiiy a& pi'actLcublc, to the tiutii. i>ul 
this can be accomplished in no other way than by a miitable combination of 
more obaervations than the number absolutely req^uiaite for the determination of 
the tmknoim quantities. This problem can only be properly nndertuken win n 
an approrimate knowlet^ge of the orl.nt has been already attained, which is aflei- 
vfBXfltB to be corrected ao a« to satiaty all the obeervatioua in the most accurate 
manner possible. 

It then can only be worth while to aim at the highest accuracy, when the 
final correction is to be given to the orbit to be determined. But as long aa it 

appe;u8 ])ioLal)li! tfint new observations will pve rise to new oorrectione^ it will 
be convenient to relax wore orTpsf, n.? the case may bo, from extreme prcci's'on, 
if ill tiiiji way tihe length uf the euinputjiUau« eaa be considerably dimioit^wd. 
We win endeavor to meet both cases. 

32 
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17a 

In the first place, it ia of the greatest importance, that the several poaitions of 

•l[lt^ Ih'iiv»mi1v T)*)(1y on wlitcli il is {HOjio.-ioil lo \iiise tli*'' orbit, slioiild not be 
tiikeii iVum fjltstivulioii.s but, ii' [)osfil)U', IVom yevt-'ial ( (Mnliiiicil tli;d the 

atxiilvuLul uaui.^ luight, Ui: far an umy Uu, luuLuuU^' dcalio^ anLh. utimr. Obs&V' 
vatioDs, for example, such as are distant from each other by an interval of a few 
Hays, — or "by so much, in some cases, as an interval of fifteen or twenty days, — 
iirr not to be used in the calculatluu as m many '' f!' I positions, but it would 

be better to clorive from fli«-'ui a sini^le |>];ice. whit-h woiiiil be, as it, wore, n nii ali 
among all, admiiiiu^ liiuiviuiv, uiucb gi-t!tit«^' uAx^wmy ihm dngle obsermtioiw 
confddered separately. This process Is baaed on the following prluciplcR. 

The geocentric places of a heavenly body computed firora approximate de- 
ments ought to diSbr very little from the true places, and the diflferences between 
the former and latter should diange very slowly, so that for an interval of a 
few (!nys they am be it'garflfMl as rM>arly <ion«t!int. or. nt the changes may 

bo rtigarded m pioportianal to the timce. acoordingly, the observations shonld 
be regarded as free from all error, the differenoes between the observed placets 
correapottding to the tunes f, f, f, and tho«e which have been computed from 
the elements, that is. the differences between the observed and the computed 
iongitades and latitude?, or lijilit a,sefnblons anfl <li?crinutiong, would be quanti- 
ties either ^enmbly equal, or. nt li'ti.st, vniilbmilv nnd very slowly increasing or de- 
creasing. L/stt, for ezampk, the ob^rvt^d rigkt a!ic«ui2>ious u, u, a", etc., cor- 
respond to those times, and let a-\-d,<^ a''-\-ii'', o'"-)-^", etc, be the 
computed ones; then the dififierenoes d. If, i", i'", etc will differ from the true 
deviations of the dements so far only as the ot ' :i : ons themselves are errone- 
O"?^: if, tTicrefori', fTi(\N(' (Tovinflons o;\n be vcgnrflfMl n.s constant ft»r all thef-'e ob- 
servations, llie iiuaritilios »V, A', (V", d"', etc. will furnish a* mntij flJflereTit drlenni- 
u^Uuud of tlie isume <^uiUiLit^> Ibi' Lhu cori'^ui. Viiluu of whIcL it will be proper to 
talf:o the arithmetical mean between those determinations, m for, of course, as 
there is no reason for preferring one to the other. But if it seems that the same 
degree of accniacy cannot be attributed to the several observations^ let us (usame 



Seci. 3.] 



ANY NUMBER OF OBS£RVATIOK& 



251 



tbat the degree of accnracy in each may be considered proportional to the num- 
berB e, /, tf'^ etc refipectively, that is, that errors reciprocally proportional to 
these niimLcrs coiil'l bnvs hf^cn nindo in tlic ohHorvations vnth equnl fiidlif^". 
then, Euxiurtjiiig to ibe principles to be pitipuundod below, the most probable 
mean value will no longer bo the ^mplo arithmetical mean, but 

PuttinL; DOW fhw meaji vmIuo equal to J, we con lusamo for the true right (iBceoi- 
^m)'^. 1 -|- J - /. ./ f- <Y - - /, <r" ■ /. ft*"-]- fT'"— /. r*>5,].ootiv.:-ly, and then 

it will be tubiti-ary, wiiidi we uttv in the cuicultitiou. But if either the observer 
tions ore distant from each other by too great an interval of time, or if flufli- 
dently approximate elements of the orbit are not yet known, 80 that it woald 
not be tulmisBlble to regard their deviatione aa constant for all tlie abaervations^ H 
will readily lie p'. raeived, that no other dii&ren<ie arifiee from tliis except fliat the 
mean 'Ipviutioii tlms fi™tii1 ermnat 1w reprafloil as common to all tlic oUservifc. 
tiona, bub ib u> bt) i-tiftiri-cil to mmn iutt^imediate time, wliiuU inias-t ha derived ftom 
the individual timea in the mmc mannor as J from the corresponding deviations^ 
and therefore generally to the time 

Consequently, if we desire the greato'^t iiccurany. it will Ixi Jit'fe«stiry to romiinte 
the geocentric place from the elemeut^ ibi tUo s^iuc tiuic^ atid ai.'teiwai'dii to free 
it from ''the mean error J, in order that the most accurate position may be ob- 
tained. But it will in general be nbundantly sufficient if the mean error is 
referred to the observation nearest to t' i i m time. "Wlcit wc have said here 
of rijrht nwwioTis. applfof equally to <1i.'e'ru\;itionA, or, ir it is ilesii i."!. to lon^'ttu'les 
and latitudes: however, it wiii always be bett<er to compare the right asceQsiou« 
and declinations computed from tho elements immediately with those observed ; 
for thus we not only gain a much more expeditious calculation, espedally if we 
make use of the methods explained In articles 63-'60, bnt this method has the 
nftilifional advantag*', tliat ilu- Iii;^o;n|il<'t«? nbscrvntions can al^i b(» ma'le iis(! of; 
and besides, if every thing should be referred to longitudes and latitudes, there 
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would be caoae to fear lest an obaerration made correctly in ngbt aaceDsion, 
but badly in declination (or the oppocntc}^ aihould be vitiated in respect to both 
lorurttude and latitude, and thiui became vbolly useless. The degree of procimon 
tu )><> .''>^iL'>!'Ml (o ih<y mean found as above will be, according to the principles to 

be explained kweaiter, 

_5_ ,/,/ 4- 4- c"'/" + etc.) ; 

80 tii»t lour uv nine et|ualh' exnet u)>»ervations are required, if the mean is to 
poflsesB a double ur triple accuracy. 

174. 

If the orbit of a heavenly body has been determined aooordmg to the methods 
given in the preceding sections from three or four geocentric poutioii% each one 
of which has been derived, according to the precepts of the preceding article, 
from a great manj' ob^ervntion?!, that orhit xvill bold a menn, m ?t werp. awtong 
all these obi^i vt^tiam ; and iu tiie diliereutiefi between the observed aud computed 
places there will remain no trace of any law, which it would be possible to re- 
move or sensibly diminish by a eorrecticm of the elements. Now, when the whole 
number of observations does not embrace too great an interval of time, llie beat 
agTeemeut of ilie elomfiits wIlli all Uie obtierviitions can be oT>t;ilne(i, if only 
fliiee Of four iiormnl liositioui are judicion.^ly sLlectod. How luuoli a<iv:iut«ge 

ahail dui'ivc i'iom this method in deteruiiiiing the orbits of new plauots or 
comets, the observations of which do not yet embrace a period of more than 
one year, wHl depend on the nature of the case. When, accordingly, the orbit 
to be determined is inclined at a oonuderablo angle to the ecliptic, it will be 
in getjerri! based upon three observations wliicb we Hhall toke as renwtf' frrrni 
each other m pONtiibla : but if in this way we dioultl meet with any one of the 
coses excluded above (articles 160-162), or if the inclination of the orbit should 
seem too smaU, we shall prefer the determination from four po^tione^ which, also, 
wo shall take as remote as potseible from each other. 

But wlion we have a longer .seriet^ of oTi)semitions, embracing several years, 
more normal positions can be derived irom them; tm wiiicb account, we should 
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not insure Uie greatest accuracy, if we were to select three or fi)ur poaltious ouly 
for the detenninatioti of the urbit^ luid neglect all the rest Bnt m tmch a case, 
if it is proposed to aim at the greatest precision, we shall take care to collect 
and employ the greatest possible number of accurate places. Then, of course, 
more data will pxi'^t fhnn iiro rpqulrcil for tTu=i determination of the rnilcnnwn 
quantities: but all tii&s& data will be liable to errors, however mnall, so Uittb it 
win generally be imposuble to mtiBfy all perfectly. Voyr as no reason exists, 
why, firom among those data, we should consider any six as absolutely exact, but 
since we must assume, rather, upon the principles of probabili^, that greater or 
lef^ fiioiv are (.'(luany pos.sibk' in ivll, piotiii.scuoiL^ly ; hince, moreover, gene rally 
speaking, pmail oiroi':^ oltcncr oocur tiian larjz;c ones; it is evident, that an orbit 
wliich, while it siatiblitki preiii^iiily tka &ix data, deviates mom or l^m i'rom ihe 
others, must be regarded as lesa consiatent with the principles of the calculus of 
probabilities, than one which, at the same time that it differs a little &om those 
gix data, presents no lauoh the better an agreement with the rest The Invcstigar 
tion of an orbit liavin;^, strletTy speaking, fTu? mdihuum prohjihiliiy, will depend 
upon a knowle<1pfe of tlie law aeeordinja; to whieh the ]>i()l)a)jilitv of errorf de- 
crtuusuii an Lko orioi^ lucriia^a in luagiiltadu : but tliaL dupendu upon &o iUAixy 
vague and doubtful considerations — physiological included — which camiot be 
subjected to calculation, that it is scarcely, and indeed leas than scarcely, possible 
to asugn properly a law of this kind in any case of practical astronomy. Never- 
thelef^^i, an hivesfiiiafion of ilie oonnection between this law and the niost j.rob- 
nble orbit, whieh we will nndertake in its utmost generality, is not to be re^icded 
by tuiy means & bai'iuu ^pecuktiou. 

176. 

To this end let us leave our special problem, and enter upon a very general 
discussion aa<l one of the mot^t fruilfnl ir^ every application of the calculus to 

nntnniT philo-iopby. Let V. V. V". <'te. lie funetions of tlie ;inkno\vn qnaiintle<! 
p, {j, r. V, (•(<•.. a tbe niMn))er of tliose funeiions, v tbe immbei" tif the unUni>\v'u 
(^uauiiut^ j •joxH let us suppoi^ that tlu) vulu«^ of tho iuoutiuiis l'<nind l>y duect 
observation are V=My p^ = ir, V — M"^ etc Generallj speaking, the 
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determination of the unknown quantities will constitute a problem, indetenui- 
n»te, determinate, or more than determinate, according as ftK.v, ii = v, or 
|ti>y.* We ahall confine onraelvos here to the last case, in which, evidently, an 
esnct representation of all the observntions wovilrT otiIv be possible when they 
mTO all a1>a)hitt'1y fi'fto from orror. Ami siiK.-e this (••innoL it> tlie nature of 
tbiiigt), happtiii, tivary &y&Umk <i£ viiluu^ oL' lliti Lmkiiuwu i^uiUiLiliuit jj, g, r, >, etCi, 
must be regarded as possible, which ^ve$ the values of the functions V — Mj 
V — M', V" — Jtf", etc., within the limits of the possible errors of observation f 
this, however, is not to be understood to imply that each one of these systems 
would pDssi'S'^ tin (n|U!il df tjiL'iA of inobjilinity. 

Let us suppose, in the first jilare, the state of thiiiii's in all the oliscrvalioiis (o 
have been such, tbat there is no iciUiUii why should subpect one k» 
exact than another, or that we are bound to regard errors of the same magnitude 
as equally probable in all Aocordingly, the probsbOity to be assigned to each 
error J will be expressed by a function of J which we shall denote by y ^. Now 
nltbniiirli we caimot preriselj assign the ffirni of tlils t^unctioii, we enn at least 
iillinn tltat its value shouhl l>e a innxtmnTii I'or ./= (t, eqinil, ^.'.eiieiully, I'or oqii.'il 
uppuiallu valuus 0^ Jf iUiiX Jihuuld viLui^li, iC, aUI' J id laktiil the ^^leut'-st en or, ui' a 
value greater than the greatest error: therefore, would jippmpiiaU'lj be re- 
ferred to the class of discontinuous functions, and if we undertake to substitute 
any analytical function in the place of it for practical purposes, this must be of 
such a form thnt \\ may conrorge to zero on Lotli sl(le«, asyitiptolieany. a.-^ li were, 
£rom <^ = 0, so that beyoud ihisi liiuit it van be it^ardtid ma wtuaily vwit^iug. 
Moreover, the probability that an error lies between the limits J and J -\-AJ 
differing from each other by the infinitely small difference d J, will be expressed 
hy fJAJ; hence the probability generally, that the error lies between D and 



* in the Oafl cnsc. rtic fimetjnn!; V, V, sliOQid Ihj of su'.'Ii :\ natiirL' \h:\i u -j- I — f of llicm, 
or more, might be it^nktl ^ iuauiimui ui' (lie remalDder, ikt ^rMmi wuuli alill lie miva iluut iluiu ini- 
nate with retpect to these funcliooa, but indctermiiiate with respeci u> the qnantitie» p, q, r, «, etc. ; that 

is lo say. It woiilit Ik- )m[io-^5ilil<- lo d<-loi'miii« llio vui'n-i- of tin- li>ir<;i', i;\i:n 'I' lljc i jil'ii.'s <A' ihu fiajc- 
tioua y, V, y, etc ghouid be given with abiolute ezaelaew} hut w« siiaii exolude this case from out 
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will be given by the integral / if J. Hi J extended from J =D \a J^U. 
ThU intogral taken from the greatest -ncgMtlvc value otJ to tiio greatest positive 

value. Of inOTC 2*'noralIv Tnmi f — — to // = <y:< mmt nccc^^AvWy he cqna! 
to iiuity. buppomug, thet'eibiKd, miy iletarimaate ^y^UiUk ul' the vuiuviS oi' the 
qiuiiitities p, q, r, s, etc, the probability that observation wotild give for V the 
value M, wfll be expreeiBed by <j> {M — V), substituiiug in V for p, g, r, », etc, 
their volnen; in the same manner 9 ( JT — V), <j> {M" — F*), etc will express the 
probabilities that obsorvation -would give the values M", if% etc. of the func- 
tions T". y", oto. Wliertirorc. ftmm we arft aiithoriaed to regard all the observa- 
tioUE aa ev<j)lt'^ iinleix'nilcnt. of <'!i<'li ulhor, tlu' product 

c^, ( .,!/-_ V) if> ( s\r— F) ip ( M"— V" ) olY... £2 
-will cxpntss tho ('Npuct^itiun or probabilii.y LliaL aH Uio^c values will re«!Ult to- 

176. 

Now in the same manner as, when any determinate values whatever of the 
onknown quantities being taken, a determinate probability oorre^onda, previ- 
ous to observation, to amy system of values of thcfunctipiu V, V, K", etc;*), 

iTiTCT?(''ly, nftor il<»teriiiinritc' vmIucs of flic i'inr>ti'>ns hiivv iesiilk'<l fioiii oli.-crt'fi- 
tion, a defcei-miuaUj prwbwbility will belong to cvciy syatem ui' viJues ul" fclte un- 
known quantittee, irom which the values of the functions could possibly have 
resulted : ibr, evidently, those systems will be regarded a» the more probable in 
which the greater expectation had existed of the event which actually occurred. 
The estimation of this probabilit v \\--<U upon the following theorem : — 

IF. ar)>/ ht/pof^uvh- IT betnff sumA; t/w jiriAiAlSli 11 of irntj tiffermh^e rrrvt E w h, tmd 
if 'y <iutjihc4- hij^iteias ii' bmuf made exciudrnff ihe Jurtmr md etj^uUg probabile m iiie^\ the 
ptiMM^ <f the same metU i» W : then I tq^, teiai ihe event £ Aat aehtaSff oeeurred, that 
tke probaiiBif that H ttm the true Alfpothesk, if io iAe prcimH^ that W was the true 
h^poiOtem, (W h h'. 

For donioiistfallirj' whicli li;t tiB suppose tLat. \)j a cTafJHirn-ntioii of all the cifr 
cumstances on which it depends whether, with Hat H* ot some other hypothesis, 
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the event £ or some other even^ should occur, a gjstem of the 4ifferont oases is 
formed, each one of which eaaea Is to Be cunsidored equally probable in itself 

(ihnt h rtj^ V>ng as it h unccrfalii wliolher the event JSJ or some other, will occur), 
and that these cwm be so distributed. 
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Then we shall have 

moreover, befbre the event was known the probability of the hypothesis H waa 

l)ut iiftLM- the event kwown, when the- oa.-^o.'' )/, »" <1is,i]ipcin' from the number 
of the possible case^ the probability of the same hypothesis will be 

in the same way the probability of the hypotheeis ff before and after the event, 
respectively, will be expressed by 

- and ^ 

iw-^-«-J-»i'-|-»'-piii(''-(-ii.' m-\-ni 

eince;, therefor^ the same probability is assumed for the hypodieses S and ZT 
before the event is known, we shall have 

whence the truth of the theorem is readily inferred. 

Now, so &r as we suppose that no other data exist for the determination of 
the tmkno^ni quantiticB besides the observations F=i^ V^M, V"=M", 
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etc- :uif1, i!u>rcfin-(.', tliat all systems a? values of tho.sc uiiknown quiiiitltl.'s were 
e<(ii;illy proljiible prcvlou!^ to the oljsi.'ivatioTii?, the |'>'<lfi'i"lity', t-viOcntly, ol' anj 
Jeitii'muiutfti b^'blem iiube»et^uciit to the ijbi3orvu.Uou# ^vl{| l>a prupuitiuuul tu SI. 
This is to be understood to mean ihat the probability that the values of the an- 
known qufmtitaes lie betwera the infinitdj near limits p ond^ -|-dj9^ g and g-^-dg, 
r and r-|-dr, s and »-\-da, etc respeotively, is expressed by 

lUdpdgdrdt i etc., 

whtnc tbc qiiantity will he a coiistant quantity independent of jr, r, etc. : 
njid, indeed, j will, evidentlv, be the value of the mtegwil of the order v, 

/'•/id/i'^yl/T).^ , etc., 

for each ol' the variables p, s, etc, extended iioiu the value — oo to the 
value -f- CO . 

177. 

Now it readfly follows from thiiv that the most probable system of values of 
the quantities p, g, r, i, etc. is that in which /2 acquires the maximum valne, and, 
therefore^ is to be deriTcrf from fho v equations 

THiese equation^ by putting 
asBome the following form : — 

Hence, acooiYlingh*. a compTcfdj (!ct^?rra!nfttc solution of the problem eati hp 
obtau^ by «iiminatioii, an eiooa m the italiu°e of the function ^' in known. Since 

S3 
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this cannot be defined a jpriori, we will, approaching ihe mibject from another 
point of view, inqnire upon whnt ftmct'ioii. tui-itly, as i( were, .as^surapil as a 
base, the eotnmon princfple, the cxccllcmit! of wLkti Ls generally ueknowledged, 
JepmiUn it hm Uank cmi/titaMy certainly to regard tu» tm iudoiu tllt^ Lypotheais 
that if any qiuuiUty has been determined by sereral diretit observations, made 
under the same (»TCuuistanGefl and with eqnal core, the arithmetical mean of the 
observed values affords l^e most probable value, if not rigorously, yet very 
nearly at least, so that it is always most safe to adhere to it. By puttings 
therefore, 

we ought to have in general, 

<ff {M—p) + (ilT— />) + (JT' — p) + etc = 0, 
if instead oT /> is substituted the value 

l(3f+ir+J!r+eto.), 
wnatever positive integer /» expresses. By supposing, therefor^ 

jr= jr= etc =M—itN, 
we shall have in general, that is, for any po»tive integral value of /i, 

»'(,.-i)jr=(i-^)y'(-jr), 

whence it is readily inferred that ^ must be a oonstant quantity, which we will 
denote by h Hence we haye 

log 9 ^ = i -|- Constant 

dtiuoting the base of tLe hyperbolia loi^iu-Ithms by e and aasuiuing 

Constant = log ». 

Moreover, it is readily perceived that i must be negative, in order that i2 may 
really become a nujdmam, for which reason we shall put 

ik= — hh; 

and since, by the elegant theorem first discovered by Lapmo^ the integral 
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from J = — <x> U> J=:-^o> is^, (denoting by tt the semidroamference of 
the oirde the ntdiuB of which is tmitjr}> our function becomes 

17B. 

The fmiction jiut fbimd cannot, it is tru^ ezitreas rigorously the probabilities 
of the errors: for unce the possible errors are in all ca«ee confined witiiin certain 
limits^ the probability of errors exceeding thoee limits ought alwayn to l<t; sera 
while oiu' foi'iiiulii iilwiiys glvc\'< some ViiTue. Ilowcvor, Hiis (It-fi ot, wliicli vwxy 
aaifilytical lunetioii tim««'. Crom it>i nature. h\\M^v under, is of no iiiiportimct' iu 
practke, l>uaiLUio tiie value ui' om' iuiiction (l(HTeUiW«i m rapidly, wliuu hJ Jias 
acquired a oonsideiable magnitude, tiiiat it can safely be considered as vanishing. 
Beddea, the nature of the subject never admits of aseigning with absolute rigor 
the limits of error. 

FItially, llie coiistani // can '-"o fO!»'iiilerfd n< the rae.imire of prccHon of the 
oLNiei'valiou& For ii' the probaljilUy of the error J is aupposed to be expreiaijed 
in any one system of observations by 

V 

unci m unother tiyetem, of observations more or 1^ exact by 

*! --I'll' 44 

the expectation, that the error of any obscn-ation in the former systeui Is con- 
tained between the limits — ^ nnd d will be expressed by the integral 

taken from A-=.' — 9 to J = and in the same maimer the expectation, that 

the (M-ror of" any observation in th<> latter system doca not exceed the limits — 
and will be expressed by the integral 



^^_hV44JJ 



extended £rom Jss—^i' to Jz=i-\-ff: but both integrab manifestly become 



260 



DETEBMINATION OF AN OBBIT PROM 



[Book IL 



^qual wheu we have h 9 = A'^. Now> therefore, if for example A'— 2 A, a double 
error can be committed in the former STSteni with the Boroe fiicility as a single 
error in the latter, in which case, according to the common way of speaking, a 
tlouble degree of prociaion h attributed to the hitter ob8ervation& 

179. 

Wr will now dovelnp ih--- .-ntulasions which iolLow li-oiu thk law. It is evi- 
titeiit, ill oidai tiiat the pnx i iict 

may become a maximum, that the aum 

If u D'^-j- p"t<' -J- etft, 

must become a minimum. Ther^vre, that vnU he the most probaMs ^f4m <f values ^ 
iht tmAwwn qomixixes p, r, «^ «» wAkA ^ mm tf the sqiares cf ^ d^ermsea 
I'direm Hie observed emd eompuied values of the fmc^ms Y, V, ete.ua mmhirum, tf 
thn same rlogree of aocnracy ih to be jjros'imiftl in «11 the observations. This prin- 
ciple, which pmmiRPs to h<; of most fr<H(U('nt u;*t> in all npplicatious of the iii:i()ie- 
uialli^ iu amtunil j^liiluttujphy, mmt, evtJt'ywhtuti^ bu uumidbred au sfcxioiii with 
the same proptrictv the arithmetical mean of several observed values of the 
aame quantity is adopted as the most probable value. 

This prinoiple can be extended without diffiouliy to obeervations of unequal 
acciiraej. If, for example, the measures of prLci-sIoii of iho oLHerviifioiw by 
meaua of which F=: itfj V'^iM, V"= M'\ etc have l>e0u ibuud, ^xprei^aad, 
respectively, by h, k, A", etc, that is, if it is assumed that errors reciprocally pro- 
portional to these quantities might have been made with eqnal facility in those 
observations, thi% evidently, will be the same as i^ by means of observations of 
equal precision (the measure of which is equal to unity), the values of the &no- 
tions hV. h'T, FF", etc., hnd been diwrtlj Tcmn^ to Tie hM, h'M',H'M",e\a.'. 
wheretbre, th« most probable ^ysteui of values of tka qu^utitii>& y/, q, r, «, etc., 
will be that m which the sum of -f- f^^i^^ + K'K'v"^ 4* that i% «i wAtc* 
/Ae mm tf ihe squares <f the d^ermm heimm the adualfy observed tmi ewvfnfted values 
mtttt^^Sed Iff numbers that measure tie decree vf precmm, is a mmmum. In this way it 
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is not even necemry that the fimctioiu V, Vy V", etc relate to homogeneoua 
quantities, but they may rcpreeeot heterogeneous quantities abo^ (for esample, 

f5eeoii<ts or atr ^m^\ -[wmn^^^. only that the ratio of the errors, yrhioh might 
hav« bucn ootamitted witli equal facility in each, can be estimated. 

X80. 

that the uumerioal determination of the unknown quantities ia reduced to a very 
expeditious algoiithm, when the functions Vf V, V, etc. are Unev. Let us 
suppose 

V — M~ v = — fn-\-op -j-^q -^er-{-dis -j- etc 

r— jr==*/= — mC+ -f -4- <j'r -j- <r» 4- euj. 

r'— jr=«^=— wr-h*";* + 4"? + tf^r + (T* + etc 
etc, and let ns put 

a»+<^^+rt'V+etc. = P 
ip-j_yt^ etc = Q 

<r» -I- <*'i/ + «j*'t/' -|- etc = if 

ot<^. Tlicn tliC V equations of article 17". from wliicli tin- valiicH of the unJmowu 
quaoitttics must be deteriimaoil, will, uviileutly, Ins tli« ibllovviiig; — 

P:=0,Q=Oy 5= 0, S= 0, etc, 
provided we suppose the obBervations equally good; to which case we bare shown 
in the preceding article how to reduce the others. We have, therefore, 66 many 
Inu-ar oq^tiona aa there are unknown quantities to be determined, from which 
the Tiiliu'? of flip Tnttoi" will be obtiviiied by coiniuon cliinitnifion. 

IjCt us fctiW now, whcdier iliis ciiiiiiiiation is always possible, or whcthfv tli© 
solution can become iudctui'miuatc, or evuii iiuposslblc. It is kuowu, Horn the 
theory of elimination, that tho second or third case will occur when one of die 
equations 

P= 0, C = 0, J?= 0, /ff = 0, etc, 
being omitted, an equation can be formed firom ihe resl^ eitiier identical with the 
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omitted one or inconsistent with it, or, which, amounta to the same thin^ when 
it is possible to assiga a linear fiinotion 

aP^fiQ-^yE -\-dS-^ etc, 

wliu li IS Rleiitk-ally either equal to Tsero, or, at lea^t, Aeo from all the unknODin 

(il'-^iiQ-^ yli -f <J*S' ate = x. 
Wu lit: once hAve the identical equation 

(/' \-m)p-\- (v «-'-j-(j/'-f-W'j p"~{- etc=pP4- j^-f.>-i»4-rf*S'-f' tile. 

14 iu:«uidingljr, ikc ^.ubstitutious 

p = tt3;,y — px^ r =^fa(,t = dt, eto. 
yre suppose the functions v, 1/, f% to become respectively, 

— m + Xar, — »' + X'z, — X"*, etc, 
we shall evidently have the identical equation 

(XX+XT+rr + etc) ar«_(X«+X'«i'-|-X*«i'etc)* = *^ 

that is, 

XX 4- XT-f- X1"+ etc = 0, X -|-X«+ XW+ etc. = 0 : 

hence it must follow that X = 0, X'= 0, X''^ 0, etc and also x = 0. Then it is 
evident, that nil the fund Ions V, V F", are such that th«r values are not 

chnng^, ewn if tho fjiunititicii /), g, r. s, etc. recewe any increments or rlp<»Te- 
meut8 wlmtaver, pnipuittutml tt» iha auuibers a, p, f, <), etc.; hut via luiva ttlrtiudy 
mentioned before, that caises of this kind, in which evidently the determination 
of the unknown quantities would not be possible, even if the true values of the 
funoUons V, V, F", etc, should bo given, do not belong to this subjcctw 

Pinall)', wr» can cjwrily reduce to (lie crtfe Iiore foii^i<tere>!, iill tlie others in 
which tlie t'nnctions V, V, F", et^-. arc not linenr. Lotiin<f. for instoiicc, 7i, <i, 
0f etc, denot^i upproxinuitc voluus of the uuknowu. (^uoutitie^ /i, ^, t; 9, etc, (which 
we shall easily obtain if at first wo only use v of the /* equations F= JU, V—M% 
V — if, etc), we will introduce in place of the unknown quantities the otheiB, 

y» ^* f^t pnttmg p=.it +y, g = — Q -\-^} » = o + *'» • 

values of these new unknown quantities will evidently be so small that their 
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squares and producte may be neglectod, by which means ihe equations become 
linear. after the calculation is conipletod, the values of the nnknorru quanti- 
Ues y, g\ /, etc, prove, contrary to ('xpt c-Utbiou, to be so great, as to make it 
appear unsafe to ii<'L^Ii-<>f the j-ijuaios am] pioilncu-, a rojiciuiou of tlie Hiuiic pro- 
cv>< i'tlie cori'eclod v;*k!<.'s of //, g, r, #, etc. being takm iostead of «, Xt ft o, etts.), 
wiii tiiMiish ;m easy iwuwidy. 

181. 

When vre have only one unknown quantaty p, for the determination of which 

the values of the fumiions a/*-\ iiye^p-\-a',»^p-\-'if,etc. have been found, 
!*p('i'(sv(!ly, fiiuiil ill I/, .1/', .(/", fie. ami tlmt, nho. by means of observations 
equnlly exact, the most pn^babie value ol' will bi^ 

• gin -\-</a/-\- o' »»' '-j- etc 

aa+«'«'+i/V-j-eu!. » 

putting fft, ««', r»spectiTely, for M — w, JHf — Jf — ig", eto. 

Tri orrTcr io estimat*' ihc; degi'oc of jKicunicy fo bo ottj Ibutcd to ihh value, let 
US suppoeHa that the probability of an vmn- A in the observations m expressed by 

nence the probahiUty that the tme value o£pia equal to A -{-// will be propor- 
tional to the function 

^*»((«j.-«|?+<«ti-»lf+{«>-««''?+el«.) 

if A -j^y k snbfltituted for p. The esponaub of Urn Amction c»n be reduced to 
the ibnn, 

in which ^ is independent of j>: therefore the fiinction itself will be proper* 
tional to 

It iti evident, accprdiugly, that the saint; degree of accuracy is to be assigned to 
the value il as if it had been found by a direct observation, tho accuracy of which 
would be to the accuracy of the ori^nal observatioos 9ai^{aa-\-e^t^-\-t^<^'-\-eto.) 
to A, or as v'(aa-{-ai'<i'-|-d(V-|-eto.) to unity. 
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182, 

It will be necessary to pre&ce the discu^uta eoueecuiug tka degree ut accu- 
lauj k> be Wj^ed to the valoes of tfae unknown qaantitiea^ when there are eeV' 
et&if with a more careful coinfflderatioii of the ^inctiom v»-{'t^i/-\-i/'s^ -\- et&» 
which we will denote by W. 

L Lotus put 

also 




and it 18 evident that we have ^= and, since 

thai, the function W is indepeuduxit of The cutiiEcimt a ~aa-\- a'a -|~ ^ « -h 
etc. will evidently always bo a posrUyo quantity. 
XL la the aame manner we will put 

also 

r— ^= jr, 

and we ahaU have 

whence it is ovidont tlmt the lum^tion W" if iiiLlcpt'ni-k'iit botli of p fstid q. 
This would not he m if ^' wiuld. licuumc equal to zcjixj. But it isvidunt 
that W is derived from vv-\-i/tf tTtf-^- etc, the quantity p being eliminated 
from f, rfy if', etc^ by means of the equation p'=(i; hence^ fi' wiU he the sum of 
the coefficients of in vv, t/tf, if'tf, etc., after the elimination ; each of these 

*»0«>fTi('i<>nt«, in fact, is n pfniiirt--. nov o;\n nil vjtni.sli at once, cxpf^pt In (liO cjiso 
excluded ubov^ in which the unknown quoutitiets remain indeterminKte. Thus 
it is evident that fi' most be a positive quantity. 
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m. By putting agam, 

i iHZ = r +/V + etc, and ir — y = jr; 

al«) 11" inrlcpcnrlent of/), and j-, as w'fH asr. Finally, that the coefficient of y" 
muiit. be putiitiYe is proveii iu the same mftTm^ ns in II. In fiijct^ it m readily por- 
oetved, that y" is the smn of the ooei^ciuats of rr in vv, vv, ifV^, etc., aflur ikn 
quantities p and q have been eliminated from v^, i/', eta, by means of the equa- 
tiona/= 0,^=0. 

IV. In the same way, b^ putting 

we flhall have 

VF" independent of 2h 3s '> (i^^ ^ ^ podtiTe quantitj. 

V. In this mamier> if besides p, q, r, c, there are still other tmkiMmn qiiaixii- 
tiea^ we can proceed Auiher, ao that at length we may have 

W'=-r//+f S^? +7'''^+ j»*'^+etc.+ Oonrtant^ 

in which all tiie coeffidentB will be positive qnantitiea. 

VT. Now the probabnity of any system of determinate value* for the qnan- 
tities py q, r, etc. is proportional to the fimction er^^'^'y wherefore, the value of 
the quantity p remaining' lurTeterminat^ the probability of a system of detenni* 
nate values for the rest^ will be proportional to the integral 

extended lTam^= — oo to /=-{-<90, which, by the theorem of Laplao^ beoomee 

therefore, this probability will be proportional to the function the 
same manner, i^ in addition, ; is treated aa indeterminate, the probability of a 

S4 
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system of detennmate values for r, 9, etc. "wiU be proportkmal to the integral 
extended firam ; =s — co up to ;=-f-w>'vlu<ih is 

or proportional to the fymction Pteciaeilj in the same way, if r also is 

considered as indeterminate^ the probability of liie determinate values for the rest, 
9, etc. wiU bo proportional to the function «tu1 f^o on. Let us suppose' tlie 

niim?ior of tlic iiiilviiown qunntltlos to amount to foin\ for the same coiK'lusioii 
will hold good, whellier it is greater or Itsss. The moBt probable value of * will 
be — and the probability that this will diJler iicom the truth by the qiinntity 
0, Trill be proportional to the fttnction whence we conclude thtit the 

measnre of the ralatiTe pxeoision to be attributed to that determination is ex- 
pressed by ^d^, provided tiie measure of precision to be assigned to the origmal 
observations is put equal to unity. 

IS3. 

By the Kiethod of the preoeding article the me^iire of prcciiduu in conven- 
iently expressed for that unknown quantity only, fo which the last place has 
been nsmgned in the woric of elimination j in order to avoid which disadvantage, 
it will be desirable to express the coefficient if" in another maimer. From the 
equations 

i»=/ 

it follows, thaty, ^, /, /, can be thus expreoaed by means of Q, Jt, Sy 



SbcT. 3.] ANT irUMBEB OF OBfiBRTAXIOira. 267 

80 that % % tlT, S% <£" may be deteraunate quantitiefl. W« flhaU ham, 
therefore (by xeatricting the nximber of onknovn quantities to fbnr), 

9——^-\-^P-\-^Q-\-^,S-\-^S. 

ilmii^ w@ deduce ilio luiiowing concliuiioa, Tha mont probabW valuua uf Uio 
unknown quantities /r^^j etc., to be derirecl by elimination from the equations 

P=0, Q — Q,R = 0, (SssO, etc, 

will, if P, Q, S, St etc., are regarded fi>r the time aa indetenninate^ be ezpreaaed 
in a linear form by the same process of elimination by means of P, Qy Sy S, etc.» 
so that we may have 

r ~ U'-\- A'F + 0' ^ + r ' 7? L z/^S- + etc 

B =i'^+4"'P+ir" c + ' /V -rJy"s 4- eta 

etc. 

Thb being done, the most probable valnes ofp,qy f,«,etc;, will evidently be 

Z, Z'. Z", Z"', etc., refipcctu'ely, and the measure of precision to be assigned to 
these determinatiouis respectively will be expressed by 

j3» 7c*' 7^' ^ 

the preeifiion of the origiiuil observations being put equal to unity. 'Stat which 
we have before demonstrated concerning tlie determination of tlie unkaown 
qiianlif y x (fur winch answers to J}"') cwi be applied to all the o&erg by the 
simple mterchange of the unknown quantities. 

lu Older to Ulustxaie the prucudixig iAvc^gatioos by an example, lat ua sup- 
pose tha^by means of observations m wluch equal accQxac^ may be assumed, 
we have found 
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j9 — J -|-2r = 8 

bnt fiN>m a fourth obBervutioa, to which U to be amgaesi one half the game 
aocuracjr wdy, there zesnltB 

We will flubfltitate in place of the last equation the following : — 

and we will soppoae this to have resulted from an obsexration poceessing equal 
accuracy with the fonuer. Hence we have 

J> = 27/)+ f>rj — 88 

_g „ J Mr — 107, 

end hence by elimination, 

19899 p = 49154 + 809 P — 324 ^ -]- <^ ^ 
737^= 2617— 12P-f UQ — Jt 
66S8r = 12707 + 2/'— 9^-1- 128 JS. 

The moflt probable Talnee of the unknown qoantitiee, therefore, will be 

^=2.470 

}== 8.551 

r — \,m 

and the relative precision to be asfnp^etl to tTiese dot^mninatioofl, the precioon of 
the original observations being put equal to unit y, wtU be 

^^p V"8or = ^^^ 

tef V'^=S'«9 

fori- Y/2gi = 7JM. 
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186. 

Tiie sul^'ect we liave ju&t treated vai^t give rise to seveTal elegant, iuial^'tical 
invesUgatione^ upon 'whicb, howeTer, we will not dvell, that we may not be too 
muoli diverted from our olyect For the same reason we muflt reeerve for another 
oocBision the explanation of the devices bj means of which the nmnencal caloa- 
hition can he renrTftrorl more expeditious. I Avill arid only a single remariL 
When tUn uuiuber of the pm]jotii;d fuu^^tw or equtttiooii coaaidemble, the 
eomputation becomes a little more ttoubleeome, on this account chiefly, that the 
coeflSicient% by which the original equations are to be multiplied in order to ob- 
tain P, Qy R, Sf etc, often involve inconvenient decimal fractions. If in suoh 
a cn.sc: it docs not seem woif.Ii wliili; to pi'ifonn tlics(i mnltlplicjitioiLs in the most 
accuiTite manner hy means of lo<^!xritlimic table.s it will <rpncrfil!y be sitfiicient 
to eiuploy in place of thaan multipliei's otLci^ more cunvcnicnr tor calculation, 
and differing but little firom them. Tlus change can produce sensible errors in 
that case only in which the measure of precision in the determination of the 
unknown quantities proves to be much leas than the predion of the original 
observations. 

186, 

In coueiaaion, the principle that the sum of the squares oC tho tlilferHnces 
between the observed md computed quAiititiu> muiit be a, miuiiuuni maj> hi thti 
following manner, be oonffldered independently of the calculus of probabilities. 

When the number of unknown quantities is equal to the number of the ob- 
served quantities depending rn thrri. *!ir> former maybe bo determined as exactly 
to satisfy tlio latter. Bat whea tka aim i in ?- of the former is loss (han that of the 
Utter, au absolutaly d^uuit agreement cauuot bu obuiioed, vmleas the observations 
poaseas absolute accuracy. In this case care must be talten to establish the best 
possible agreement^ or to diminish as far as practicable the differences. This idea, 
however, from its nature, involves something vagne. For, althou^ a system of 
values for the unknown quantities which makes all Hm difierencee respectively 
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loss than another system, u without doubt to be preferred to the latter, still the 
cholm between two syatema, one of which prcBenta a better agreement in some 

oliH'ji-valioKs, the otlvcr m others, is left, tn a measure to out jui^uTiient, und innu- 
inemblti «iillei'ii)Ulr priuapl^ss can be proposed by which thy ibriaor condition m 
satisfied. Denoting the differencea between observation and calciilation by 
J', J", etc, the first condition will be eatiafied not only \SJA-\- J'J'-\- J"A"-}- 
etc, is a minimum (which is our principle), but also if ^ -|- ^*-|~ 4" ^'^ 
J^-{-^-\-^-\- etc., or in general IT Hie sum of any of the powers with an 
mtm fxpmunrt Tipfiomps a mmirnitra. lJut of all thcisp principle'^ nura is* tlie moat sim- 
ple ; by the others wt» should be iutu tiw most cciunplitiated calcuLiUutui. 

Our principle, which we have made use of since the year 179S^ has lately 
been published by Tjearninat in the work N<mv^e» mdhodet p&ttr h ddmmalim des 
orbUa de» eemdi ^, I'mif:, I Sdti, wlici e several other jiropevtieH of this principle have 
been explained, wiiieh, I'or (lie Kike ol' brevity, we here oirut. 

il' we were to adopt a x-iower wiUi «m intiuite even e^^ouent, we nlionld bo 
led to that eystem in which the greatest difiercnces become leas thaa iii auy other 
system. 

Laplace made use of another prindpte for the solution of linear equations the 
T) umber of which is greater \hm tbo number of the unknown quantities, which 

h;i<l been previously propo.^t'il by l5o!«:<mcn, nnmely, that the pum f)f the errors 
th<2ni«tilvo» takt^u positively, be made a minimum. It con b<i easily Bbuwii, that a 
system of values of unknown quantities, derived icova. thia principle alone, must 
necessarily* exactly satisfy as many equations out of the number proposed, as 
there are unknown qnanUties, bo that the remaining equations come under oonud* 
Cmtioii only !50 far as they help to deknime the chjict- : il", therefore, th(^ e(| nation 
Y^j\f^ loi' example. \!< of the nuTriber oi' those which ;iro uoL salished, the ciy^ 
t«m oi° values luund ocuoidiug tu Ihiii piiuuipie would iu no respect bo changed, 
even if any other value N had been observed instead of Sfy provided that^ denot- 
ing the computed value by n, the difierenoes M — n, N — n, were affected by the 
same edgns. Besides, LaplaiOS qualifies in some measure this principle by addmg 



Ex«ept ih« spedal cmm in wbioli tbe problem reoujiu, to some extent, indetermiiiRte. 
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a new couditioii: he requires, namely, that ihe sam of the dI£Ebrences^ ihe Bigns 
remaimng unchanged, be equal to ssero. Hence it foUowa, thai the number of 

eqnatioTi? exactly repreh-etitfjd may ho lo--^ nutty thtm tlip nmnlirr <if unkiiown 
qiiatiUtbii } hut what wc have befoie said wiU titili hold guud if tliuru are otilj 
two tinknown qnantitiea. 

187. 

From these general diseuanons tre return to our epecial eubrj'eot ibr the sake 
of which they were undertaken. Before the most aconrate determination of 
the orbit irotn niorc observations than ore absolutely requiate can ho r«nn- 

monrod, tlifre nhould be an approxlinale deteiininatioii wlilcli wHt nearly yat'i.->fv 
all tin- {^ivoii obs<M valtonH. The corre<^tioTrs to be applied to these a])pi-o.\imatc 
dumeutu, in uixlgr to abuua iixo most axact ugrtittuiuut, will bu regarded as the 
ohjeots of the problem. And when it can be assumed that these are so small 
ihat their aquares and products may be neglected, the corresponding changes^ 
produced in the computed geocentric places of a heavenly body, can be obtained 
hy mea-ns of the diiTerential formulae given in tlio Socontl Sect!f)n of the First 
Book. The computed piaeeu, tbcreibro, which w@ obtain fi*um the eurrtiuted «^e- 
mouts, will be expressed by linear functions of the corrections of the elemente, 
and their comparison with the observed places according to the principles before 
erplaiued, will lead to the determination of the most probable va]uc& These 
processors ar<' so simple tbat they rf rpiirc no further illustration, and it appears at 
(Noce that any nmnlHii' of ol^'rvations, however rt;niot<> from each other, can 
be employed. The same method may ako be med in tho coiTt^tiun of thu j^-a- 
loSe orbits of comets, should we have a long series of obeervationfl and the beat 
agreement be required, 

188. 

The preceding method is adapted prindpally to those cases in which the 
greatest accurac^y is desired : bnt cases very frequently occur where we may, 
without hentation, depart from it a little^ provided that by so doing the calcula- 
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tton IB ooneidenibljr abridged, especially frhcn the obaermtioiiB do not embrace a 
groat interval of time; bero the final determination of the orbit ia not yet 
proposed. In rach cases the fbllowing method may be employed with great 
advantage. 

Let complete places L and L' be seletited iVom the whole number oi' ob^t^rvw- 
tionsi, and let the distances of the heavenly body from the earth be computed 
from the approximate elements for the corresponding time& Let three hypothe- 
ses then be framed wiUi respect to these dist. i i the computed values being 

lolaineil in t!ie first, ih*^ first <H.sfjiiK'<' hi-hvr fliangt'd ''i il«>> seeding bypothe^ 
iind tliL> .second ia the Uiird bypothe»!ii» ; ibese change can be mode in proportion 
to tliu unccrtaiaty presumed to remain in the diMances. Aoeordiog to theee 
three hypotheses, which we present in tlie following tab^ 







Hypi n. 




XKstanM* CMrmpondln^ to &» fliat ^iaeo, 


D 




2) 

If 4- 8 



lettiiree nettf of elciTiont-< he compntod Crom ihc. two plnoos /i, L\ hy the mothn<1s 
explained tu thit» hook, mid iifterwiurdij horn ti^Jidi tiw ui' iXxam sais- tUu gW' 
centnc places of the heavenly body corresponding to the times of all the remain- 
ing obsenratioaa Let these be (the several longitudes and latitudes, or right 
ascensions and declinations, being denoted separately), 

inthefir^tset . . . , M M\ M", etc. 
Ill th- ...eond «jt . . . iV-|-«,itf'-|-«', jlf"-|-f/', etc. 
iu the lliiid set . . . . +ft JIT+ZJ', JlT+fJ", eto. 
Let, moreover, the observed 

places be respectively If, JIT, IT', etc. 

Now, so &r as proportionol variations of the individual elements correspond 



* (I wUI be still more coovenient to tue^ instead of ths dbtances tlieinaelTeav >be logarHliiiH of tbe 
curtate distaDoes. 
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to maalk varintkiu^ of ihs diiitanc«« i>, i>', m well aia oT lk« geoc^uta'ic pla/oeii 
oomputed from them, we can aaaiune, that the geocentric places compated Jrom 
the fourth eyKtem of elements, baaed on the disUmces fi-om the earth D-\-se9. 
jy-\-ff&'f93t6 respectively Jtf + a a? + /» jr, itf* + ot'sr + (fjf, Iff-^eTz-^ /3>, etc 
Hence, Xt y, will be detennined, according to the preceding disouasion^ in such a 
manner (ttie relative aceuracy of the ohf-'crvatJon* being taken into acconntl that 
these quantities may m far m po^ble agree with iV^ N", N", etc., irespectiveiy. 
T^e corrected system of elements can be derived either from L, L' and the dis^ 
tances D-\-xiy If •\-*ffy or, according to well-known rolee, from the three first 
Bystenui of dementa by nmple interpolation, 

180. 

This mc(ho<l diflbre from tlio prooodinLf in tlii^ rospocl oiilv, (liat it satisfies 
two gooetntric places ex(irtl\', niid tlu»n thi^ remaining plno.es as nearly u.-< possi- 
ble \ while acaoriling to otlit^ uiiitUud iiu on<i ob^^ivatiau li^ tke pfuTtiieuce 
over the resl^ bat the errors, as far aa it can be done, are distribated among alL 
The method of Hie preceding artide^ therefore^ is only not to be preferred to the 
former when, allowing wme part of the errors to the places Z> II, it is possible to 
dipiin'sh consideraljly lliu enor.s in tlie reiiialiiiii;^ places: 1ml. yot it is generally 
€i'isy, by a siiit;0>lp choice of the obf^crvations L, L\ to provide tiiat tliis dtRrrpnce 
caimot become vury important. It will be necessary, of coiuse, Lu take caic lUuL 
sooh observations arc selected for Ly L\ as not only poasees the greatest accuracy, 
but also such that the elements derived firom them and the distances are not 
too mnch afTecteil by small variations in the j^eocentric place-. It will in t flie.ro- 
fore, he jn'f!cinii= to peleet oh.sorvations flJstant froui ear-'i ' llu' - (jy a small iiiter- 
s'al of time, or Uiose to wlutsh correspond nearly opposiitG or coincident helioeen« 
trie places. 
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190. 

Tm peiturbftitons which ike utotions of plsm^ta iiuil<;r from the influeucit of 
other planets, are so small and so alow that they only become seo^ble after a 
loug interval of time ; within a shorter time, or even within one or several entire 
revolutions, according to circmustanras^ the motion wonUl dilTiT so litiTe from the 
motion exactly descnbtid, according to tK«! laws of Kepuir. in a perfect, ollfpse, 
lliai o})sc'rvation9 cunnot show the ditrorcnee. A>s long as this i.s true, it w<nild 
ufji Ua wuiik wliile Ui muleilako prematuiely Lkc coiuputiitiou of liie purtuibdr 
tionsv bat it will be suflKdent to adapt to the obeervationB what we may call an 
osculating conio Bection: but» afterwards^ when the planet has been accurately 
observed for a lont^or time, the effect of the perturbations will ?^1iow Itself in such 
a Tnrtnncr, that it wnll no longer be possible to satisfy exactly all tlio observationis 
by a purely elliptic motion; then, accordingly, a complete and permanent agree- 
ment coottoi be obtained, unless the perturbations arb properly connected with 
the ellintic motion. 

Since the detenrunation of the elliptic elements with which, in order that the 
obaervations may be exactly represented, the perturbations are to be combined, 

sttipposes a IcnowIcrT^e of the latter: m, mv^Twly. the theory- of the pciliiiluttion" 
vtuiuul h*i miisumi^y st^itleU util«$j!is the eleinenki aru ulretuiy vtiry ui^iy kno^vn : 
the nature of the cade does not admit of this difficult task being accomplished 
with complete success at the first trial : but the perturbations and the elements 
can be brought to the hi^est degree of perfection only by alternate corrections 
(174) 
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often rcpcalcHi. Accordingly, the liret theory of perturbaLiotUi will b« oonstrucled 
upon those jnirclj elliptical elements which have been approximately ai^juuted to 
the observationaj a new orbit will afterwards be investigated, which, with the 
addition of Ihese perturbations, may satisfy, tm fax m praeticable, the observa- 
tions. Tf this orbit dill'oiH i-oiisKTcralily from tlio former, a secoiul itcturmination 
of the periorbatiom will bo ba-seJ upon it. nn'^l Ihe com'ctionH will bo repofttetl 
alternately, until obaervuLious, eleineuts^ nnd perturbations agree sm nearly 
possible. 

191. 

Since the development of the theory of perturbations from given elements is 

foreign to our piirpo««e, we will only point ont here how an approximate orbit 
can be m oorrected, tliatj joined with ^ven pertiu-baLion^ it may eatitity, iu 
the best manner, the observations. This is accomplished in the moek simple 
way by a method analogpus to those which wo have explained in artioles 124, 
16r>, 188. The numerioal values of the pertarbations will be computed from the 
ecpuilion?, for the loiiifitudcs in orbit, for the mdii vortorr -. and ate for the helio- 
centric Inf'rtudes, for tlie tinu?s of all the oIiKervntionw which it is proposed to ube, 
iuul which can uithcr bu thrtiu, ur £uur, ur mure, according tu circumstances : for 
this calculation the materials will be taken from the approximate elliptic ele- 
ments upon which the theory of perturbations has been constructed. Then two 
win be selected from all the observations, for whif^h tlie distance** from the earth 
will be computed fi-oni the frnna approsmiate elontentn : these will laonstitute the 
first hypotbesia^ the second and third will fui-mcd by changing these distances 
a little. After this, in each of the hypotheses^ the heliooeutric places and the 
distances from the sun will be determined from two geocentric places; from those, 
after the latitudes have been freed from the perturbations^ will be deduced the 
lonjritudc of the a^^t>nding node, the inclination of the orbit, and the longi- 
tudes in orbit The method of article 110 with sonn; modification is useful in 
ibig CiaJcuItttiOD, if it i» thought worth while to take account of the stjcular variar 
tion of the longitude of the node and of the inclination. If fi, denote the 
heliocentnc ii'.titudesfi^ed from the periodical perturbations; I, l'^ the helioceur 
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ti'ic lon^tndes; 8, tiie longitudes of the ascending node; i,i-\-d, the 

inclinationB of the orbit; the equations can be convenienily given in the follow- 
ing ibrm : — 

tiin <i — Ui !i t «n (J. — P ), 

jj^^^:^ tan fj' i am (i' — ^ — 8 ). 

This value of ^^^^i^^r^ acquires nil tli<» rtHjuisito nrcnracy by sobstitnting an 
appntxtraate v&Ine for t: * and 8 oan afterwards be deduced by the common 

methods. 

Moreover, the sum of the pertui'batioiis will be subtracted IVoui the louyitudta 
in orbit, and also from the two radii vectores, in order to produce purely elliptical 
values. But here also the effect, which the secular variations of the place of the 
perihelion and of the eccentricity exert upon the longitude in orbit and radius 
vpptrtr. niitl wlilcli iH to Ije fleteniiined by tlio rllfTerential formula? of Secf'on T. 
of the First Book, ifs to be oombtued dir^csUy wilh tbe periodical perlut'bat,ions, 
provided the obaervations are sufficiently distant from each other to make it 
appear worth while to take account of it The remaining elements will be deter- 
mined from these longitudes in orbit and corrected radii vectores together with 
the corresponding lIlnL'^'. Finally, fi-om those clomont.>* will be computed the 
grncpnlnc places lor all t.ho otlter observation's. Those boing compnxerl with the 
i>b«et'Vtid pkce«, in the uiiomer we have ezphuu«d hi ai,-ttd« IbS, that of 
diatonees will be deduced, from which will follow the elemente aatasQring in the 
best possible manner all the remaining observations. 

192. 

The method expbiincd in ihc p-. rf lir :- nrtide hm been ]>rinL'Ipiin_v adapted 
to the determination of the Ji'rd t)rbit^ including the pcrtm-hiitionjc tnit as ?>oon 
a«> the luejiu elliptic elemeute, aud ih^ e^^tmliuus o£ tlie p«i'turUatiuni» lia.ve both 
become very nearly known, the moat accurate determination will be very con- 
veniently made with the aid of as ronny observations as postdble by the method 
of article 187, which will not require pai ttcnlor explanation in this place. Now 
if the number of the best observations is sufficiently great, and a great interval 
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of time is embraced, this meihod oitn also be made to answer in several caisBS tor 
the moro precise (letormiiiation of the masses of the diaturbing planets, at least 
of tlio larger planets, ludced. if ihr> mAHH of any dkturbmg planet assumed in 
the cak-iilatiou ol' the peiiui'halion^i lioes not t*eem suliioiently c]et<innincd, bcpidcs 
tlitj mi. imkuowii (^lumLlLies dopcuding ou tiia correctious of tho cLcmcut^ jat 
another, ju, -will be introduced, putting the ratio of the correct mass to the asmmied 
one as 1 -f- |u to 1 ; it will then be adnusmble to snppoee the perturbationB them- 
eelTce to be changed in the same ratio, whence, eTiclentlj, in etieh one of the com- 
puted |il?i'>e« a new Impar term, eontainiug ti. n ill pi nduced, the development 
of which will ho subject to no diilioulty. The coiapaiisou of the computed places 
-with the observed according to the principles above explained, will fiumiah, at the' 
some time with the corrections of the element^ also the correction The 
massea of meral planets even, which exert very considerable perturbations, can 
be more oxaetly determined in this manner. There is no doubt but that the mo- 
tions of the new planets, especially Palla.s .nid .Tnno, wMclt srrffer mch great per^ 
burUkUum liuiu Jupiter, may fumbk in this uuinuur after soma dnuwUm of yeore, 
a most accurate determination of <iie mass of Jupiter ; it may even be possible- 
perbapf^ hereafter, to asoertain, from the perturbations which it exerts upon tiie 
others^ the masB of some one of these new planets. 
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TjiK vtduti of i adopted in the Solar Tables o£ Hansm and Olufbcn, (CopeD- 
bagen, 185S,) u S6&2563582. Uung tiiis and the value of fty 

1 

from the last edition of laAPLMlTs S^ime At Monde^ the oomputatioh of A is 

log 2 IT . . 0.7981798684 

Compi lotr^ 7.4874022164 

Compl. logV(l-i-/i) . . . 0.9999J>93»ft2 

log k 8.2365814720 

Jt= 0.01720210016. 



11. 

The following method of wiving the equation 

is recommended by Esckb, Ber&tar AgtronmisiAes Jahrbueh, 1838. 
Take taij approximate value of aa e, and compute 

* The Duiubttfing of the No(m of the Appendix deaiguutea the articles of ib« origiual work to 
which they pertain. 
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Iieing used to denote e expreasod in seconds, then we have 

or 

If — JIT = jF— e — <" («nii J?— Bin t) 
= (JF — «) (1 — tfcose), 

if ^ — c is regarded as a small quantitj of the firat order, and quantities of 
the second order ore selected for the present : — so that the correction of e is 

and a new appruxiuiut« value of « k 

' 1 — « CO**' 

with which we may proceed in the same manner until the true value is obtained. 

It IS iilmost always inino<X'J(srtry to ro]>t'at flu- culoiilntion of 1 — <'Co.s«. Goiior- 
olly, if tho first e is not too Jar fioiii tlie truth, the first computed value of 
1 — 6 cos 4s may ruUuuod iu uU tiie triaLi. 

This process is identical with that of article 11, &r X is nothing more than 

if we neglect tLe mo^lul i^ of Brioos's system of logarithms, which would subse- 
quently disappeaJT of ilseltj and 

dlagiJ' mu M) 1 

therefiire, 

f. _ t 

and 

« = (/V4-«i"8in« — e)=^ (J/— M')^.= .^~^^ , 

and the double mgn ia to be used in such a, way timi it shall alwayit have the same 
giga M 008 J?. In the jSist appro^dmations when the value of t diflfets so much 
firom E that the dififerenoes of the logarithms are ancertain, the method of this 
note will be ibund most cunvenient. But when it is denred to insure perfect 
agrocniont to the last dedmal place, that of artide 11 may be used with 
advantage. 
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As an illvutration^ take the data of the exauiile !n article 13. 
Aasume e:=S26% aiul we fiuil 
loj^sTTTE 9.74 750 « 
]oge" 470415 
log^einc 4451*71 » 
^'ain« = — 28298" — 
JIT = 6 — /' sin « = 333» 61' 3S* 
,lf_3f—_ 4960* 



log 008 ■ 9.91857 
log* 9.3S973 
logtfoosa 
r 61' 86" 1 — « ooB « = .79662 
Iog(l— «cofl«) 9.90126 



M—M' 



=—6226* 



log jW- 
jf- 



M' 
•M' 



1 — «eaB« 

=_1«'48'46". 
And for a second approzimation, 

« s= 326° — V 48'46* = 324* 16' 14" 

log sine 9.7GC3S20« 
log/' 4.7041513 
lag e' mi. e 4.4 liioo^ n 

^ sin « = — 29548".86 = — 8" 12' 28".36 

jr = 332'28'42".36 l«^g(l— «oofle) 

M— J/' = + 12".41 log {M— 3f) 



3.6964S« 
3.79423a 



lo. 



o 1 „_ « cos s 



9.90866 
1.09377 

L19021 



which gives 



£— 324* 16' 14" + 1&'.50 = 824" 16'29'.6a 



Putting 



we have 



18. 

f = i j»= penholion distance, 

Iogx=s.0S.^nc644:i6» 



tan i V -|- i tan' 1 1> = K T, 

T=|^(3 tan iv-j- t&n^iv); 
86 
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a table may be computed from this formuln, givrng v for values of t m the aign- 
ment, which will readUy furnish the tnio anoinalj^ corresponding to amy time 
from the periliclloii pfi.<sif>t'. Table TLa is such a table. It ia taken from the 
first volnrae ol' AioH/l-i </e V Obfurraioife TiupMalc de Park, (Pni-i^s, 1S35,) ami (Ilflt'Ta 
from tltat given iu Du.AAU$isji'« Ajstrouomy, J,&i4,) VoL ILL, only iu tlie 

intervals of tfao argument^ the coefficients for interpolatioQ, and the value of k 
witli which it w<ta computed. 

The true anomaly corresponding to any value of the argument ia found by 
the formula 

r _^ + 4i (IT — To V ! . r f r - T,? - j- (r - 4- (r — J^ 

i iic -igiis ol' Ai, Ai, Ai, arc placed before the iogarithmB of these quantitiefl 

iu liiu Uilule. 

BuBCEHAKDi's table, BoirvrrCH's Appendix to the third Tolume of the Mecam^ 
C^edt, is fidmilar, exoept that logT ia the argument instead of 

Table Ua contains the true anomaly corresponding to the time from peii* 
helion passage in a parabola, the perihelion distiiiu^e of which is equal to the 
earth'ii mmn distance from the sun, aud bb« vmm. ft> e^iutl to men. For if we put 
1, ^ 0, we have T=:/. 

By substituting the value of x in the equation 

«^ = ^ (3 tan 1 1; -|- tan' 1 f) 

it becomes 

T—27.msm i (8 tan J » -f- tan* J 

= l.onni r,-81(S (75 tan i » +25 tan* i r ; 
and therefore, if we put x' = O.'.i 1 2270ftfil , 

log x' = 9.9601277069 
Baokbr's Table, explained in article 19, contains r for the argument v. 
The Mean ttaify moUan or the quantity JIf, therefore, of Babksb's Table may be 
obtained noni tabic II«, for any value of v, by multiplying the corresponding 

vahic of T hy V.' . 

The foliuwilif,' cxainjiles will sorvt^ \a illustrate thn ti-r of *h!> trt'i!r>. 
Given, tlic pcrilieliuu UkUuicc ^^Clj tUc tiiim uit«:r punlieliun pujjsage 
i = €''.390997, to find the true anomaly. 
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A«ninuiig^=:0, we find 

T = 208.42561 

To 200. 

T—%,=: 8..12561 

At (t— T,) =+ r 14' 42'^2 
^(t— r,f=— 2'20",19 

— — — 0^.16 
» = lll''Srir.52 

<»r 

T=20S.'I2561 
n = 210. 

1.67489 

«b=iir50'ie*.87 

*,) = — 12'68''.96 

^(*— f(i)' = — ^''.SS 

A(r-.To)* = — f>".03 

^(t— To)* = — O'.OO 

Iir;i7'i3".53 

The iatter Ibim of calculation in lu be prei'tuttHl b«cau£« the value of v — 1*1 
is smaller, and therefore the terms depending on (t — Tg), (t — x^)\ (t — Tq)', are 
smaller, and that depending on (t — Tq)* is iDaensible and it is the onlj form 
of which an the appreciable tems nre to be found in the table. 

Beyond t = 40000, the limit of the table, we can use the fomiila, 

» = 180* — [6.0D47259] Q*— [6.87718] (i) — {IMS] (i)*, etc, 

in which the coefficients expressed in arc are given by their logarithms. 
For % = 40000, for example, we have 

» 180» — lO' 6' e*.87 — S' 8'.4I — 0^.44 
= 169* 50' 44^.28. 

If « is ^ven, and it is required to find x, we have 

r-T,= ^-^"^^(T_r.)«_f;(r_T.)'. 
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For a fint approsdmation Has terms depending cm the aqnare and third power 
of r — r, may be ne^ected, and the value of r — c^, thus &tind can be corrected 

80 as to ejmctiy satisfy tlio equation. 
If p exceeds tlic fonnuln. 

* — [1.9149336] tan 1 0 4- [1.4378123] tan* I v 

may be used instead of the table. 
Thua^ for V = 169° 50' 44''.28, 

logtanit*. .1.0513610 
1.9149886 

926.33 2.9 662916 
lo^ tau-* i i< . . 3.1540830 
1.4378123 

39074.67 4.5918963 
c = 40000.00 

This method wiU often be found more convenient than the table, even where 
y ig leea than 169*. 



35. 

Table Va contuns Bissbl's table here referred to, in a slightly modified 
form; and also a similar table by Poabelt, for the coeffidents tf' and in the 
formula of article 3^ 

it is taken from Evoo's edition of Olbbhs Mkmditwj iibtr die Idehttde und ieguemU 
A&tAode die Bahn Mue Cmeten sm hereOnen (Weimar, 1847). The folbwing 
pxplariatlon of its consfruotkm and use is token from the same work, with 
siioh chimges 88 are needed to adapt it to the notation of the preceding 
articles: — 
If we put 

^=tan 
v = tanitr 
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the formobB of ftrtiole 34 hcoomn 

The Pccond equnrion, in whieli v is expressed iu iwznv of w, jsi tliiit f^Ivcn by 
BEgSET,, Moiudlicke (Jorresjxni/JtDS. Vol. XII., p. 197. He also gives tlip third coeffi- 
(neut of the »erlo.% hui ha^ compuiud a tabic of only ihu Unit two. Puii&fiLX, iu 
the Zeif8ekri/'( /Or Astrmmie und vermmdte Wugenaek^Ua, VoL p. 161, baa pvea 
the fint equation ; he has also gprva three ooefficients of the serieei, bnt a table of 
the Beoond only, nnco B»..st:L*s table will give the first coefficient eimply bj 
(Jianorinw thn sign. Possklt has clumgcfl the sign of the 80con<l oHeffident alaa 

Instead of th« loga-iitluus as glveu m the tahlm of lissast. and Pobbblt, the 
oonesponding numbers are given in table Ya, and to avoid large numbeirB^ 0.01 
is taken as the unit of 

Patting 

tan 

the table contains 

^ J +iiMiM 206265 
B = ^ J mr+itP+rf,£" 206265 



■''^ — 10000 /Wtoaoo 

we have 

» = »4- (lOOtf) 4-ir(100*f 



10000(1+1*) 

So that when a; = to we have 



And when ;r = t». 

It seems imnecPflBary to recompute the faWc in onlcir t-o bo certain of tlie 
accuracy of Uui last place, or to ext^d it further, m ita use limitiCtL I'or 
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abootote valaes of 9 greater than O.OS, and fbr Tatues of x oonndeiibly greater 
than 90% ibe terms here given would not be sufRcient In such cases the 
methci^ or S7 nnrl the foWomn^ articles shonld be used. 
&mi^ik. — i'or 11ai.l,ey'.s comet, 

hfrfirr^ 8.5099324, and < ^63^3592, w© haw 

by tabk IL^ * = 99' S6' o5".91 

and by table Ya, A~ 417.46 Ist cor. -f- 22' 30*.63 
5=+ 8.111 2d cor. + 

«>=99° 59'69".ll 

iriiicb, rigorously, should be 100*; so that ^ is in this case too great 
Inversely, we find, fbrv— 100*, 

IT = 100" 0'00".00 
il =+ 426.78 1st cor. — 23' 0".83 
jr=+ 0.297 2door. — 3".ll 

99»36'5e".06 

which agrees nearly with the preceding valua The change of the table to the 
present fbnn has been made under the supervision of lyAjaaai. 

39. 

Wlien table Jla i^^ usefl itiBtead of Babssb'b table, w is the value of v, which 
corre^nds to the argument 

»t 



40. 

If we put 

the finmulas for oompnting the true anomaly and radius vector axe 

ta]i|9= JS^/tan Iw 
r= J^j|rse<?|«. 
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Tftble la foft the EUipm contuns logJ^, and IogJ> for the argument J, (»' 
geiher with the logarithms of their differences correnponding to a change of a unit 
in the eevontli decimal place of the argument It yrae computed by Prof. J. S. 
TTrBBARt), and Iios hct^n ns<Hi hy him for !*everal ymm 8inw it was in type, a 
uaular tabltj, ootuputed by Mr. A. MAmu, haii appeared in the Astrotumti&che Naeh- 
rieAim, VoL XIHL, p. 122;. The example of article 43 will furnish an iUvutrft' 
tion of its use. 

Formulas expiiesang the differentials of the true anomaly and radius vector 

in a VPTy ecc^^ntrlc elllpsve, in tfrmi the (iiffoi-cntiul* of tlio time of pcrlliolion 
pa.^ige, the p«n-ihelion distauoe md the eccentricity may be obtained from the 

If we put B = lf (7=0, we have, artide S9, 
which, by article 20, giv(^s 

= 75 — 8i 75 + Tfi 

We also have, article 40, 

logtan i fr = log tan i 10— i log (1 — I tan^ J ip) 4- log r 
and, therefoie. 



3 sill ^ « COS J » 2ain^ wcos'-Jw (1 — ii .() ' ' 1 — (i 
«ln«f"~7ataHjw(l— f^)"* iq76taxii»(l—fJ.) 



which, by patting 



■^■~7»t«ii|«(l — t.i) 

M— ^ _ 
-"—2(1 + 9.) 
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18 reduoed to 

observing tbat <7< = — dT, if X dauotes ike time of jjeriheiion piusaAge. 
If W0 difierentiato the equation 

we find 

These fonnulae are giTen b; Kicoui, {MonatHeJie Omt^pOHdm, Vol. XXVH, 
p. 212). The labor of u.*ing tbem Is greatly abritlgod by the fact tbat JT, £, 
M, etc., are compiitc«l once for ali^aod tlint tl:f' quantities needed for thia pur- 
pose ar@ those required for eompQtmg the true anoumly aud radius vector. 

If the ellipse bo nearly approaches the parabola thal^ in the coefBcients^ we 
may aasume 

tanitisssj' tan iw 



the valuer of dv «nd dr assume a much more nmple form. In Hob case we 

should have 

3 ft tan |v gi ♦* 

1(1 +.) (I + 9*)J (!+.> (1 +9,) 

and consequently, 

^ H 8(1+9.) (1+<)<14-9,)J*'' 
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This form is givea by Erceb (BerUnar AMrowmitehes JahrhieA, 1822, page 184.) 
If we put « = I in the coefficient of deii becomes 

11' we substitute the Talue of J v in the expreaeion fyc dr given above, it 
maj be reduced to the form 

dr~ Jsssin v d T-^ooAvdq -f- (iV " ^ 4- xv *" ivjde. 



41. 

Tlio time / m»y be iowai. from table lla> by mtdtiplyiiig tLu vulue of « cor- 
lefipoiuiiBg to i» by 

a 

45. 

Table la ibr the hyperbola is sioillar to that fbr the eJ\i[m, and eonteins 
log E, and log S, for the formnlas 

tan i«= J^/tan i w 

The difierential formalas of article 40, of the Appendix, can be applied to 
the hyperbola aiboy by changing the sign of A and of 1 — < in the coefficients. 

56. 

As tlu; solution hoT(* referred to may somefiinos fi<> fouuiT tnorp conTonieat 
than tiie oue givea iu articleB dd-67, the Ibruiulas suflicienii for tlic ^mi of prao* 
tical computers are given below. 

Using the notation of 50 and the following artides^ the expreanons for the 
rectangular coordinates referred to the equator are^ — 

ji; = rc08«C08 Q — rsinusin Q cost 
(1) y = r oosa siii ii vos « -f- sin u oos d cot- i cos « — r sin u ?in t gin e 

9 = roos«sin Q smt-f'''^*'*'*^ 8 cOB>Bin«4'''™'"'i'**c<M* 

37 
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which coo be put in the form 

(2) y = rmibsm{B-\-u) 

or 

ip = r Bin a sin ^ 008 « -(- r ain a COS ^ ffin » 

(3) ^=r8in^fflnf co8tt-{->'>>niooeS8in» 
0=rfflntf sin ^QOBtt-{-r sin coos Otanu 

equations {S), compared with (1) ^ve 

ain a sin ^ = cos 8 snacOB^= — sin Q cos/ 

(4) sin i sin// 3= sin 8 fO'^* sin // cos//— cos 9 cos i cose — sin^aine 
aineain 0*= sin Q sina sinccos C = oos 8 cos»Bin«-(-am»oos«. 

By introducing the auxiliaiy angle E 



we shall find 



tanJ?=*°"; 

«iNI 8 

eotan^^ — tan 8 cost 

cotan<7=-^*^^^^+-^ 

tan 8 o"* t 

mt fl ■ tgl^ ''^ 

Kin A foa A 

■ 1 mnQ mt ^waQamicMt — tiniiiSnt 

"Sn^B^ S5;3 

. sinQfliK G<H 8 00** Bin tome 

nan 6' CM C 

sin «, sin j, sine are always poaitiw. anfl the qnaflmnts in which A, B, 0 are to 
tsikm, can be decided by means of equations (4). 

The ibnomng relations between these constants, easily dedncible from the 
foregoing^ are added, and may be used as checks: 

» Bin i sin edn(0— J) 

iiiieniiiA 



APPENDIX. 291 
oo8a=:aiii Q mat 

000 i = — ooe St nut CMS — eoniaut 
OMe s — cos Q sin* nne-|-cos*coai 
an" « + rin* * + enn* s= 2 

<m{A — B) = — cotiina ootan* 
cofl (J? — = — cmUiu b cotan e 
ism{A — 0) = — cotanaootaae. 

58. 

ff in the fcmuulas of article 56 of tho Appmdix. the ecEptio U adopted M 
the iimdaBO^tel plaae^ in wLimU ca.so t — aud li we put 

n = long, of the perihelion 
nna = ki A — K^ — (;i — J? ) 
^mh = ky B — K^ — {tx — Q) 

sine— it, c?=ik;— (ji— a) 

we flhall have 

i;. Bin (i^— (« — fi )) s= 006 a 

^eos(iE^ — (ff — 8)) = — ^ 8 ooB* 
i(;,nnJ^=oofl a oo0(n — 0) — rinQ ain(ff — a)oOBt 
ijx»K^^ — [cob 3 0in(flr — 0)-)-^ oofl(ir — d)ooBf] 

which can eaaly be reduced to the form^ 

it. ooB JS; =s — [coe? i « sin ir -|- ain' 1 *' Bin (ic — 2 8 )] 

and in like manner we ahoiild find 

^aiiiJE^=co^ Itann — «atkimi{n — S ft) 
ii;ooaJ!^z=coe^i«coa)i — ttn*}icoe(n — 2 8) 

t,eoB^= 8in*dn(ff — Q) 
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If these values are substituted in the general expression Sot coOrdioatea^ 
ail 000 y eo»KaaH~\-«kdiiK(QOB£ — «) 

and if we put 

a co# * » 008 jr [l + tatf * « = 4 

L ' fin J 

J coB» * » oofl « f 1 — tarf i ^ ) 1 

«aiiitnn(n — a)=il" 
d8in>coB(7t — 0)=^ 

tiie oodrdinates will be 

ii;=il (ooaE— anE = ii (1— «8ecE)4-£ sinE 
if=il' (coeE— «)+P'BiiiE = il' (1— *BecB)-j-^ smE 
* = ii" (008 B — tf) + J?" ain E = j1" (1 — « sec E) + ^' Bin E. 

If the equator is adopted as the Aindamental plane instead of the ediptio, 
the same formulas may be used, if d, n, and i are referred to the equator bj 
the method of article 55. Thus, if denote the right asoension of tlio node 
m the equator, for Q, n, and t, we must use fi,, 8,-|-(n — Q) — J, and t 
retipectively. 

This form has been given to the computation of coordinates by P>t>f Feiroe, 
and is designed to be used with Zech*8 Tablet <^ Add&im and JSfiMveHon Logmthnu. 
Bmmpk. — The data of the example of articles 56 and 58, furnish 

158" 30' 50". 43, 122' 12'2S",55, i= IF l^S' r>2".89 when the equator 
is nrloptecl :i8 the finidameutal plane; and also log i = 0.42«l$533. 
Whence we fiud 

logcos(jt — 2C) 9.9853041 » iogfim(;i — 2 a) 9.407i)l48 
log sec ;t 0.2732948 n logcoseor 0.0725618 

logtan>|» 8.0234332 logtao'i* 8.0234882 

logc &2820321 logtf' 7.5039093 
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add. log- 
logoasTt 
log coe" i »' 
log a 

add. log ^ 
log COS* 1 1 

log 6 

logJS 



0.0082354 
9.7267052 It 
9.9954404 
0.4423790 
0.1727600 » 

9.9274382 
9.9954404 
0.4288538 
0.353115611 



tub, log ^ 
logcosn 
log C06* i i 
log* 

log^ 

C. suit, log ^ 
log«iiin 
logcoE^ i i 
log 9 
log-4' 



9.9916052 
9.7207052 
9.9954404 

0.1-JS86SS 
0.1426041 a 

9.9986120 
9:9274382 
9.9954404 

a.442;!700 
0.3638696 



Xlub lu^Uiotl imy alao be used to oompute k and JT fin the general fomrala 
of article 57. Thus: — 



° « 


0.0082354 


0. sab. log - 


y.>«/'.il6052 


log ouas;^ 


».72670o2fl 


logooisn 




log coi^ i i 


9.9954404 


log cos* i 1 


9.9954404 


logit,aiD^ 


9.7:303810« 


logA, COS JS^ 


9.7137508 « 


add. log ^ 


0.0013836 


C. sfA. loK - 


a<)i)siii20 


log sin ?c. 




log sin jc 


9.il2T4Sd2 


log eos'' i i 


9.9954404 . 


log oos^ it. • 


9.9954404 




9.9242622 » 


log aiu JiTy 


9.9214906 


log tan 


{1.B0()1 ISS 


log tan K", 


0.?0777?98» 


log cos JZ^ 




l(»g 


».y2!Hu58 


log*,= 






log*, = 9.9920848 


jr,= 212' 


3W 66 .1 


JQ= 12r47'28".l 



It will not be neceeMuj to extend the example to the final expressions fbr 
x,if,g,Aa illustrations of ^milar applications of the Addition and Subtraction 
Logaritbins ore given in the directions acoompanjing Zranfa Tables. 
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£9. 

If rfbf and / denote the mdins vector, the heliocentrio latitude and longitude 
of any planet, the rectangular ooSrdinates referred to three axes, — of which 
that of xis directed towards the vernal equinox, 'that of parallel to the earth's 
tada, and that of 90° of right ascension in advance of x, — will be as in case H. 

ar = roofl&oo«i/ 

ff f co-f h Sin / vii" ? ■ — r f?in ^ «in p 

and by pntUng 

CO0tt=COBiOOB/ 

flint (in/cut 

. . tan h 

they aasume the following forms convenient for computation : — 

jF=:rooa» 

» — rmaumi{^ -{'*). 
74. 

The folluwing are the iaalutiow wtl exaiupks from the MomUiehe Cwrtsp'M' 
dem referred to in this article, adopting the notation of article 74, and naing If 
to denote the longitude of the Sun. 

Given, Q, L% /, », It, to find v, r, J, and the ausdBaiy angles A, B, Of etc. 

L 

2. ^ tfr^gl* =t«i^ «?L4i!D»^(^-aL) = tan« 

8. '^g;^^*=tan(7 ^Ir^'' o fi*-^" 

nn(i>— QUni •inCC'-J-/. — g)cta< 

c« (2,' — /) tani (Z)-|-i'— 0 coe» 
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The angle « is to bo taken between 0* and 180* when b h positive and be- 
tween 180° and 360** when i ig negative. When i = 0% the body is in one of the 
nodes of its orbit^ m the ascenrling node wlion m\ {IJ — I) and on {I — d) have 
ttic same sijpi; and hi tlio doscoiKiing node when they have opposite sigtis. 

It is in]niatei'iai i\\ '>vl»i li of the two qusdraots diiat giva the same t'in£::eiit, 
the ansliM';)- im>^lc^ AyB ^ 0, ci^, are taken. In the following examples iLey 
are ahrajs taken between -|- 90° and — 90*. 

II. 

K — *«» iiB J«n {L' — Q)_ r_ 

ftul(/— Q) "ainO — i;)8inu ~ 7; 

tan»0in(/ — Q) = taDjr ■ . . — 

* ' na(F — i) no won* X 

eoBitan«=tan (r t-tj — ^ /v. —-a 

sin(/— — &)«»« ir 

fl teng— a) _ jT "i" (^-' -J) _ «• 

*** mTT —wan isn (ir— ») sin (/ - a ) — s 

Q tan> ^ y ida/eof (/,' — a)__r 

■In»oM(Z— O) .ir.(«-/) 

ontcoau — Q)tan« = taiif t—tf — is 

1 1 rin C sin (2, — /) _ A« r f inL r 

cot((74-Zr' — Own (//— 8) oosi- inOr— i>)cw(i7^")~ Jf 

15 rinJeo»(Z, — a) ^ tbkM r 

III. 

•ij BanBsin (L'—Q) ain< co> aim (!>' — Q > sin i j 

Bii>(<— Jf)wii* ~8in(t— J?)wn(j— 0)oo»*"'^ 

IB Bern F fin (/.' — Q)tmi BmF^\ujlf—Q) sf n (?— Q) - 

Uthoi' Bxprussioaii ibi' J umy bti ohtaumd by coiiihiiiiiig 13 wiih iili the 
formulas U. 
Examples: — 

Gi%en, 80'5ri'i2".o7, r=.2srrs4''.99, /=68»2S'2*.46, »= lo'sro^.ss, 

5 = — 3" 6' S3".561, log i?= 9.9926168. 
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log tan & 
logO(w(2/ — a) 

C\0<r /„1 (X' — i) 

log ton ^ 



8.734969811 
9.972S762» 
ai313827» 



8.83i)2287n 
3'5r2''.136 
A+i= 6M0'r.414 

log sill fr—/) D.8686i73» 
lag tau i 9.2729872 
iJlogco8(i'— C) 0.0271238 « 
log tau .5 9.1687283 
.&=8''2o'2r.888 
5-|-J = 5»16'4r.327 



log flin A 
log tau (Z' — Q) 

r' log sill ( 
li>gtoiiii 



9" 



8.8381955 n 
9.5620014 
0.9360608 
9.3352577 » 
12''12'S7''.942 



log cos i/ 
logon} 

logtan(i' — a) 

0[logOO6» 

log tan » 



9.9953277 
8.7343800 
9.5620014 
1.0360961 
0.0075025 
9.3352577 ff 



logsm(Z'— Q) 
logtAni^ 
a.lagan(£' — I) 

<7 log tan I 
log tau O 



9.6348776 « 
8.7349698* 

0.1318827 « 
0.727012S 



9.128242911 
f7=— r39' r.058 
Or+i'— C= 192»23'16''.864 



logunC 9.1243583 n 

log sin (i/ — Q ) 9.5348776 r 
0.logtm{C-[-L—V ) o.i n85194« 
aiogvoHi 0.0075025 
log tonu 9.3352578 a 



log cos (j6' — a) 
log km h 
Clog cos (X' — 
^. log tan 1 
log tan 2> 



«.972S7r)2 » 
8.7Sli:iC98 7i 
0.17M373» 
0.7270128 



9.6063661 ff 

■iir 50' 51". 182 
H-j-X'— /= 206»38'41''.S48 



log sin D 
log tan {IJ ■ 
log cos {IJ - 



-8) 

■0 



9.5735295 « 
y.5(;200H 
O.S2b4j027 a 



0.\ogun{D-{.L'—l) 0.3637217 « 
<7. log 0061 0.0076025 
logianu 9.3352578 « 
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logtau^ 
log sin (/—a) 
log tan J? 



9.666897311 



9.0690725 
i?=6Ul'12''.412 



lag an £ 



iog»u(£' — a) 

C.log8in(»— ^) 
<7.log8iiii« 

logr=:logif+iog^s 



O.OC610S1 
9.5348776 « 
1.1637907 
0.6746602 « 

0.4894666 
0.4820724 



log tan > 9.2729872 

hgmUj—Q) 9.r>r,r.S97s« 

log tarn ^ 8.0388846 « 

— 4'57'o3".<).55 



log cos* 
log tan ti 
log tan G 



9.9924976 
9^852577 » 



9.3277552 » 
(?= — 12" 0'27''.118 
l—Q—0 — — 16' 86' 42''.492 



r. 



log cos J* 

loj; mil I> 
logain(i' — Q) 
C!lo<r »m(F—(>) 

€. lug cos i 



9.9983674 
a7343300« 

0.n34877f1 n 
1.48[>G09li« 
0.6746802 «» 
0.0075025 « 



0.4i(M&67 



logooa(7 9.9903922 
log sin (//—/) 9.8686173 » 
C;iogwn(/— Q— <?) 0.5705092« 
^. log cos » 0.0099379 
log- 0.4394566 



loo; ran (/ — 8) 
log coy /' 
log tan i/ 

27=— 28° 



y.7115:-'.744 n 
9.992-1975 
9-72587 G^M 
0'S9".879 



JT— a=— 15''48' r.937 



log .sin n 

k)g sill ( L' — /) 

c. log iiiu (zr — «) 

<7.1ogain(/— C) 
logs 



9.0717^72 « 
9.86801 73 w 

0.8841027 « 
0.4394567 



88 
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log tan $ 

OAogtmi 
C,logcoa{l- — a) 
log tan/ 



8.734 9C08« 

0.7346163 

0.0542771 



9.5287622 n 
/=— 18'23'55".S34 
tt~/= 6''ll'ir.892 



log sin T 
hgm\ (L' — Q) 

logs 



10". 



logamt 

log cos (/ — Q) 

log tan tt 
lug tm K 



9.2654847 
9.9475229 

9.8862677 « 



8.5482653 It 
jr=— 2°1'26".344 

JT— 6= Vfi r.217 



log COS JT 

log cos (r— a) 

0. loii; sin (A' — 
■C. logco^iit 



w. 



logmn C 

Ic^ mi{L — t) D.S(iStii73 n 
a log oo«( 0-\'L'—J) 0.1156850 n 
<?.1ogtan(Z'— ft) 0.4S79986 
^.logcost 0.0075025 

log ton Z fU>i^41617« 
L= — 19* 42' 32".533 

«— i= 7"29'54".591 

D U—^=^ 1 78* 2* S 1".7.18 
log sill /> 9.5786295 « 

lug cos (X' — a; 9.9728762m 
«logoofl(i)+X'— ft ) 0,0002586 » 
(7.1ogco9» 0.0075025 
logtan if (= L) 9.5541618 n 



0-\-L'—l= 219* 59' 25"-474 

9.124358r5 n log gin L 



Clog sin (f( — L) 
^.logoo8{Z' — ft) 



logr 
log nin it 
log sin* 

log J 



9.4991749 » 

a0i;7Kt54 
0.43114565 



9.9997290 

a734r>3iJ0 n 

^».972S702 « 

0.0099379 
a4394567 



0.0271238 w 
0.4394565 



O.tl'^0721 

9.2tiu4847 
1.2656700 « 
0.2886469 
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76. 

If in the equatiotu of artide 60, 

X — X=J cosd coBa 
y — y=i/cofld8ina 

a denoting the right ascenfflon, and i the deoUnataon, we irappoae X, F, Z known, 
we have 

dx — i^>i0. coaidJ • — J ^ma co^id da — J oj&a smU dd 
dff=:mni tmddJ -|- Joosooofl^ Ja — JimuAxiidd 
dg-=WD.d dJ -^J coaidd. 

Multiply the first of these by sin a, And mibtract from it the socond multiplied by 
cosa, and we find 

J COB i da = — dxmi<)t-\~dffaDa. 
Multiply the first by oosa and add to it the second multtplied by sin a, and 

we liiid 

dxcoBa-\-djfsaTiu = QOBi>dJ — Jaaidlt. 

Multiply this equation by — sin and add it to the third of the difikrential equar 
tions above multiplied by cosd and we find 

— Ja;cosa siu^ — dtfAxia mnd-{-d9iso99 =Jdd 
and, therefore^ 

> , Bin a J I eoe at ■, 

co8aaa= -j-dx-f--j-dff 

J « cos «t mn 9 J Mn a tin ( , , cos 5 , 
do— 2 — ** 7 — <^^/-\-—j- 

1)1-0111 the I'oi'iiiuliis of artide 5C of tiiu Ajpptuidix ore obtained 
dr r* dr r* dr r* 

J^=j7Cotan(^+B), ^J^^ycotan(^4-w), ^s90otaa((7-|-«) 

and the partial •liUerenttals 

dse , dv d* . 

———ycoee—geas, j^—xcob», j^—x«ne 
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whence 

— [a? CO tan -|-«) -|- cos e -j- 0 siu e] li $2 -|- r nn » 000a J» 

^^dr -\- ^ cotau {JJ -\- u} dv-\-^ colau t?.T 

These formulaa, as well as th<we of 56 may be &mnA in a stnull treatise 
Ueier die Dt^ermUaWmriwh fib- fometeit-Baluum, et<i.. \>y G. D. E. Wkykji, (Berlin, 
1852). They ore Smm ik^im's AUmtdkmg iHter dm Oiimvg'sekm Qtmdm. 

90. 

Gauos, in the BerSnar AxtrommuekM JeJtrbueh for 1814, p. 256, has given an- 
other method of computing |, and also ( of article 100. It 
We have 

^— * l^^X— X"" 

This fnictioii; hy eiibslituting for X the scrieii of u'ticle DO, k i-f^ulily t£&m- 
formed into 

t * j/i I , $.8.10 . , 4.8.10.12 . , fi.8.10.12.14 . , ^ \ 

Therefore, if we pnt 

i = l + l^ar + ^V + etc 

we flhall have 

by means of which { can always be found eaaily and aocoxately. 



For article 100^ it Is only necessary to wnte « in place of ia tiie pre- 

cedhiLt foi rmilius. 

A may be computed more conveniently by the following formula 

A /I \— l/i I 1-5 , 1.3.5.7 , . l..T.5.5.7.g „ I ^ \ 

142. 

PiM)P. &CK15, on tlie IStli of January, 184S, read a paper bcforo tha Jioyal 
Academy of Soieiioeti at Berlin^ entitled Z7<!&w deH Ammitm^aU mer dop^wUm 
BaMte^mmmff ma daudien Srei geoeealmehm Oertem, in which he entered into a 
Aill discuaoon of the origm of the ambiguons case here mentioned, and the 
manner in which it is to be oxplained. The following paragraphs, containing 
useful I'nstnictiooa to the practical computer, embody the results of his iu- 

By puitiag 

!?=(« + *)» 
%uiitiotx lY., 141, becomes^ for r^If 

fw am* 0 = sin (0 — q) 

and £av/'^£! 

i» sia* 2 = ain (a -{~ ?) 

nt is always pontive. 

The number and the limits of the roots of this equation may be found by 
examining both forms. 

Tinke the firat form, and coiudder the curves, the equations of which are 

^ = iiialii*2, ^=8in(«r — y) 

and y being ordinate)^ and e abscissas. 
The first difforential coefficients are 

~|=4i»t»itt^«rcos«, ^=cos(ier — j), 
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i'liere will, ibiexefore^ be a oontaet of the ennres nrhen w« liave 

fKBini'»= ma(8 — g) 

and 

4 m tin,' « cofl 0 = cos (0 — jr) 

oi- wliea 

4dn(0 — ;) c06« = C0B(«r — g)an0 
which may be moire amply written 

am(2;r — g)~^tmq. 
When the Talue of « deduced from this equation satisfiee 

mwa**— am (e — 

then there is a contact of the ourree^ or the equation has two equal roou. ThctiQ 
equal roots constitute the limits of pombility of intersection of the curves, or the 
limits of the real roots of the equation. 

For the delineatioii «(* both curves it on! m "Hsary lo legan? values of 
jf — y betft'ccn 0" and 180'^, since for values Wt wcen 180 ' and 360° the solution 
is iuipuisible > and beyond 360° the»& pmodsi imi rc^pested. 

The curve 

/=ain(»— 5-) 

is the simple mne-ourve, always on the pontive side of y,and concave to the axis of 
abscisaas^ and has a m«.ximum for 

« — f=90*. 

The curve 

y = nn'^0 
is of the fourth order, and since it ^ves 

^ = 4in sin's COBS = «t8in2j» — ^msinis 

jjf — ] 2 m mr z roa^ e — im sin* « 

= iwisin^i'l I 4- 2co«2a) = 2f»(00B2« — oosis) 

-r-4 = — 4 «f I sin 25 — 2 sm Isi 
at* ^ ' 

^:= — 8m(ooB2« — 4cob40) 
it has a maximum for 

s = 90' 
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fmd a point of contraiy lloxiiro for 

s — m% and ^ - 120», 

From s—O" to z — 60', it is convex to the axis of abscuaas^ lirom 60* to 
120° it is concave, aud couvex from 12U" to ISO", 
for ocNmlAtion, the three equatunu, 

m(m*g = an{g — q) 
4ti»di^2cosj?=ooB(«; — g) 
4 m flin'« (1 -|- 2 ooa 2«)=: — rin (« — q) 

must coexist or 

m mn*e = sin (« — q) 
8m(2s — y)=fsmy 

In this oaae we shoiild have 

jsiii(23 — j) = i cos i saiqf 

oonseqnentljr, 

tan If = 1 
mnq^i, 

or 

i('rom these comideratioiia we infer that for the eq^uation 

mma*8=sma{0 — j) 
or even -vAen it is in the form 

nfaxfig — 2m<ii06qaa!i^g-\-ax?e — (an*q= 0 
of the eighth d^ree, tbere can only be four real roots ; becaii'«(>, in tbo whole 

pi.Tiod from ^ — rj=(fUy 2 — </ ■ — nRO'/vil^- P>nr int<'rs©ctioOfl of the two CUrveS 
mtt poembie on the pottitiv*; side uf the iimv- of onjinates. 

Of these, three are between «=0**and s=\Z(y*, and one between 180° 
and 180° 4* ? > <>r> inversely, one between 0* and 180% and three between 180° 
and 180°-(-^; consequently, there are three positive and one negative roote> or 
three negative and one positive roots for sin ». 
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Cuuta^tit of the carves can exist ouiy tvlum lov a. ^ivon value of 

= iq i dii' ^ ^ sta ^ 

and 

^ — linW • 

If the contaet of the curve of the fourth order with the sme^arve is with* 
out the latter, then will >n' constitute the upper limit) — for m greater than this 
values of the roots will be impossible. There would then remain only one positive 
ftTirl one negative root. 

it' th« cuiit^t id within the aiue-curv% tUca will tlte c*unmpou«ling m" mu- 
»titute the lower Unut, and for m leas than ihiti, the roots again would be re- 
duced to two, one po»tive and one negative. 

If ; ifl taken negative, or if we adopt the form 

m mn* 2 = 8ui 

180° — » must be substituted fiv g. 
The equation 

t/fanPe — 2fRC06;aln*jr-|- «n*«, — mn'j = 0 

shows, moreover, according to the rule of Dsscabtxb,. that) of the four real 
roots three ean bo positive only when ^, without regard to sign is les^ (lian 
W*, })CC:t\mo III if always repfantcrl asi p'^eirivp For y greattT ih;m WY\ ilK-vc is 
always only one real positive root. Kow since win real root mufit always cor- 
respond to the orbit of the £arth, that ia^ to i' =.B! \ and since aiud', in the 
equation, article 141, — 

sin«= ^ 

is alwayi positive, m that It cau be jjatL&l^id by none but positive values 
of 0 ; an orbit can correspond to the observations only when three real roots ore 
> poutivet, or when q without regard to its nign is less than 90°. These limits are 
still more narrowly confined, because, also, there can be four real roofs only 
when m lies between mi and ni", and when we have 

I sin y < 1, or Bin } < I, y < 38° 52' 11''.64 

in order that a real valne of ^ may be possible. 
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Then iihe followiog are tlio cotKliflons uj)on which it if* |j<jiN-<ible lo find a 
planet's orbit diiTerent from that of tihe earth, which shall aatiafy three complete 
obaerTationa 

Mrd. The equation 

mu&t have Tour le^u t'oot^ Tha cuiidilioiis iicceiiiiiU'y ibr this aix, tliat vvu laast 
have, without rej^ud to ngn, 

8U1}<| 

aod m must lie between the limitB m' and m". 

Seamd. Of these four real roots three mtist be positive and one negative. 

For thh it necesaoiy that cos; shonld remain poutive for all four of those 
values lur which 

«inj<±i, 

the Ivvo in Uia accoud iuid tliird (j[uadi.'a>iitH arts B^Lcliulcd, aad oid^ Viduoii butwauu 
— 36" 52^ and + 36' 52^ are to be retained. 

If both these oondifiona are satisfied, of the three real positive roots, one must 
alwajfl correspond to the Earth's oth'iL mul consequently will not satiafj the 
problem. And generally there wtlT be no donht whS<*'lt of the other two will 
give a dilution oi' Uie proUem. Aud swce by the uieauiug of the symbols, arti- 
des 139, 140, we have 

not only must and d' be always leas than 180% bat, alsoy sin(d' — g) must be 
potiitivti^ or we mmk have 

d'>». 

Il^ therefure^ wu atraogu tha ihi'uu xual pu^tive tootn la the order ol their 
absolute magnitudes, there may be three distinct cases. Mther the smallest root 
approuches most nearly the value of d', and corresponds, therefore, to the Earth's 
orbi^ in which case the problem is impossible; b<:>cnnso rho condition d'^^g can 
never br fiilfiflefl Or the mirldle root coincirlcs wiih (V, tht-n will tbo problem 
be solved only by the stuaiiest root Or, finally, the gr^tt^k oi tho three roots* 
differs least from d'. in which case the choice must lie between the two smaller 

39 
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roots. Each of these will give a planetaij orhit, becauao each one fulfils all 
the oondltiona, and it will remain to be determined^ from obserratiouft other than 
the three given ones, which is the true «;n1uti(>n. 

As the vnlnc of m mti5«t lie betwcM>n tlic two limits m' am] m". so also mrtsk 
all ibur of the roote lie between those roots m limits whicli corre^^poud to ttJ and 
m". In Table IVo. are found, therefore^ for the argument g from degree to degree, 
the roots corresponding to the limits, arranged according to their niflgnitude^ and 
distinguished by the «ymbols For eTerv value oi' m whiL-li ^Iw^ a 

po^siWo !5<)luiii)n, th(>iit' rootci will Tie williSu tlie quantiticjt givoii both for m' und 
tt(\ ati'l we sliall be enable'^ in tbis mnnncr, if ii' found, to disrem at, fli<> fii-st 
glauc^, whutlttsr 01° aotj ii>r a givt-n m uuJ q, thu paiiuluxiciU. fast; of ii doiiblt; uibit 
can occm It must, to be sure, be conadered that, strictly .^peaking, would 
onl^ agree exactly with one of the s^s, when the corrections of JP and Q belong- 
ing to the earth's orbit had been employed, nnd, therefore, a cerbtln di(Il?r(!ncc 
e ven hi } dnd the extremest limit mi^t be allowed, if the intenrala of time should 
be very great 

The root fur which sins is negative, always falls out, and is only intix)- 
duoed here for the soke of completeness. Both parta of this table might have 
been blended in one with the proviso of putting in the place of 2 its supplement ; 
for tlie sitke of more rapid inspection, however, the two forms sin'(»^ — q) and 
^'m (.-. -)- q) have been separated, so that q is always regarded a« po^tive in the 
table. 

To explain the use of Table IVo. two cases- are added ; one, the example of Geres 
in this Appendix, and the other, the exceptional case that occurred to Dr. Godli>, 
in his computa tion of the orbit of the fiMi comet of the year 1847, an account of 
which is given in hia AUiymwrn'-nt .ToiiriHily VoL 1., No. 19. 

L In our example of Ceres, the final equation in the first hjrpothesis is 

[0.9112987] 8in*i? = sin — r 49' 2".0) 

and 

^=24«19'53*'.34 

the factor in brackets being the logarithm. By the table, the numerical factor 
lies between and m", and this answers to s", concerning which there can be 
no hetutation, since must lie between 10" 2T and 87° 34'. Accordingly, we 
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haw only to chnoso Hir tlio .j' wliicli occuv:^ in tbia CMC, vai which, aa we per^ 
ceive, is to be aoughfe l>6t,weea 7'^ i>0' auil lU" 27'. 
The toot is in fnct 

0"= 26 24 3 
«»= 148 2 85 
187 40 9 

are all found within the limits of the iable. 

2. Tn fb(; ea^e of !he fifth comet of 1847, Dr. Gould derivW from his first 
hypoUicais Uie equation 

[9.70212«4j Bin^» = «ia (» + 82" 68' 28".6). 

He had also 

r = ISS* C 81*. 

Tlioii we have siny <[ ?, ami the iii.'<peol1riii of fTic j^hows Ui:it tlie Kicfor 

in the piirenthesisi lies between m' anr) m" ; tiien-fiire, thf'r*> will l>c four resil rootn, 
of wliidi thrae will be pajiilive* Tiie givtsu (?' aijproxiamtes Ii»Jie most JiCiu-ly to 
iS™, about which, at anj rate, there can be no doabt 

Consequently, the paradoxical case of the detenmnation of a double orbit 
occurs hero, and the two possible -values of 0 will lie between 

88» 2V — IDS' 59' 

and 

105 59 —181 7 

In factf the fbur looia ar^ 

«>= 95°81'43''.5 
«» = 117 31 13 .1 

«" = 137 38 IG .7 

s" = 829 58 ;-i5 .0. 

By a smail di^ciaAm of m wiUiout cliaugiiig ^, or hy a, small daorea^ of g 
without changing m, a point of osculation will be obtained corresponding to 
nearly a mean between the seoond and third roots; and on the conbrary, by a 
small increase of m without changing or a small increase of without changing 
m, a pomt of osculation is obtained corresponding to nearly a mean between the 
firat and second roots. 
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Wc have, therefore, the choice betwetja the two or1)it>. The vo<3i usetl In- Dr. 
G(H:i,f> waf f, wWf'li <X:i\'C llim an olTipsc of vcit sluirl; period. Tlio i.tthcr ohsr-r- 
vatifnis .sliowwl liiiii that llii^^ wins not Iho roal orbit. M. D'AiiiirsT was involved in 
■a ^jiiilai' dilllculL)' vvilli lliu ^luu liumi^t, aud aiiivuJ aLu at uu ulU^eitiw Au tiilipue 
of eighty-one years rented from the use of the other root 

« Finally, both forms of the table ahow that the exceptional ewe con never 
occur when <f < H ' ! 26'. 

"Tl will also wddom oceiir wlit>n <^ 90". For then If, can only U\kc place 
with tlie liriitibim >m (« — 7), and nnce here for all values of q eithet the liinit« 
are very narrow, or one of thu [imltA uppraxiuiateB very nearly to 90% m it will 
be perceived that the case where tiiere are two possible roots ibr 4^ < 9CC will 
very seldom happen. For the emaUer planets, therefore, which for the most part 
are discovered near opposition, there is rarely oecai^ioii to look at the table. For 
the nomets we chall Imvo more frf vitently IMI" ; sstill, Wftn here, On nrTOimt 
of the ptuxiiuity to the sua,*}' >■ J caii, iU* t\m most pajrt, be exoluded. Con- 
sequently, it will be neceasaiy, in order that the exceptional caae shotdd occur, 
that we should have in general, the combination of the oonditions ^ 90" and 
q between 0** and 32** in the form sin (2 — or between 22" and 36' 32' in the 
form fidn (jf -)- g)." 



Professor PmcE hm communicated to the American Academy several methods 
of exhibiting the geometrical construction of this celebrated equation, and of 
othcTR which, like thi% involve two pajcameters, some of which are novel and 
curious. In order to explain them, let us resume the fundamental equation, 

m sin* « = sin (a. — q). 

1. The first method of represeutatioQ is by logarithmic curves; the logarithm 
of the given equation is 

logfli -|- 4 log sin = log0in(i» — j). 

If we construct ih.e curve 

ff — 41ognn^ 
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and also iihe aame curve on another scole^ in vhich y is redoced to one fourth of 
it8 value, so that 

y = logBm<v 

it is plain that if the seooud curve is removed parallel to itself by a distaaoe equal 
to ; in the direction of the kkv» of e, and by a distance equal to — logn» in the 
direction of the axla of the value of e on the first curve where the two curvea 

itttoi>><-ct *'acli otlifi- wfll be a root of the j^ven equation ; for, rfnoe the point of 
interiBectiou va on ilie iiibii curve, its coi>rcllnut«.^ aatialy the equtktion* 

y — 4 log sin^, 

and bt'caasc it is oa the sccoinl cnrvo its ooiinliimtes 4»tiiity tU« etiuaiion, 

7f log m = log sin {z — «/) ; 
and by eliiuiuatiiig ^ Ssom. tJiesci two equtttions v,f rotura to tU*; origijiul equation, 

ra Hin*.? =r sin (n — q ). 

A diagram constructed ou t>his principle is illustrated by figure -3, and it will 
bii I'eadily seen how, by moving one curve upon the other, according to the 
changeable valuer of; and m, die points of intersection wiU be exhibited, and also 
the limits at which they become points of osculation. 

On this and all the succeeding diagramed we may remark, onrc for all, that 
two raws n.n» Hliown. oiu> t)f wliich is tht; propc<^iTig example of the planet Ccroj*. 
in wlticU bUe tour motm uf tlie equation wiU correspond iu all the iiguros to the 
faiu* points .of intersection J9, i^, Lf, Hf", and the other of which ia the very 
remarkable case that occurred to Dr. Gould, approt^ohiug the two limits of 
the osculation of the second order, the details of which are given in Na 19 of his 
A/ihrmtaaieal Journal, and the points of which are marked on all our dingraras 

a. (T. (T, a"'. 

2. i be bccoud uieUiod of i'4ipi'titieuu.tiuu by a fixed curve and straight line, 
as follows. 

{a.) The fundamental equation, developed in its second member, and divided 
by m cos«, assumes the form 

— = ^(tan*-tanj) 

By putting 

2 = tan «, ^ ton ff, a = 
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flio ruob of tihe equation will oorreiBpoiid to the points of interseotion of thi^ 
curve 

with the straight line 

y=ta{ig — i). [Fif?s. t» and 6'.] 

It will be ptu-ceived that the f v.i-ve line, in this as in all the following ca.*e3 
iinilcr this form, is not affoft^^il i)_v any change in the values of ;» and q, and that 
tiie pobltiou of the straight liuc i.s detci'Diiuud by it^ cntting the axis of r at 
the distance tan q from the origb, and the axifl of y at the distance — 
from the origin. The taugeut of its inclination to the aada ia obviously equal to 
-which may in some cases answer more conveniently for determining its 
position than its intersection with the axis of y. 

(b.) The development of the famlamental equation divided by msinsi, is 

sin** = (ootan — cotons) ; 

and by putting 

s = cotan0 

j = ootanj2' 

m 

UiQ x'ool£ of the equation oorre^poud to the intersection of the curve 

^ = sin"* = (1 -|- *") 

with the straight line 

^U = a [h — X). [Fig. 7.] 

The positiou of the straight line in dutei tniiied by its cutting the axis of r at a 
distance equal to ootau ^ i'rom the origi% auU tho axis of ^ at a> distiuico equal to 
from the ori^n. This form of construction h identical with that given by M. 
Biuet in the Journal de t&ole Pofyleehmque, 20 Oahier, Tome XTTT. p. 285. His 
method of fixing the position of the straight line is not strictly accurate. This 
mode of representation is not surpassoT by either of the others under this t*iim 

(<•.) TJie fourth root of the fundamental equation developed, and divided by 
cos (it — y), aii^uuies the form 

Cf«»cosnton + tan?) = <^^!|^>. 
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By in; t ling 

(B = tan («r -~ 

4 = tan ijt 

«f = ^ //< cos y 

the roots of the etjuutiun coa^Kpuud U> the intersection of tlie curve 
with th« ekuight line 

y=::a(* + J). [Kg. 8.] 

The straight line cuts the aids of « at a distance equal to — tan and the a^ 
of ^ at a distance equal to >n sin from the origin. 

{d) The development of the fourth root of the ftmdamental equation divided 
hy sin (« — y) is, 

^ m an j'(ootan {g — ootan = oosec (« — q)} 

By putting 

if = cotan (« — j) 
i^cotan^ 

the roots of tiie equation correspond to the intersection of the cnrre 

y=(l+a?)» 

with the straight line 

y = a(a: + *). [Kgs. 9 and S*.] 

The straiglit lino cuts f.Iic axis of ;r at a dlslaiioe equal to — ootan g, and the 
axiti of y at a tlistance equal to ^ m cos^. from the orij^in. 

(e.) From the ruiiipixiual uf th*i funfla.inerit;vl ^^qiiation multiplied hy nif its 
toots maj be seen to oorrespoud to the intersection of the curve 

r = coeec*« 

with the straight line 

r = mcosec(» — j). fPiga. 10 and 10'.] 

Both these equations are referred to pntar coordinates, of which r is the radius 
vector, 8 the angle whicli the radius vector makes with fhe> polar axh, m llie (dis- 
tance of the litriught line from the origin^ and g the inclination of the hue to the 
polar axis. 
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(/ ). Fiy.a tha lecipi-otiiJ of iLe iburth root of tlie iuiiLliuuoiiul c(juaiiuii, its 
roots may be seen to correspond to the iutentection of the curve 

with the straight line 

<* = <'^c08ec(9 + j), 

in which 

9 — «— J. [Fig. 11.] 

Botli tho^e iM|Uiitioiia are referred to polar coSrdiiiateR, of which tp w the 

aiifik' whtoJt rhi' rnrlins voolm' >■ iiiuky-' with tlio polar n.vis, t' ^ the rlisfnnrp of the 

n ' ' t/i 

Kti;iiirl)t line iVoin the origin, find q t\w iiiclimitiun ol" the Uiu* U> tlu' pohir axio. 
'd. Tke liiiiid liiuLLud ul' rtipi'cbuiiLaliuu k by a uurvu tuid ii ciiclc 
(a.) The roots of the fundamental equation correspond to the intersection 

of the curve 

rt=sin*s 

wiUi tho cirde 

f=j^8in(« — «). [i'ig. 12.J. 

Both these equation.^! rure referred to polar coordinates^ of which r is the radius 

voetnr, ,? the nn^^iy whicli tlio r.'idhi-! vector ni;ikt'< with tho polrir ii\-f<N — the 
I'atUu.s of the eircle which piloses through the uriuiii, and 'j\f -j- q in the angle 
which the diameter drawn to the origin makes with tlic pokr 

{b.) From the fourth root of the fundamental equation it appears liiat its 
roots correspond to the intersection of the equation 

r = ^Biny 

with the drole 

r=^ mmi{fp-\-q) [Fig; 13], 

in which f = {8 — g) is the inclination of the radius vector to the polar axis, 
is the diameter of the cucle which passes through rlio origin, and 00° — q 
is ihc nK'Titiutloii of tin? (liiutn'tor i!i'ii,vvn throuiili the ori^nn of tiie pohir axin. 

In th^mt hust. two delineatiouii the cnrvo / /CI' K' I" i)ioloy.i!s a Hpa^^'o, wiiliin 
which the centre of the circle must be contained, in order that thurt.' bhuuld be 
four red roots^ and therefore that there should be a possible orbit. The curve 
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ifeelf corresponds to the limiting points of osculation denoted b7 Professor Encke's 
rd and m", and Uie points K au<l K' i orrespond to the extreme points of osoulft- 
tion of the second order, for wUieh ^amA has given the values y = T 86* 62' 
and ni — 4.2976, and m = 9.9999. 

On the delineation^ S is the centre of the circle for our example of Ceres, 
and S' the same for Dr. Gonio's exceptional case. A careful examination of the 
ungular position of the point JS' wiU illustrate ihe peculiar difficulties attending 
the solntion of this rare example. 

m 

We arlii aiiothrr example, wliu.-li wa:s propnrcil with pfroat vnvc to ilUislnile the 
Mcthoil of Conipiiting an Orbit iioin (iiree ob^vationit puUi»licd in ptiiuphlet 
Ibi iu lor ihc u£c of the Aiucricau JESphemeria and Nautical Almanac La 1852. It 
furnishes an illuBtration of the case of the determination of two orbits from the 
same tiiree geocentric placet^ referred to in article 142. 

We take the following observntiong, made at the Greenwich Obeervatorjr, 
firom the volume for the year 1S4S^ p. S6. 



MtM TSrae» QnanwiA. 




AppMnnt IDodiostioiiik 


m. t. 
1845. July ?». 14 r> xn.B 
S«nt. 0, U .0(1.8 
OoU 14» 8 19 8&.9 


889 fii 1. '>.!.) 

8S8 i»2 ;><.>.;») 

S38 7 jfl.45 


;& 28 81 84.60 
27 10 28.18 
26 49 57.23 



From the IfauUedl Abname for the same year, we obtain 



Oat*. 


I,(ni|ptade 4if tlie Sno 
ftom Appw Bi|utiua. 


Nntadon. 


DuteDM fram the 
Ea«h. 


I4itttii4e of Iha 
6«u 


orttoEolipdc. 


July 30. 
Sept, il. 




+1I99 
4-14.06 
+12.16 


0.0064! «ft 


// 

— f»,l7 


Sii a" -iKV] 
•js.n 



The computataon is arranged as if the orbit were wholly unknown, on which 
account we are not at liberty to free the places of Ceres from parallax, but must 
transfer it to the places of the earth. 

40 



S14 APPENDIX. 

Reducing the observed places of the planet £rom the equator to the ecliptic, 
we find 



And aboy 





1 

App. Lcogtmil* of Otna. j App. T<ulBi«l«i>f Ciw*. 


Jnljr 80. 
Sopt. 6. 
Oct. 14. 


824 88 88.87 
831 4 54JS8 


& ll 54 5I47 
14 45 8a00 
18 8 85.38 




Dati> 


iMigttudtorZealtb. 




July 80. 
SepL & 
OoL 14. 


it 4 

4 4» 

1 4 


ir.s&ii 

56 28 
58 4 



The method of article 72 ghree 



D«t». 


Ktduotloa <if LongltadSb 


ScdiDfltiaB flf DtatiBM. 


Bsdwstlon oTTiiML 


July yo. 
S.pt. fi. 


4-l'l>..i:! 


44).00013G3 


—0.070 


— 7.10 


14£1 


— 0»68 


Ofi4. 14. 


—86.88 


0907 


—0.071 



The redaction of time is mon^ly added to show that it is wholly insensihle. 

All the loiiglf it(l<'3, both of the planet and of the fartli, arc to 1)0 ivdiiccd to 
the mem veciml ti4|uuiox for ih*t begimiiiig uf the yms iS4o, which is Uiki^n m 
the epoch; the nutation, therefore, being applied, we are still to Bubtrsct the 
precession, which for the three observations ia 28^.99, 34''.20, and 39''.41, re* 
apeetively; ao that for the first observation it U necessaiyto add — 43^.98, for 
the second, — 48''.26, and for the third, — 

Finally, the ktitudes and Ion»itU(le!= of Ceres are to be Tn^od from llie nhat- 
ration of the fixed sUun, by ttubtittctuig iroiu the longitude^ i.H '.76, li/'.O'*, und 
Kf'AO, respectively, and addmg to the latitudee —2.02, -\-l.12, and -f- 4.1)2, 
numbers wldch are obtained from the followmg formulas of Pkof. PmaOH : — 

da = mcos(0 — a) secjJ 
d/9=:mun(0 — •a)Bina; 
where o = sun's longitude, and m= aberration of Q. 
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The longitudes of the sun were corrected for nberration by adding 20^.06, 
20*^1, and 20^.43, reepectively, to the nambcre given in the NavOeal 
Almanae. 

Tlie^^e rei^luctioas having been made, the correct data of the problem are aa 
Ibliovva : — 

Times of observation. 



For Wiif^liingtun M«ri 

C&te^aioug. a, a', a" 

latitudefi fi, ^, ^ 

Earth'slong. t' 

log)9LOfdisti?> BT 



July so. 372903. 

330» 2r 25".28 
— 13 64 54 .49 
SOr 39 43 .66 
0.00647S3 



Sept. C. 2184S5. 

- 14 45 28.28 
344 8 45.49 
0.0031709 



By the ibnnnlaa of Arts. 136 and 137, we find 



tit it ' • • • 
i,8\i". , . . 

log tV, d', S" sines 

JiLKAiy, AT)" 

A " I), A"J/tA'J>'t 

f ff 

log a, <^ rinen^ . 
log»n i*' 
log cos I ^ 



329^ 25' W^l i 2iS' ii' 22".38 



28 12 56 .84 

9.074(1717 

lor ::".oo 

233 54 11 .72 
27 32 45.72 
9.6650753 



24 19 53 .34 

9.6149131 
204" 8'25M4 
233 31 23 .54 
142 37 25 .44 
9.7832221 
9.9764707 
9.5067163 



And bj artide 138, 

loga'ain* .... fi.26r)4993n 
log^cos^ 9.2956278 tt 

wherefore 

<=180» 3'12*.63,logr . . . 9.2956280 
88»14'S5*'.01,logffln(<+/) 9.7916898 

log 8. a6990884 

log Tain (<4.y) . . 9.0878178 
Whence logtan (d'— 0) . . . 9.6117666 

— o = 22- 14' 4r.47 and = 2» 5' 6^.87. 



Oou 14 urns. 

321 S 52.58 
— 13 6 31.31 
21 19 63.97 

9.9986083 



194 5y '6b .15 
61 6 50.78 
9.91212970 
20:3' W 46*.56 
199 30 24 .04 
115 4 41 .10 
9.956992 
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By artideei 140-143, we find 

^" jj/^iT =x 172'* 24' 82^.76 log ain 9.1208995 ^ag cob 9.9961773 « 
Aff—i =175 55 28 .30 a8516890 9.9989004 it 

rD—r =172 47 20.94 9.0987168 

AD — b''-\-Q =177 30 mm 8.6370904 
AD" — d =175 43 49.72 8.871<So46 
^'ir— r+a= 177 16 36.67 8.6794373 

log a 0.00ddi>16» 0= 1.0222S70 

log^ 0.1389045. 

Formula 13, which !«erves as a check, -would log 4 = 0.1389059. We 
^reler Lke latter value^ because sin (w4' i> d' is leM than siu (il' l^^ 

The interval of the time (not corrected) between the second and third obseiv 
vations w 37.884480 daye^ and between the first and second 37.875532 dayK 
The logarithms of these number* an- l.i>7f:46i;3 and l.f)7?^?.r)87; the logarithm 

of * is 8.2355814 ; whence lo^? ^ = 9.8 U0427, log fT — 9.813940L 
We eiioU pu^ theceibr«^ ior tka imb bypothems 

x=\ogP = ^ =9.9998974 



and we find 



9 

y—\ogQ=6{f'= 9.6269828 



« = 5'43'56".13 
©-1-0 = 7 49 2 .00 
log ^ sin 01 = 0.9112987 

It is fbund, by a few trials, that the equation 

« ff sin « flin* « = Bin (* -f- r 49' 2*00) 
is satisfied by the value 

« = r 59'30".30, 
whence log sin 9.1431101, and 

/=i5^= 0.474939. 



APPENDEL 817 
Beudee Hus aolntion, the equation admitn of three othen^ — 

#= 26' 24' r 
g7=tUS 2S5 
«=187 40 9 

The -diird most he rqected, because aii« is negative; the seoond, because 0 is 
greater than &' ; the first answers to the appraxunation to the orbit of the earth, 
of which we have spoken in article 142.* 

Tlie mariner of makuig tTic*c trials is m follow^. Oi Irmkin^ nt, the fjiLle of 
sinea we arc led to take for m firat apprcudmatioa for ouo of the valuer ii = 8' 
i^arly, Of 8" -j- z. Then we have 

log bill z e.l4350-f89^ 

lug mi* 6.57424 -}- 350 x 

k^^«Rnu 0.91130 

higda^s — 01 — a) , , . 7ASGo4:-\-SBQm 
<i = 0» 10' 62' 4- ^iV? ^ 
ai+tf = 7 49 8 

«= 7 59 65 +^«, nearlyss 8* +«. 

For the seoond appTOxxmation, we make 

^— 7" 59' 30" + a:'; ami Jiave 

log sin 3 9.1431056 4-1^0*' 

\ogsm*s ..... 6.5724224 -|- 600 

Qexaw 0.9112987 

log8ra(«— « — a) . 7.4837211 + 600 a< 
, _ „ _ = 0" 10' 28".27 + tV«^ neaAy. 
0 + 0 = 7 49 2. 00 

«=7 69 SO. 27+^«'=r69'S0'.8a 
The prooeas is the same finr the other root& 



See article 14S «f the AppnUx. 
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Agpun, hy art. 143 we obtain 

r — 18'J 25 30 .26 
logr — 0.4711»722 

= 264» 21' 48*.61 
^(i/'— «) = 288 49 6.19 

2/ = 6 57 7 .46 
2/" = 6 66 32 .68 

The sum 2/+ V% ^lucfa is a check, only diflbrs hy CfM firam 2/', and the 
equation 

is mfficiently satined \(j distributing this <r.2 eqqally between 2/ aad 2/% so 
tlmt 2/= 6°6£^'7".36, anfl 2/"'= 6'5r,'82".58. 

Now, in orrlcr that the time? vnn.y ho corrected for uhernitioti, the distanccfi 
^> ^" ^ust be computed bj the tormulu^ of ArL 145, aud then multiplied inu» 



the time 498* or 0*.005706, u foUomi: — 

logr 0.474Q7 

log Bin (AD— 0 . . . ' 9.61187 

oomp. loig an d 0.32633 

1og( 0.31217 

log const 7.76054 * 

log of reduction 8.0i271 
Bedoction ^ 0.01182S 

log/, 047497 

Iog8in(»— ») 9.44921 

comp log on ^, 0.38609 

log of redaction 0.80927 
Reduction, 0.011744. 



The cmialant of aberration i« (hat of H. StniT«. 
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if 0.47447 

IogBin(A"D'— r) . . . 9^263 

log Bin r . . . . . . . 0.05770 

log of redaction .... 0.37470 

Beduotion = a01S653 

Otnrvitigiii. CLTt-^ti^^! Triiic<i. Isterrab. LtngtriQul. 

L July m. miam 

H Sept 6, 286691 37.8^5611 

HL Oct. 14. 119260 87.882&e9 1.5784395 

Hence the corrected logarltiims oT tlie quautities d, A" become 9.8140200, 
and 9.8139410. 

We are now, according to the precept of Art. 146^ to commence the determi* 
nation of the elements from the quantities /, Z', ^ and to oontinne the oaloulft- 
tion 80 &r aa to obtain «}, and again from the quantitiefl f, r, /, so tm to 
obtain tf. 

logr^ ..... 0.00ilG76 
logi]'. . . . . a0011552 
logi^ .... 9.9999225 
logQ' .... 9.6309476 

Fmm tbu iLrai h^poUiesi^ therefore, thore ic&aits X = 0.00002^1^ aud 
T= 0.0029648. 

In the second hypothesis we assign to P and Q the values whidi we find 
in the first hTpothems for and Qf, We pat, therefore^ 

;p=logP= 9.9999226, 
j<=]og 0=9.6309476. 

Since the computation is to be performed in preciselj the same manner as in 
the fir^t hypothesis, it is sufficient to set down here its principal remits:— 



w ....... . 6" 43' 66" .10 

w + o ...... 7 49 1 .97 

l<>^ Qemnm. . . . . 0.9142633 



0 r 69'S4''98 

log/ . 0.4749037 

log*^ a7724177 
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log ^ 0.77249i>2 

i 186' aC 39" 64 

r 189 2542.36 

logr 0.4748696 

logf^ 0.4743915 



2/' . . 
2/. . . 
2/" . . 



Sar 2i'y0".64 
288 49 5 .57 
. 18 53 58 82 
. 6 67 15 68 
. 6 66 43 41 



lu this case we distribute the difference 0^.17 so as to make 2/= 6« 51' 15".49 
aad2/"— 6°56'4S"^;l 

II woiilil not ))^^ worth whilt' to compute anow tlie n^diietions of the time on 
accouiiL of the abf-rraiirni, for thej scarcely diflfer 1" fljom those 'whiflh we de- 
rived irom tlui til'st hjpoihoiiiii 
Further compntatioDS &miah 

logi} = 0.0011582, logif =0.0011558, whence are deduced 
log i''= 9.9999225, X= 0.0000000 
log = 9.6309966, 7= 0.0000479 . 

From which it is apparent how mnch moie exact the second hypotheds Is than 
the first 

For the sake of eomplcting the example, we will atiil oooatruct the third 
hypotheuii, in which we shall adopt the Toluea of and derived from the 
second hypothesis for the values of P and Q. 

Putting therefore, 

dr = log P = S.0000225 

thv, following are obtaliic'd for tlic inu>,i luiportwb portA of the computation: — 

189'25'42''.45 
. 0.4748690 
. 0.4743909 
264»21'5D",64 
288 49 5 .57 

13 53 58 .94 

6 67 15 .65 

6 56 43 .49 



« 


. . . 5°43'r)C".10 


r 








log(?ffunoi 


. . . 0.9143111 






. . . r59'36'.02 


i (»'+») . . . . 


log/ ... . 




i(t<"— 1») . . . . 


log-T • • • 


, . . 0.7724168 




log^r . . . 




2/ 


c 


, , 185° 10' 39^.69 


2f 
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The difibrenoe O between 2/ and If -\-2,f is divided aa in the first 
hypothesifl^ making 3/= 6» hT 16".66, and 2/"= 6» 56' 4S".S9. 

All these nomben dlfTer so little from those ^ven by the second hypothesis 

that It liiay safely be ooQoludcrl that the t.hu"d hypotlici^ls roqitii-' = no f n-thor cor- 
rection ; it' thn computation should be continued a'j hi the prect-drng hypotheses, 
tho result would be 0.0000000, 1^^0.0000001, which \sx&i value muiiL be 
regarded m of no oonsequenoei, and not exceeding the unavoidable uncertainty 
belongiag to the last decimal figurei. 

We aro, therefore, at Ifbertj to proceed to tiie detenninataoxt of the elen^ents 
from 2/*, n ^ accordina- to the methods <v>ntahied iu articles 88-97. 

The elements nro for.nil ro ln» ns follows : — 

%xjh of the mean longitude, 1845, .... 278' if 18'*.79 

Mean daily motion, 77r.&865 

Longitude of the periheHoti, U8« 2r 49''.70 

Angle of eooentndty, 4 33 28 .36 

TiOganthin of the major aemi-<ixia .... 0.4117481 

Longitude of the asieending^ node, .... 80" 46' 36''.94 

Inclination of the orbit, 10 .H7 7 .9S 

The oooiputatiou of die middle pla/je from these rK'nu ii'- givea 

{^= 324" 34' 51 ".I /J'= — 14" 46' 28" Jl 

which difler but little frotu the observed values 

«'= 324« 34' 5(r.92, |8'= — 14« 4^ 28" J8. 



41 
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FOBHUIAS VOB OOUFDTIKO THB OBBIT OP A COMET. 

Given 

Menn times of tho obsetratioiMi in dxyt, 0, fj f 

Ob8eirT«id longitudes of tiie comet, «t', ee", a"' 

Observed latitadee of the oome^ p\ f, f 

Longitades of the son, A, A\ A'" 

DtBtanoes of the sum from the eartb, K\ K" 

Beqoired 

The curtate diatanees £roia the earth, Q> q"' 

Compute 

L 

iaa^' <" w nip (<i^—.i*) — tuny 

and by means of thi% approximately, 

TL 

JT an (ii'"— 40 =^ m» ( — 
^ is the chord of the oarth's orbit bettreen the first and third places of the earth. 
& the longitude of the fint plaoe of the earth aa aeen firom the third place. 

m. 

M— 008 (o**— tt*) — A C08 C ooa ( JST— tT) 
gin a!) = h cos ? Bin (if— o*^) 
If tan fT— tan ti'^h sin C. 
h h alvvajs positive. Tf i^Tis a pointy the coOrdinatea of which, referred to the 
tbiiTi place of the earth, arc 

^' cos a'f {/ siu a', q tmx fi, 

then are 
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the polar ooordiaates of the ihiird plaoe of the comet, (ihat uf, the diatano^ longi- 
tude and latitude,) referred to the point JVa« the origin. 

17. 

cosCcos(6' — II) —coAf gan^ssA 

oofl/rowK— ^'")=c««v^' R"saiiV^=sr 

By means of y , ST^ Olbers's formulas, become 

r'^ (f>' SCO /r ~ TT COS r,.' )^ + IP 

r"'' = { M soc ;r ■' — R" cos iff 4- Bf^ 

The computation would be somewhat easier by 

V. 

h OOfl 1?'= /', (/ < us <^ iJ' 008 y'rs 



in which 



VI. 

A Tolae of tt is to be found by trial which will satisfv the c^quation 
in which 

lofrm'=^U.9SG267;> 

1l' uo appraximat<e vidue ibr ^' or for / or /" is otherwise kiiowo, by means 
of which an approximate value of u can be foondt we may begin with 



824 APPENDIX. 

Thils trial iriU be fiudlitated hj Table Ula, wliich gives /u corresponding to 

by means of whieh is found ky wbich «^ri t^pondg rigpiously to r, r^", and — f: — 



i — "v ~ V ft 



in which 

log X ^ 8.53C)6H4. 

The process ma^ be as follows; Por my value of w oompute i,/, r", by V, 
and with /, t^, compute if, irith wbieh ju is to be taken from Table JUa, and a valne 
of i( is to be computed wbich oorreaponda to the r% ^" — used. And » is to 
be cbanged until the second value of k shall agree exactly with that computed 
by V. 

Then we have 

, « + 7 CO* A 

m 

if0(M(t/-~A')—ir = /cOB V COB (f — JH) 

q'tan{t/ — A') = t'«»}fma{f-.A') 

eon («"" A"') — Jr = /"ixmi'^ cos (r - A*^ 
f'Bm{<r~A'") = /"cmrsmir—A") 
^'"taji/r = i^flinr'. 



PTEOT OOBTROL. 

l%e vnluei; of /. r". obtained from these &>nnnls^ most agree exactly 'wiih 
those before computecL 

f*, h'", are heliocentric longitudes and latitudes of the oomet 

The motion is direct when f"—^t is posltiT^ and retrograde when f — / is 
negative. 
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vni. 

± tan y = t.iTi »' sin f T— Q ) 
* iii{r"-f) ^=taatcos(i'— a) 

? the indination is always positive, and lew than 90**. The upper aigns are to be 
used when the motion is direct ; the lower when it is tetrogiade. 

DC 

L' and Z'^ are the longitudes in orbit. 

The value of k before oompnted mnst be ezaetlj 



1 _ ci»^(X^— >i) 

7?— 

m(L"'—r) co(»c4(Z"'— Z') «liil(Z'— «) 

V*' — -v^'* — = V7 

the loDgitode of the perihel:nn, is- cotintcfl from a point in the orbit from whieh 

the d!«tn-n"f'. in +h<s» <1iri=>otinn nf tlic f>nler of the sigiu|« to the asoending node, is 
equul to the longitude ot the u^ceudiug node. 

XL 

The tme anomalies arc 

lf^j: — n, j-"' = Z"'— jr. 

With the*'*' \\\(^ corre^■pollflill : M' , i j 1 arr to he taken ficom Basehs's 
Table, and w<: have then the time of iH^riiieUou pavi^ige 

2'= <' =F y*« = r =F MTq^n, 
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in which JT and It" haye tiie dga of 0^ and ^\ the couBtant logn is 

log » = 0.0398723. 

The npper sl^ns serve for direct the lower for retrograde motion. 
For the use of Table lU instead of Babeeb's Table^ see Artide 18 of the 
Appendix. 

TnmD CONTOOt. 

The two values of Tj irom (, and <"', must agree exactly. 

XU 

With % qy n, fi, % A'^ S'^ ootnpnte and , and compare them, "with the 
observed vnluea And also compute with these values the formula 

il' thb valu« agreer; with that of m ol' I'onnulas I., the orbit is cxitctly ileter- 
loined according to the piinuiplcii oi' Oibei'^'ti Mudiod. That 1% while it &u,tidlcs 
esoctly the two extreme places of the oomet^ it agrees with the observations in 
the great circle which connects the middle place of the Comet with the middle 
place of the Sun. 

If a dlfierene« is found, itf oan be changed until the agreement is complete. 
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+244.78 


+145.817 


+2a209 


—216.860 


— 87.488 


162 


5108.93 


270.26 


167.650 


24.869 


258.871 


46,802 


163 


5426.19 


800.11 


195.056 


81.062 


3ia464 


59.156 


164 


5782.01 


835.30 


229.674 


89.353 


376.683 


75.318 


16S 


6184.L4 


877.50 


273.763 


50.636 


468.100 


98.618 


166 


4-6642.49 


+428.3$ 


+830.946 


+66.405 


—574.089 


—130.816 


167 


7170.07 


490.43 


406.678 


88.993 


723.733 


177.025 


16S 


7784.18 


567.43 


508.988 


122.256 


988.140 


246.403 


169 


8508.45 


1 


651X)86 




1214530 





CON ST ANTS. 



Attraetire force of the Sun, k m teraw of nkdios, 0 .0172021 8.23nr,Si4 

k in ieccrud*, 3&4b".lb7ai 3.50<Ji."H;;(i 

Leoagtli of the Sderoal Tear (Hakhen and OLuraw), 36&*.2563582 2.6626978 

LeagUi of the Tropical Year, 1850, S6&*.2422008 2.6626809 

Horizoatal equatorial parallax of the Sun (Eroke) * 8^.6776 a9333668 

Constant of Aberration (Struvb), 20^.4461 L8106892 

Tma required for light to paw from l^e S^n to 

the Mirth, 497'.&27 2.69707S5 

Badius of Cirele in Seconds of aix^ 206264''.806 6.8144261 

in Seconds of time, 13760'.987 4.1383339 

Sin 1" 0.000004848187 4.6855749 

CSreomference of Ciide in Seconds of arc, 1296000*" 6.1]26()5i) 

in S^'cond? of time^ mmY 4.9365137 

in tei-ms of diameter, n 3.1415d266 
General Preoeeaton (Struvc) 50^.2411 + 0^.000226»< 

Obliquity of the eoUptio (Struvb and Fevebs), 2S»27'54".22 — 0.4645 .0000014^ 

in which t k the number of years after 1800 

Daily prp<w.ion. IS ^,1), 0".1.375837 9.1885?>B9 

Modulus ol Common Logturithins, M 0.4342945 9.6877813 



die aalbarify ht them 111117 be foond bj leferenoe to the Toliune for 1855. 
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